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Abstract. The overall objective of this paper is to describe so-called direct and indirect
discrete-continual boundary element methods of structural analysis (DDCBEM and
IDCBEM). Analytical formulations of the problem in terms of each methods are given. Using
fundamental operational relations of direct and indirect approaches after construction of
corresponding fundamental matrix-function in a special form convenient for problems of
structural mechanics and its application in both cases we obtain resolving set of differential
equations with operational coefficients. The discrete-continual design model for structures
with constant physical and geometrical parameters in one direction is offered on the basis of
so-called discrete-continual boundary elements. Basic pseudodifferential operators are
approximated discretely by Fourier series. Fourier transformations and Wavelet analysis can
be applied as well. Computational algorithms of DDCBEM, IDCBEM and corresponding
software are proposed and described.



1 INTRODUCTION

The distinctive paper is devoted to basic description of so-called direct discrete-continual
boundary element method (DDCBEM) and indirect discrete-continual boundary element
method (IDCBEM) of structural analysis. Their field of application comprises structures with
invariability of physical and geometrical parameters in some dimensions. We should mention
here in particular such objects as beams, thin-walled bars, strip foundations, plates, shells,
deep beams, high-rise buildings, extensional buildings, pipelines, rails, dams and others.
DDCBEM and IDCBEM come under group of semianalytical methods [3-6,12-13].
Semianalytical formulations are contemporary mathematical models which are becoming
realizable at pre-sent due to substantial speed-up of computer productivity. DDCBEM and
IDCBEM are based on pseudodifferential boundary equations. Corresponding operators are
approximated dis-cretely by Fourier series. Wavelet analysis can be applied as well. Key
features of DDCBEM and IDCBEM include double reduction of dimension. Only cross-
sectional boundary is under discretization, namely we consider one-dimensional problem.
Other advantages of DDCBEM and IDCBEM are allowance of advanced analysis in vital
areas, simple data processing, effective computational schemes and computer-oriented
algorithms. We consider the second boundary value problem for three-dimensional
elastostatics as a specific example of using DDCBEM and IDCBEM (Figure 1).
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Figure 1. Sample of considering structure

2 ANALYTICAL FORMULATION OF THE PROBLEM IN TERMS OF DDCBEM
AND IDCBEM

2.1. Conventional formulation of the problem.

Conventional formulation of the second boundary value problem for elastostatics has the
form [14-15]
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where Q is the domain occupied by structure; N is the dimensionality; L is the operator
defining conditions in the domain; / is the operator defining conditions at the domain



boundary 0Q, V=[v, .. v, ]' is its unit normal direction vector with v =0; G, are

stress components; X is the coordinate vector; U is the displacement vector; F is the body
force vector; f is the boundary traction vector.

Hereinafter we will study three-dimensional problems for definiteness.

2.2. Operators defining conditions in the domain and at the domain boundary.

Let x; be coordinate axis with invariability of physical and geometrical parameters of

structure (basic direction). The reader will have no difficulty in showing for three-
dimensional problem that

L=-L,0;+L0,+Ly; [=10,+1,, (2.2)
1 0 0 0 0 o
L,=y/0 1 0 | Li=—w(y+DH{0 0 0, (2.3)
0 0 v+2 o o0, 0
(y+2)0; +05 (y+1)9,0, 0
Ly=-4 (1+1)0,0, 0}+(y+2d2 0 |; (2.4)
0 0 07 +0;
0 0 v 0 0 O
L==vy0 0 O|=v,u0 0 vy |; (2.5)
1 0 O 0O 1 0
(y+2), vyo, O 0, 0, 0
ly==vin| 0, 0, 0 |=vomyo, (y+2)0, 0} (2.6)
0 0 0, 0 0 o,

2.3. Operators defining conditions in the domain and at the domain boundary.
2.3.1. Fundamental operational relation of direct approach.

Fundamental operational relation of direct approach has the form [6,11]
Lou =0Lu+d_/u—1 (5.1), (2.7
where O(x) is the characteristic function of domain Q; o- is the delta function of domain

boundary 0Q [6].

2.3.2. Construction of differential equation set of the first order with operational
coefficients.

Combining (2.2)-(2.6) and (2.1) we get:
~L,003u+L,00,u+L,0u=F -/ (5.0,u)—,(5.0). (2.8)
In this case
F=0F+8.f; Vv=U'=0,u; V' =0,V. (2.9)

After uniting of (2.8) and (2.9) and corresponding formula translation we obtain the following
differential equation set of the first order with respect to x,



U=L,U+F,+5.U, (2.10)

where U=[ou"ov " =[u"v']"; U=0,U; u=6u; v=0v; (2.11)
0 E — 0 . 0 0
Lo = {L‘;LO L‘;LJ’ Fo = { LF } o = { BN YA } (2.12)

It is readily seen that all coefficients in (2.10) are pseudodifferential operators and E is
identity operator of the corresponding order.

2.3.3. Fundamental matrix-function of differential equations set.

Consider the auxiliary equation set
U'=L,U. (2.13)

Let A, be eigenvalue of operator L, and m, be multiplicity of A.. It can be proved that

}\‘lz_‘VZ" 7‘2 =]V2‘, m1=m2=3; |V2 |=\/—(812+6§). (2.14)

Two eigenvectors and root vector corresponding to A, are the following

ETI =[—51,—52,| Vz |981 |V2 |aaz |V2 |a_V§]T; tfz = [52,—51,0,—62 |V2 |981 |V2 |90]T; (2-15)
- +3 2
t,=[0,0,7"2,-8,~0,~——|V, I, (2.16)
y+1 y+1

In exactly the same way for A, we could have written

E; =[0,,0,,1V,1,0,|V, 1,0, |V, |9V§ ]T; E; =[0,,-0,,0,0, |V, [,-0, |V, |a0]T; (2.17)

