
SEVERAL KINDS OF STABILITY OF EFFICIENT SOLUTIONS IN

VECTOR TRAJECTORIAL DISCRETE OPTIMIZATION PROBLEM1

V.A.Emelichev, E.Girlich, D.P.Podkopaev

Belarus State University Minsk, Mechanical-Mathematical Department

OvG-University Magdeburg, Faculty of Mathematics

Let E = fe1; :::; emg; m > 1; be a given set, 2E � T = ftg; j T j> 1; be

a set of trajectories, i.e. non-empty subsets of the set E.

The vector weight function is ascribed to the elements of E:

ej �! (a1(ej); a2(ej); :::; an(ej)); j 2 Nm = f1; 2; :::; mg:

It can be represented as a matrix

A = faijgn�m 2 Rnm; aij = ai(ej); n � 2:

The vector criterion

F (t; A) = (F1(t; A); F2(t; A); :::; Fn(t; A)); Fi(t; A) �! min
T
; i 2 Nn

consists of arbitrary combination of partial criteria of the kinds

MINSUM Fi(t; A) =
X
e2t

ai(e) ! min
T
; i 2 ISUM ;

MINMAX Fi(t; A) = max
e2t

ai(e) ! min
T
; i 2 IMAX ;

MINMIN Fi(t; A) = min
e2t

ai(e) ! min
T
; i 2 IMIN ;

where ISUM [ IMAX [ IMIN = Nn:

We consider

the set T1(A) = ft 2 T : 8t0 2 T n ftg 9i 2 Nn �i(t; t
0; A) < 0g

of the strongly e�cient trajectories (Smale set),
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the set T2(A) = ft 2 T :6 9t0 2 T 8i 2 Nn (�i(t; t
0; A) � 0 & �(t; t0; A) 6= 0)g

of the e�cient trajectories (Pareto set),

the set T3(A) = ft 2 T :6 9t0 2 T 8i 2 Nn �i(t; t
0; A) > 0g

of the weakly e�cient trajectories (Slater set), where

�(t; t0; A) = (�1; �2; :::; �n);

�i = �i(t; t
0; A) = Fi(t; A)� Fi(t

0; A);

0 = (0; 0; :::; 0) 2 Rn:

The following is evident

8A 2 Rnm T1(A) � T2(A) � T3(A) � T:

Di�erent types of stability of the sets T1(A); T2(A) and T3(A) have been
investigated in the [1-4].

1. Stability of e�cient trajectories

to perturbations of the whole matrix A

Let B(") denote the set fB 2 Rnm : kBk < "g;

where B = fbijgn�m; " > 0; kBk = kBk1 = maxfjbijj : i 2 Nn; j 2 Nmg is

the Chebyshev norm in Rnm:

A trajectory t 2 Tk(A); k 2 N3 is said to be stable, if

9" > 0 8B 2 B(") t 2 Tk(A+B):

Theorem 1. Any trajectory t 2 T1(A) is stable.

Theorem 2. Let t 2 T2(A): If t 2 T1(A) then t is stable. The converse
is true under assumption ISUM 6= ;:

Theorem 3. Let t 2 T3(A): If t 2 T1(A) then t is stable. The converse

is true under assumption ISUM = Nn:

Corollary 1. If ISUM = Nn and T1(A) = ; then every weakly e�cient
trajectory isn't stable.
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Remark. Since all the norms in Rnm are equivalent theorems 1{3 are

valid for any norm de�ned in Rnm.

If t 2 Tk(A); k 2 N3; then

�k(t; A) =

�
supf" > 0 : 8B 2 B(") t 2 Tk(A+B)g if t is stable,

0 otherwise

is called stability radius of the trajectory t.

The inequalities

8t 2 T1(A) �1(t; A) � �2(t; A) � �3(t; A);

8t 2 T2(A) �2(t; A) � �3(t; A)

are evident.