- v+3 2 T
t,, =[0,0,———,0,,0,,———|V . 2.18
21 [ 'Y+1 1 2 y+1| 2|] ( )

Thus, Jordan decomposition of Lg is defined by formulas:

_~—~m NN~ =~

T Te Fr Fe Fe Fr ze T -1 T
Lo =TIT; T=[.0.5,6.0.5: T=T"=[1.0.% 4 & &l'; (219

tboinloeily e
1, =[‘|gz |—|1v2 J; T, =['Zz | |é2 J; To==IVyl; 1=V, (2.21)
T =010, 1V, 200, IV, [0, 1V, [0, 1V, 11,0, |V, .07 (2.22)

G =010, IV, .0, 1 Vs 0 120, 1V, 20120, 1V, Py, |V, [T (2.23)

T =0, 1V, 210, 1V, [2.0.%,0, |V, [P-1,0, |V, [7.01"; (2.24)

G =110, 1V, P10, IV, v, IV, 1,0, |V, 130, |V, 0T (2.25)

B =010, IV, [0, IV =120 =120, |V, P10, |V, Py, IV, [T (2.26)

T =[=10, |V, 21,0, |V, [2,0,-v,0, |V, 1,0, |V, 0T (2.27)

We use the following notation:



1 I y+1 1y+3 1
=—; =——; =———; =—(y+1). 2.28
Y1 > Y2 4y+2 Vs 4y+2 Y4 4(Y ) ( )

Fundamental matrix-function of (2.16) is the solution of the following set of differential
equations:

£(x;) ~ Los(x,) = 8(x, )E, (229)
where €'(x,) =0,e(x;); d(x3) is Dirac delta function. Using [10], we get:

e(xy) =exp(— |V, || x; |)1~)1,0 +sign(x;) exp(— |V, || x5 DIN)U * (2.30)

X, exXp(— |V, || %; NPyt | X5 [exp(= |V, [Ix; Py,
1:{P1+:T+T+’ x3>0; b {PZ’L_T+H‘T+, x3>0; 8

P =TT, x,<0 P; =T HT™, x5 <0 0
P =sign(x,)P,, +P,; P, =sign(x;)P,, + P, ; (2.32)

- e T e T T - = = =T = = =T
T =[5, 5,501 T =[1.0,.tHh T =[4.%%: T =[%.%. %] . 233

1 0
H=l0 0 0} (2.31)
0 0

Here lw’lﬁojl,l,ﬁ,o,ﬁz,l are xj-independent pseudodifferential operators with respect to
X1,Xo, namely [1]

PI,O :‘ VZ |_1 PI,O,I -i_al2 |V2 |_3 P1,0,2 +8182 |V2 ‘_3 P1,0,3 +8§ |V2 ‘_3 P1,0,4 +al ‘VZ |_1 PI,O,S

+82 |V2 |_l P1,0,6 4‘812 |V2 |_1 P1,0,7 +alaz |V2 |_l P1,0,8 +8§ |Vz |_l P1,0,9+ | Vz |P1,0,10;

P, =05E; (2.35)

T (234

§2,0 =0,|V, B P,,,+0,1V, B P, oo+ 1V, |Pyys +812 |V, B P,,,+0,0,|V, B P, o5+ (2.36)
+6; |V, |71 Pyost0, IV, [Py +0, [V, [Pygys
1N)z,l =P, + a12 |V, I P, +0,0,|V, I P, 5+ 8; v, I Pya+0,Py s+ (2.37)

2 2 2
+ 62P2,1,6 + a11)2,1,7 + a1621)2,1,3 + a21)2,1,9+ | Vz | P2,1,1o-

Here P, ;, is numerical matrix coefficient.

2.3.4. Resolving set of operational boundary equations.

After convolution of fundamental matrix-function (2.30) with both sides of (2.10) the
result is

U= exp(— |V, ||x, |)[§10 + sign(x3)§1,1 + X3§2,0+ | X5 | 132,1]>:I_:G +
+exp(— |V, [|x; |)[61,0 + Sign(XS)Ql,l + Xaéz,o"‘ | X5 |62,1 ]?(SEU)i X —>2+0;
Q= Pl,Olé; Q.= Pl,ll:} 3 Quo = Pz,olé ; Q= P2,1l:; . (2.39)

(2.38)

2.3.5. Reduction of the problem. Reduced resolving set of operational boundary
equations.

Major disadvantages of (2.38) are double number of unknowns and high (second) order of
pseudodifferential operators with respect to x,,x,. However it can be checked that they



operate on components u,, u,, u, only. In this connection it is preferable to exclude u,, u,, u,
as part of reduction procedure. Reduction is based on the following formulas of integration

jexp(— |V, x5 Ddx; =V, [ sign(x;)= |V, [ sign(x;)exp(= |V, |x; [);  (2.40)

[sign(x;)exp(= |V, [|x; dx; == |V, [ exp(=| V, |[x; ]); (2.41)

ng exp(= |V, [[x; Ndx; = = |V, [ exp(= |V, [1x; DIIx; [+]V, [']; (2.42)

jl X; [exp(= |V, [|x; [dx; = =Visign(x,)= |V, [ exp(= |V, || x; DIx;+ |V, [ sign(x;)] (2:43)
and well-known properties of convolution

K(X15X23X3)jui(X1:X2aX3) = (J.K(Xl7X2JX3)dX3)jVi(X17X2:X3)> =123 (2.44)

Here K(x,,x,,x;) is an arbitrary operator from (2.34)-(2.37).

In accordance with such algorithm after numerous transformations we get couple of
reduced operational boundary equation sets

v =exp(—|V, [|x; D[P, +sign(x;)P, + X3P, +[x; | Pzrl]fFGr +
+exp(— |V, [|x; D[Qfo + Sign(x3)Qf,1 + X3Q;,o+ | X5 | Qg,l]j(ssv)a Xx—>E+0;
U =exp(=| V, [[x; DI, +sign(x;)P, +x,Py o+ [ x| Py 1¥Fg + QU H(8-9) +

+exp(—|V, [Ix; |)[Qfo + Sign(XQQf’l + X3Q;,0+ | X5 | Q;,l]j(SEv)a X —>E+0.

(2.45)

(2.46)

~

Let us remark that P/, P/, and Qf,j,(N)f’ ; are reduced pseudodifferential operators with respect

Lj> 7,
to x,,X, [1]. They can also be visualized as a sum of operators of the form 6{05 |V, [*

I

: . : : r  Ppr rAr
(p,9q,s € Z) with numerical matrix coefficients P;,, P, ,Q;;,,Q;;, - Moreover operators Q;;, ,

ijkoLijk>

Q’,Lk also delepends on directing vector v at the considering point
Plr,o =0,|V, |71 Plr,o,l +0, |V, |71 Plr,o,z; Plr,l =0.5E; (2.47)

Pzr,o =V, |P2r,0,1 +5f |V, |71 Pzr,o,z +0,0, |V, |71 P2r,0,3 +6§ 'V, |71 P2r,0,45 Pzr,o = a11)2r,1,1 +82P2r,1,2; (2.48)
QT,O :al ‘Vz ’_l QT,O,] +82 ’vz ‘_1 Q;,o,z +61282 ’vz |_3 Q{,o,3 +8la§ ’vz |_3 Q{,0,4; (2-49)

Qoo =V, [Qhy +07 [V, [ Q50 40,0, IV, [T Qo5 +05 [V, [ Q544 (2.50)

Q) =0,Q5,, +0,Q5,,+070, |V, [2 Q)5 +8,05 |V, 7 Q545 (2.51)

P =V, [P, +0r [V, [P P, 40,0, |V, [ Pl 405 |V, [P Plous (2.52)

P =0,|V,[" Py, +0,|V, [ Piy,; (2.53)

P, =P 40, |V, [* Py, 40,0, |V, P}, +05 |V, [* P ,; (2.54)

Qio =1V, [ Qigy +87 IV, 7 Qiy, +0,0, |V, [P Qi +03 IV, [ Qi (2.55)

Q,=0,|V,[* @i,y +0, |V, [? Qi,g +3 |V, [ Q15 +810, [V, [* Q)4+ (2.56)
+0,0; |V, [ Q15 +85 [V, [ Qpys

Qo =01 1Val" Qupy +0, Vol Quoa +011Va [ Qups #010Va [ Qo+ 5

2 3 A 3 -3 A .
+0,0, [V [7 Qo5 0, V5 [ Qo



QZ,l ng,l,l +81Q;,1,2 +62Q2,1,3 +612 |V2 |72 Q;,1,4 +alaz |V2 |72 Q;,I,S +8§ |V2 |72 Q;,I,G; (2~58)
Q =0,1V,[7Q,+8, |V, Q,,+870, |V, [* Ql,+8,6; |V, [* QL; (2.59)
Plr,l = Plr,l,l; Q;l = Q{,1,1; F(g = _L_zlﬁ' (2.60)

2.4. Operational formulation of the problem in terms of IDCBEM.

2.4.1. Fundamental operational relation of indirect approach.
Fundamental operational relation of indirect approach has the form [6,11]
Lu=F+8.q-1(8-W), (2.61)
where q is the abrupt change of boundary conditions in crossing the border =; W is the
corresponding abrupt change of displacements;
q=(u),—(u)_=Alu; w=u,-u =Au. (2.62)
2.4.2. Construction of differential equation set of the first order with operational
coefficients.

For considering second boundary value problem we define w =0 and consequently obtain

Lu=F+5.q. (2.63)
If we combine this with (2.2), we get
~L,0u+L,0;u+L,u=F+58.q. (2.64)
After uniting of (2.64) and
V=U'=0,u; V =0, (2.65)

with corresponding formula translation we obtain the following differential equation set of the
first order with respect to x,

U'=L,U+F, +58.q;; (2.66)
', U'=0,U; (2.67)

0 E = - 0 | = (.=
LG_{L;LO Lzle’ F, = {L;F}’ 96 = {L;Q} q=-L,q. (2.68)

2.4.3. Construction of differential equation set of the first order with operational
coefficients.

Fundamental matrix-function of auxiliary differential equation set (2.13) has been already
constructed in paragraph 2.3.3 and finally has the form (2.30). After its convolution with both
sides of (2.66) and transformations the result is

U= exp(— |V, |Ix; |)[P1r,o + Sign(x3)P1r,1 + X31)2r,0+ | X5 | Pzrl]??cri + (2.69)
+exp(— |V, x5 |)[P1r,o + sign(x3)Plr,1 + X3P2r,o+ | X5 | PZrI]f(SEq) .

T T
P],] ,Pz,o’

Note that P’

10 P, are reduced pseudodifferential operators corresponding to xy,x,,

namely [2]



Plr,O :| Vz |_1 I)1r,0,1 "'612 |V2 |_3 Plr,0,2 +alaz |Vz |_3 Plr,o,z + (2 70)
+0; |V, 7 Plos+0,1V, B Plos+0,1V, B Ploss '
Pzr,o = 81 |V2 |_1 Pzr,o,l +62 |Vz |_1 P2r,0,2+ | V2 |P2r,0,3 + 612 |V2 |_1 P2r,0,4 +
+0,0, |V, [ Py s +03 |V, [ Py o6
P, =P, +07 |V, |7 P,,,+0,0,|V, B Py s +03 |V, [ Py s +0/Py 5 +0,P; ¢ (2.72)
P =P ; F =-L)F. (2.73)

(2.71)

It can easily be checked that boundary conditions may be expressed as:

I,U=f; (2.74)

o =M L1 Ig=Vig,+Valgss (2.75)
(y+2), y0, 0 0 0 v d, 0, 0 0 0 O

lo; =—1 0, 0, 0.0 0 0}f; lg,=—wyo, (y+2)0, 0 0 0 vy |.(2.76)
0 0 o0 1 00 0 0 J, 0 1 0

2

Combining (2.74) and (2.69), we obtain

2 pe—
Zvi exp(— |V, x5 |)[Q{01 + Sign(x3)Q{,1,i + X3Q;,0,i+ | X5 |Q£,1,i]?(85q) =
=1 (2.77)

2
=f- Zvi exp(— |V, [|x; D[Q;ol + Sign(x3)Q;,l,i + X3Q;,0,i+ | X5 | Q;n]jFGra x> E+0.
in1

Each of Q;;, can be visualized as a sum of operators of the form 6703 |V, [* (p,q,s€Z)
with numerical matrix coefficients.

Qiix =l P, 1=1,2; j=0,1; k=1.2; (2.78)

Q{,O,l = al |V2 |_1 QI,O,I,I +62 |v2 |_1 QI,O,I,Z +af |V2 |_3 QI,O,I,S +61282 |v2 |_3 Q{,O,l,4 +
+0,0; IV, [7 Qs 05 1 Vo 7 Qs

Qo2 =0,1V, B Qo2 0,1V, B Qloz +8f 1V, B Qlo2a +61262 1V, B Qlooa+
+0,05 [V, |7 Qloas +05 [ Vo 7 Qoo

Q;,l,l = QI,1,1,1 5 Q;,2,1 = Q;,2,1,1 ; Q;,O,l :alz |V, |_] Q;,o,u +0,0, |V, |_] Q;,o,l,z; (2.81)

Q;,o,z 28182 |V2 |71 Q;,O,Z,l +8§ |V2 |71 Q;,o,z,z; (2-82)

Q;,l,l 251QZ,1,1,1 +82Q2,1,1,2 +5? |V2 |_2 Q£,1,1,3 +61262 |V2 |_2 Q;,1,1,4 +6la§ |V2 |_2 Q;,I,I,S +

+0, |V, [ Q65

3 -2 2 -2 2 )
Q;,l,z :61Q;,1,2,1 +62Q;,1,2,2 +61 |V2 | Q;,1,2,3 +al 62 |V2 | Q;,1,2,4 +6162 |v2 | Q;,l,z,s +
3 -2
+82 |V2 | Q;,l,z,é'

(2.79)

(2.80)

(2.83)

(2.84)

2.5. Alternative representations of basic pseudodifferential operators of DDCBEM
and IDCBEM.

Basic pseudodifferential operators of DDCBEM and IDCBEM presented above can also be
formulated with the use convolutions [8-9].

Let f(x,x,) be arbitrary function and



r= X2+X2 . 2.85
1 2

Summary is the following

1 1 _ 11
|V, [f(x),%,) == 7 * f(x,,x,); [V, lf(Xlaxz): — * f(x,,X,); (2.86)
27 17 XX 27T T X%

fo(xl,xz):—(l/Zn)lnr * £(X,,X,); |V, |’3 f(x,,x,)=—(1/2m)r * f(x,,Xx,); (2.87)

- 1 1
|V, [ exp(= |V, 1% DECx,.x,) = * 1(X,%,), X320, (2.88)

2 2
Tt 4+ x; M

_ 1
[V, [ exp(= |V, [1x; DF(x,,%,) =5, (X [+yr* +x3) * £(x,%,), x; 0, (2.89)

_ 1
|V, [P exp(=|V, || x, |)f(X1,X2):—%[|X3 | In(] x, |+\/r2 +X3) -

(2.90)
_‘\/r2 +X§] * f(X),X,), X320
xp(— Vs 1% DFCxx0) = Pl v pxx,), xa 200 @01
27 (I’2 +X§)3/2 XX
1 3x3 1 .
|v2 |eXp(— | Vz ||X3 |)f(X1>X2) :% (rz +X§)5/2 - (1'2 +X§)3/2 x:,kxz f(X17X2)5 Xy # 07 (292)
3 5/x3 | 3x
|V2 |2 exp(—|V2 ||X3 |)f(X1,X2)=2_Tc|:(r2 +X§)7/2 - (1‘2 +X3§)5/2}x:};2 f(XI,Xz), x5 #0. (2.93)

2.6. The one approach to regularization of kernels of basic pseudodifferential
operators in problems of structural mechanics.

In general, the problem of the solution of the integral and integral-differential equations
with kernels of a kind x™*,|x [,k > 0 arises by consideration of various technical problems.
The specified kernels not always can be calculated in sense Cauchy. Kernels of type In|x |
and x~' though are integrated in any sense, in some points they accept infinite values that leads
to solution with infinity which make harder enough formulas of numerical integration. The
listed functions should be more correctly understand in the generalized sense, i.e. in the form
of their regularizations. Many of existing formulas for regularization (canonical, not canonical,

etc.) are ambiguous from the point of view of numerical realization, appearing useful, mainly,
for theoretical researches. Obviously one can see regularization Vp(f(x)) from function f (x)

as a derivative of the corresponding order from some continuous function, for example,
Vp(1/x*) = (=D "[x(In [x [-D]I*V [k =1)!; Vp(l/[x]) =[x [(In|x|[-1)]?. (2.94)

Thus, after regularization this generalized function can be represented as a finite-difference
sequence of the derivatives with the corresponding order with parameter h from some
continuous function, i.e.

Vp(f(x)) = lim DF(x) . (2.95)

€2
S

where F(x) =f""(x) is the continuously define antiderivative of the function f(x) order
D*® is the differential finite-difference operator order “s” with a step equal “h”. Values



Vp(f(x)) estimated in a point remotely located from the coordinates origins, should almost
match with corresponding value of the function f(x), so one can use f(x) itself. Alternative
approach to the regularization singular kernels is their approximation by Fourier series.

2.7. Methods of additional regularization of kernels of pseudodifferential operators in
terms of DDCBEM and IDCBEM.

Regularization of kernels of pseudodifferential operators implies decrease of their orders.
This procedure is especially effective for correctness of computation, better approximation of
unknowns and simplification of corresponding discrete model. We can suggest at least two
approaches to this problem.

First one is based on well-known properties of convolution (2.59) and intends single or
multiple «throwing over» of derivative from the kernel of pseudodifferential operator to
unknown vector function. We are of the opinion, for instance, that it is useful to apply such
procedure twice in case of IDCBEM.

Alternative approach involves single or multiple integration of boundary operational
equations and application of the following property of convolution.

J‘[K(Xl5X2aX3)fui(XlaX27X3)]dX3 = (J.K(XI,XZ,X3)dX3)’;ui(X1,X2,X3),i =1,2,3. (2.96)

Let us say that double integration in case of IDCBEM is advantageous as well.
In both cases we use formulas of integration:

[Jexp(=1V, % dx, =V, |7 exp(= |V, 1%, D+ |V, [ x4 (2.97)

”Sign(xs)exp(— |V, 1% Ddx ==V, [ sign(x;)+| V, [ sign(x;)exp(~ |V, [|x;]); (2.98)

[T xsexp(= 1V l1x: Daxy == V2 [ sign(e)+ | V2 [ xyexp(= | Vallxa D+ 5 gg)
+2|V, |73 sign(x) exp(— |V, [[ x5 [);

j— -2 —_
JJ1%5 Texp(= 1V, [1x; Ddx =|V, [ 7], |exp(=| V, s+ . (2.100)
+2|V, [ exp(= |V, 1%, D |V, [

2.8. Allowance for supports restrained by elastic members in terms of DDCBEM and

IDCBEM.

If the considering structure has supports restrained by elastic members on the border, they
can be taken into account in the stage of initial formulation

3 3
Lu=)00,=-F, xeQ; h=) vo,=—f+Cu, xedQ; i=1,2,3, (2.101)
j=1 j=1
where C is the corresponding matrix function of elastic responses,

C =C(x) =diag{c,,c,,c;} (2.102)
and c,,c,, c, are elastic responses in Ox,, Ox,, Ox; directions.
Subsequent procedure is completely analogues to described above.

10



3 NUMERICAL IMPLEMENTATION OF DDCBEM AND IDCBEM

3.1. Discrete-continual design model of the border.

Special discrete-continual model [1-2] of the border = is introduced for three-dimensional
problems. It presupposes mesh approximation of the cross-section border while in the basic
direction (Ox,) problem remains continual. Thus, border = is divided into so-called discrete-

continual boundary elements =. (Figure 2)

Nipgj
E=J2; & ={(pxx3):(x,%,) el x; e[-L;, Ly 1} (3.1
i=1
3o Bl
pall ol
0 > () >

node 1

%
A

%
¥ r X,¥

Q node 1
(node 1)

g
%G

node i+1
(node 2)

)

Figure 2. Discrete-continual design model and discrete-continual boundary elements.
3.2. Discrete-continual boundary element (DCBE) and its characteristics.
Consider arbitrary DCBE E. and its arbitrary cross-section I',. We have (Figure 2)
I ={(%0 %5, X5) 0 Xy SX <K s Xp; SX, SXp (3.2)
Basic geometrical parameters of DCBE’s cross-section I'; are defined by formulas

2 2 . _ . _ .
h; = \/hl,i + h2,i 5 hl,i =X — X hz,i =Xoi T X0 (3.3)

Vi=(ViisVaV3) s v =—hy /hys vy =hy /by vy =0. (3.4)

3.3. Element coordinate system.

Local coordinate system is introduced in arbitrary cross-section of DCBE (te€[0,1],
Figure 2). Renumbering of nodes in cross-section of element is performed (i=1; i+1=2).

3.4. Selection of extended domain and orthonormal Fourier basis.

In accordance with distinctive approach the given domain Q is embordered by extended
one ® in the form of a cube,

0={(X,X,,X3): = <x,<l; =1, <x,<l; =l,<x;<[;}. (3.5)

We use the following set of functions as the orthonormal Fourier basis in L () (k. k,,k; =
=0,+1,£2,..):

11



1 ko
O(3) = 0y (R1)0ky (42001 (2)3 0 () = ep( x5 B =i % (30

i i

In practice we take into account finite quantity of terms of series: — N, <k. <N.,i=1,2,3.

3.5. Use of Lanczos factors.

Lanczos factors o, can be used for convergence acceleration of Fourier series. Let f(x)
be arbitrary function. Corresponding formula of approximation has the form

N 3
f(x)~ D f6,0,(x); o, =][]o,: o,=1; (3.7)
k=—N i=1
iN. 1 kn k.n
AN s ol —— 1|, k. #0; 3.8
o= ok [[ Ao 14 }j l 63)

3.6. Numerical implementation of IDCBEM.

3.6.1. Approximation of nodal unknown functions.
Basic nodal unknown functions are components of vector function q(x;)=[q;,q,,q;]"
denoted by q; =[q1 i,92,i» Q3,1]T ,1=1,2,..., N, . For the sake of being definite, suppose its

piecewise constant approximation along I' and this implies that q; is assumed to be constant
within I'j.
3.6.2. Approximation of basic pseudodifferential operators.

Let f=1f(x,,x,) be arbitrary function. Pseudodifferential operators Pir’ p1=1,2;j=0,1

are approximated by Fourier series:

N, N,
Prfxux)~ D) D P i fu @, (X9, (X, (3.9)
k=N, k,=—N,
Pl = Do e T T Toais b Pl = Tosei, Towees + T, T, 3 (3.10)
P o, =Toe, BT, + T HTo s Py =To  HT o + T HT 5 (BU10)
0 0 Ay
0 0 -2 2 2
M 0 0 _ Y37"kI ”‘klk2 737\'1(2 ”‘klk2 0
T =Ml 0 o P Toww=- 0 0 v |1 (3.12)
k; "V kik, ki, O O O
}\’kzx‘klkz 0 0
L 0 Yk, 0 |
A, 0 0
A, O 0
. 0 Ys 0 o~ 1 0 0 0 313
T =~ 0 Mo M Tk, = Yok /M, Yol Iy, 0 ;(3.13)
0 7\’k k;"Vkk o Yl }\‘kl /}\‘Zklkz _YI 7\'k| /7\'2k|k2 O
K, 0 0

12



M, == (K, +22) . (3.14)

We stress that all formulas presented in paragraph 3.6.2 are correct except case
k, =k, =0, which requires exclusive consideration. Corresponding component of solution
we are calling “beam” component. Paragraph 3.6.3 is defined to the problem of its definition.

r
1,J,m?

Pseudodifferential operators Q i=1,2; j=0,1; m=1,2 in their turn are approximated

in accordance with formulas

N] N2
Qir,j,mf(xpxz)z z ZQir,j,m,kl,szk,kz(Pkl (X1)(Pk2 (x,); Qir,j,m,klkz = lg,m,k]kZPir,j,klkz; (3.15)

k=N, k=N,
’Y57\’k1 Y67\’k2 0 0 0 Vs
lG,l,klkz = ’Y77\'k2 ’Y77\'k1 O 0 O O ; (3.16)
0 0 Y77\‘k1 v, 0 0
Yok, Vohy, 0 0 0
lG,Z,klkz = Yskkl ')(57%2 0 0 0 Yo |5 (3.17)
0 0 777‘1(2 0 v, 0
Vs =-R(Y+2); ve=-Hy; ¥, =—K. (3.18)

3.6.3. Definition of “beam” component.

In the earlier paragraph we let a question concerning so-called “beam” component stand
over. Let’s get back to this point (k, =k, =0).

First of all it must be mentioned that for many problems this component of solution is of
paramount importance. It characterizes displacements of the whole cross-section.

Let’s expand unknown vector function U into Fourier series with respect to xj,X»:

N, N,
U(x,X,,X;) = z ZUklkz (X3)(PkI (Xl)(Pk2 (X,). (3.19)
ky=—N, ky=—N,
If we combine this with (2.66), we get

N, N,

N, o N, _ _
Z ZU{ﬂkz(pkl (Xl )(pkz (Xz) - Z Z {LG:klkZUk]kZ + FGaklkz +

k=N, k,=N, k=N, ky——N, (3.20)

+ 826 Lk, 10, (X))@, (X,),

where
L. = 0 E . L, = (1) ? 8 . (321)
Gk L_21,k1k2L0,k]k2 L_21,k1k2Ll,k]k2 ’ 2y ~ H 0 0 v42 ’ '
0 0 A (20, +uk, (r+D A, 0
L, =—n(y+D] 0 0 A 5 L=t (+D0 A, pk +(@+2), 0 ;(3.22)
>\’kl 7\’k2 0 0 0 m\il—ku?\iz

13



N, N,
Fo(x,,%,,%;) = Z ZFG,klkz(X3)(Pk](Xl)(sz(Xz);

k=N, k,=—N,

6.6 )X, X00x) = > D080 he, (X0 (X)) (X,)

k,=—N, k,=—N,

(3.23)

(3.24)

Multiplying both sides of (3.20) by basis functions ¢, (x,)¢, (X,), k;, ==N,.., N, k, =

=-N,,..., N, we obtain differential equation set with respect to x,

ﬁl'(,kz = LG,klkzﬁklkz +FG,klk2 + [SEqG]k,kza k;=-N,,.,N;; k; =-N,,.., N,

and in particular

U’00 = LG,OOﬁOO + iG,oo + [SEqG ]oo .

(3.25)

(3.26)

Uy =Ujy(x;) is basic unknown vector function. It remains to note that matrix L, has form

LG,OO =

SO o0 OO
oo o0 oo
oo o0 OO
el oNoNoNoll S
e NoNoNaoll S
ScSoo OO

(3.27)

Matrix L, has single eigenvalue A =0 with multiplicity m =6. Three eigenvectors and

three root vectors corresponding to A are the following

tt=[1 1 1 0 0 0]; ©£=[0 1 1 0 0 O];
t=[0 1. 0 0 0 0]; t=[0 O O 1 1 17%;
t=[0 0 0 0 1 1]; &t=[0 0 O O 1 0]

and t; is root vector corresponding to eigenvector t; .

Thus, Jordan decomposition of L, is defined by formulas:

1 0 0 0 0 0]
0O 0 O 1 0 0
J 0 0
~ _ -1 0 1 0 0 O ¢ 0
ToozToolz 0 0 0 =1 0 1 Joo=]0 J. 01; Jc=[0
0 1 =1 0 0 0 0 0 I
_0 0 O 0 1 —1_

Fundamental matrix function ¢,(x,) of differential equation set
U = LG,OOUOO

is defined by formulas

14

(3.28)
(3.29)
(3.30)

(3.31)
(3.32)

. (3.33)

(3.34)



€go(X3) = s1gn(X;) P, oo+ [ X5 [ Py o3 (3.35)
[0

Py =05-TT=05-E; P,,=05THT=0.5-Lg,; f= .(3.36)

cooo oo
cooco o~
S o oo o
coo, o
oo
e S N N

After convolution of (3.35) with both sides of (3.26) and transformations the result is
ﬁ00 = [sign(x3)P1r’00+ | X5 | Pzr,oo]jFGr,oo + [Sign(x3)Pi00+ | X5 | Pzr,oo]j[SEa]oo- (3.37)

Here we have

N, N, N
[6=q1(x,,X,,X5) = Z Z[SEq]klkz (Xa)(l)kI (X1)(P1<2 (x,); (3.38)
k=N, k=N,
— — Nl Nz_
B =—10F= D > Fo (X, (x)0, (x,); (3.39)
k=N, k,=-N,
0 0 0] 1 0 0]
0 0 0 0 1 0
110 0 0| , 1|0 0 1
P=311 0 0 P27300 0 o (3-40)
01 0 0 0 0
0 0 1| 0 0 0]

If we replace U(X,,X,,x;) by (3.19) in boundary conditions (2.74) and expand vector

function f(x,,X,,xX,) into Fourier series with respect to x;,X, we get

N, N, _ N, N,
Z ZIG,klkZUk,kz(pkl (Xl)(sz (x,) = Z kalkz(Pk. (Xl)(sz (x,); (3.41)
k;=—N; k,=-N, kj==N; k,=-N,
loxw, =l Dk, I lo ik, =Vilgixk, T Valo ok, s (3.42)
(Y+2Dh, YA, O 0 0 7]
lonr, =M Ay, A, 00 0 0F (3.43)
0 0 A, 1.0 0
ey Ay 0O 0 0 O]
ZG,Z,k,kz =—H ’Y}\‘k, (v + 2)7\'k2 0 0 0 Y (3.44)
0 0 A, 0 1 0
and in particular
0O 0 0 0 0 ¢y o 0 o0 o o0 o0
loioo=—H0 0 0 0 0 0 lge=-p0 0 0 0 0 vy| (345
0O 0 o0 1 0 0 o 0 o0 o 1 o0

Thus, we can define the following matrices
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o O

0
0
Y7

Q1 = lG,l,OOPI = (3.46)

oo o
N | —
S O O
o o

Vs
0f; Q,= IG,Z,OOPI =
0

N | —
=<
~J

Further note that 7, P, =1, 4P, =0.

3.6.4. Approximation of resolving operational boundary equations set.

We set up systems of boundary equations at points ?;r =(’Xffi,izi,x3)el”+0,
1=1,2,..,N,,,

X (3.47)

— . ~+ —_—
=x; +0.5-h; +v;d;; X3, =

i
,

X,; +0.5-hy; +v,.d;.

1

Magnitude of d, is directly related of various factors. On the one hand in accordance with

conventional boundary element method we have d, =0.01h;,. On the other hand we must
avoid Gibbs phenomenon [16-20].

Moreover, due to operation of pseudodifferential operators delta functions and its
derivatives may be located on a boundary. This leads to various parasitical effects at
approximation stage.

Without loss of generality it can be assumed that the considering structure is subjected to
concentrated forces only:

Ny
F= ZF 8(x; —x{)8(x, —xP)S(xy —xP); £ =D f 8(x; —xiV), i Ny . (3.48)
p=l q=1

Here fi is the force vector at cross-section of DCBE number i with coordinate x{?.

Global vector of unknowns is constructed in the form:

QOx) =[G (x5) o Qo (x5 T(xy) = Z’gagcpkg(xs). (3.49)

ky=—N,

The result of approximation with the use of Fourier series is the following set of 3N, -order
systems for Fourier coefficients in (3.49):

K¢ G =Gy, ky=-N,,.,Ny; (3.50)
K ok TG
K(Ijbcl’l) K(NbclsNbcl) Gl((ljbcl)

(i) _ V (5) (@) (1) [l o .
Kk? 20 /— A, § :Vll 1C0 /21 EN: ) EN,AI ks P, (Xl,i)(sz (X;i)ckjlkza (3.52)
1 1 8%2=—N2
k;#0 v k,#0

_ Nbf p—
G1(<13) = qglfi,q(pkg(_x(q) \/\/1_7 zvll (S)Q ]Fé 00k,

2 N, N, Ny
_\/szi,l Z Z ZGp,k1k2k3,l(Pkl(iii)@kz(iz,i);

=1 k;=-N,; k,=—N, p=lI
k;#0 v k,#0

(3.53)
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() _ .
Aklkzk} =V 'Ak kyksl T Va, Ay ks

— (1) (2) (3) (4) _ .
Ak1k2k3 kkk3Q101kk2 kkk3Q111kk2 kk2k3Q201kk2 kkk3Q211kk9 i=1,2

cfj}( =0.5-h, exp(a(” )nkkz Il ; ocfjf( = —infkx,/, +k,x, /1 ];
o _ {[expmi&z)—u/ﬁmz B 20 __m{ LT h_}
l 9

1 2

kik, 1 B(J) _ kik,

G P\ HP) () _ ) (p)
Gp,klk2k3 (Pk3( X3 )¢kpk2Akk2k3 Lz Fp’ kpk2 (Pkl( le )(Pk (=x37);

(@) _ 7\'kkzl \/2—

kikoks T }\12 12 k2 2
kk,

[1=(=1)" exp(~y,, 1)1

o ___ Kk n\/— S 1= (D" exp(-A,  L)];

kikoky T 7\'2 12 k2 2
kik,

k,li\[21, 2, L . L]
agl)(zksz T l: ok, 3 —(- l)ks exp(— kazl )( #J

x1k12+k2 2 x1k12+k2 2 x11k21§+k§n2 |

2 2 2,2
2 -k

(3.54)
(3.55)
(3.56)

(3.57)
(3.58)

(3.59)

(3.60)

. (3.61)

" 1,421, {xzk Wi

e N k2 2
a = —i(1-8, )2l [1 - (D) ]/(nk,).

Now note &, ; is Chronicler’s symbol.

(=) exp(- Mkl)[ Kk, 3+W

3.6.4. Calculation of displacements, strains and stresses within domain.

In accordance with foregoing formulas we have

N, N, Ny,
U(x,,X,,X;) = Z Z zUk,k2k3(pk|(Xl)(pkz(xz)(Pk3(X3);

k,=—N, k,=—N, k;=—N,
Nb

Nvf
17 _ Q (J) ~E
Uik, = 21, Gy, Oy, Ok, [Z Sp,k1k2k3 + Dy, K, Dk
p=1

j=1

_ B T
Uklk2k3 = [ul,k]k2k3 > Wo ik » Wakkoks o Y Lkikoks 2 ¥ 2.kikoks 2 ¥ 3k koks I's

} (3.62)

(3.63)

(3.64)

(3.65)

(3.66)

_ 0 Pr (2) r (3) T 4) r .
Dk,k2k3 = aklk2k3P1,0,k|k2 T a0k, Pl,l,klkz T ok, Pz Okk, T ko, Pz Lkk, k, #0vk, #0; (3.67)

_ ,O)pr ©pr . Q (P4 (P) -5
Do, =a Plgg +ai Prggs S, =0 (%3700 D L E, -

(3.68)

Let o be stress components and &; be displacement components. It is obvious that

3

g..:%(aiuﬁajui), i=1,2,3; j=1,2.3; e=Yk,.

ij? 1
i=l

G; = d;he +2ug;

This yields that corresponding results can be summarized as follows:
N, N, N,

Sij(Xl’XZ’Xa): Z Z Zgij,klk2k3(Pkl(X1)(Pk2(xz)(Pk3(X3)a ,j=12,3;

k;=—N, k,=—N, k;=—N;

17
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N N, N

Gij(XHXzaX?,): Z Z ZGij,klk2k3(Pkl(Xl)(sz(XZ)(Pk3(X3)’ Lj=123; (3.71)

k;=—N, k,=—N, ky=—N;

Ellkiok, = MOk Wik, 5 Ei2kikok, :5(7*1<1(71<1112,1<11<2k3 M, 0 Uik, )5 (3.72)

Enkiok, =M, O Unkiok 5 Sk, :E(}\’klcklu3,k1k2k3 +Vikiok) s (3.73)
. 1 7\1 .

€3k, = Vakkoks 0 €23k kok, —5( 0k, W3k ok T Vak ok, ) (3.74)

Giikkoky — 6ij}\‘8k]k2k3 + 2u8ij,klk2k3 , ,J=1,2,3; €k, = Clkkok, T 822k k0ks T €33k k,k; * (3.75)

3.7. Numerical implementation of DDCBEM.

Numerical implementation of DDCBEM is executed in much the same way as IDCBEM. It
is also based on Fourier series approximation. This problem is partially considered in [1] and
will not be described in detail here.

3.8. Closing remarks about methods of additional regularizations.

Methods of additional regularization have been already considered above in paragraphs
2.6-2.7. But in view of information from paragraph 3.6.3 it is useful to produce several new
integration formulas here:

[sign(x,)dx = x, |; [[sign(x;)dx =x3sign(x,); (3.76)

1 . 1 5. 1
JIxs ldx = xisign(xo) s [flx; ldx=—xisignix) =[x, f. (3.77)

However approximation quality of functions |x, [ and xisign(x,) by Fourier series will
not be passable due to their behavior and behavior of their derivatives nearby points of
periodicity ng’j) =jl, j==x1,£3,%+5,..

For avoidance of this fact we recommend using functions
xisign(x,) —1.5-1,x3; x3sign(x,) - L,x, (3.78)

instead of |x,[ and xsign(x,). Functions (3.78) give a better behavior in the specified

S€nse.

3.9. Considerations regarding methods of approximation in terms of DDCBEM and
IDCBEM.

We believe that Fourier series approximation with respect to x,,x, is quite standard while
its use with respect to x; is at least controversial. Fourier transformation [26-28] is the most

natural technique in such problems. Furthermore direct Fourier transformation is not
complicated operation to a certain extent in this case [17]. However Fourier inversion causes
essential difficulties.

Another alternative approach is application of Wavelet analysis [29-41]. Taking into
account types of pseudodifferential operators in DDCBEM and IDCBEM in our estimation
this method is especially effective.
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Prime advantages of Fourier series approximation include relatively simple computational
algorithm and demonstrativeness [21-25].

We have also developed version of discrete-continual boundary element method
(IDCBEM) based on combined Fourier series and polynomial approximation [7]. Peculiar
features of the proposed combined approximation type include algorithmic simplicity and
supreme universality. Due to possible presence of finite discontinuities in approximating
function exclusive application of Fourier series is apparently undesirable. Finite
discontinuities cause so-called Gibbs phenomenon and therefore polynomials are used to
avoid this parasitic numerical effect (Figure 3).

HY ™~ Hf) Polynomial approximations:

a) two-sided
C ; ) .
) JAU® b) one-sided, at the right
-1. < 1. X ‘
d - ¢) one-sided, at the left

— o [

Figure 3. Types of polynomial approximations.

4 COMPUTER REALIZATION OF DDCBEM, IDCBEM AND SOFTWARE

4.1. Computer realization of DDCBEM. Program system DDCBEM3D.

All methods and algorithms of DDCBEM considered in the distinctive paper have been
realized in program system DDCBEMS3D. Its main purpose is analysis of three-dimensional
problems with the use of DDCBEM. We use Microsoft Fortran PowerStation 4.0 Professional,
Compaq Visual Fortran 6.6B Professional and Intel Fortran Compiler 8.0 as programming
environments. Program is designed for Microsoft Windows 95/98/NT/2000/ME/XP/2003.

4.2. Computer realization of IDCBEM. Program system DDCBEM3D.

All methods and algorithms of IDCBEM considered in the distinctive paper have been
realized in program system IDCBEM3D. Its main purpose is analysis of three-dimensional
problems with the use of IDCBEM. We use Microsoft Fortran PowerStation 4.0 Professional,
Compaq Visual Fortran 6.6B Professional and Intel Fortran Compiler 8.0 as programming
environments. Program is designed for Microsoft Windows 95/98/NT/2000/ME/XP/2003.
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