Let 
i(t; t
0; A) =

8<
:�

�i(t;t
0;A)

2
if i 2 IMAX [ IMIN ;

�
�i(t;t

0;A)

�(t;t0)
if i 2 ISUM ;

where �(t; t0) =j (t [ t0) n (t \ t0) j :

Theorem 4. For any trajectory t 2 Tk(A); k 2 N3; and any sets
ISUM ; IMAX ; IMIN ; ISUM [ IMAX [ IMIN = Nn; we have

�k(t; A) � '(t; A) = min
t02Tnftg

max
i2Nn


i(t; t
0; A);

moreover
8t 2 T1(A) �1(t; A) = '(t; A);

if ISUM 6= ; then 8t 2 T2(A) �2(t; A) = '(t; A);

if ISUM = Nn then 8t 2 T3(A) �3(t; A) = '(t; A):

2. Stability of e�cient trajectories to perturbations

of the s-th string of the matrix A (s-stability)

Let s 2 Nn; " > 0;

Bs(") = fB = fbijgn�m : 8j 2 Nm j bsj j< "; 8i 6= s bij = 0g:

It is evident that Bs(") � B(").
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For any trajectory t 2 Tk(A); k 2 N3; the number

�sk(t; A) =

�
sup�s

k(t; A) if �s
k(t; A) 6= ;;

0 if �s
k(t; A) = ;;

where �s
k(t; A) = f" > 0 : 8B 2 Bs(") t 2 Tk(A + B)g; is called s-stability

radius of the trajectory t.

The inequalities

8t 2 T1(A) 8s 2 Nn �s1(t; A) � �s2(t; A) � �s3(t; A);

8t 2 T2(A) 8s 2 Nn �s2(t; A) � �s3(t; A)

are evident.

Let P s(t; A) = ft0 2 T n ftg : 8i 2 Nn n fsg �i(t; t
0; A) � 0g;

's(t; A) =

�
minf
s(t; t

0; A) : t0 2 P s(t; A)g if P s(t; A) 6= ;;

+1; if P s(t; A) = ;:

Theorem 5. For any A 2 Rnm; t 2 T1(A); s 2 ISUM [ IMAX [ IMIN we

have
�s1(t; A) = 's(t; A):

Theorem 6. For any A 2 Rnm; t 2 T2(A); s 2 ISUM [ IMAX [ IMIN we

have
�s2(t; A) � 's(t; A);

moreover if s 2 ISUM then �s2(t; A) = 's(t; A):
Let Rs(t; A) = ft0 2 T : 8i 2 Nn n fsg �i(t; t

0; A) > 0g;

 s(t; A) =

�
minf
s(t; t

0; A) : t0 2 Rs(t; A)g if Rs(t; A) 6= ;;

+1 if Rs(t; A) = ;:

Theorem 7. For any A 2 Rnm; t 2 T3(A); s 2 ISUM [ IMAX [ IMIN we

have

�s3(t; A) �  s(t; A);

moreover if s 2 ISUM then �s3(t; A) =  s(t; A):

3. Stability of e�cient trajectories to perturbations

of one element of the matrix A ((s,p)-stability)
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Let (s; p) 2 Nn �Nm; " > 0;

Bsp(") = fB = fbijgn�m : 8(i; j) 6= (s; p) (bij = 0; j bsp j< ")g:

It is evident that Bsp(") � B(").

For any trajectory t 2 Tk(A); k 2 N3; the number

�
sp
k (t; A) =

(
sup�

sp
k (t; A) if �

sp
k (t; A) 6= ;;

0 if �sp
k (t; A) = ;;

where �sp
k (t; A) = f" > 0 : 8B 2 Bsp(") t 2 Tk(A + B)g; is called (s,p)-

stability radius of the trajectory t.

The inequalities

8t 2 T1(A) �
sp
1 (t; A) � �

sp
2 (t; A) � �

sp
3 (t; A);

8t 2 T2(A) �
sp
2 (t; A) � �

sp
3 (t; A)

are evident.
Let t 6= t0; (s; p) 2 Nn �Nm;

�sp(t; t0; A) = f" > 0 : 8B 2 Bsp(") �s(t; t
0; A+B) < 0g;

�sp(t; t0A) =

�
sup �sp(t; t0; A) if �sp(t; t0; A) 6= ;;

0 if �sp(t; t0; A) = ;;

'sp(t; A) =

�
minf�sp(t; t0; A) : t0 2 P s(t; A)g if P s(t; A) 6= ;;

+1; if P s(t; A) = ;;

Qs(t; A) = ft0 2 P s(t; A) : 9i 2 Nn n fsg �i(t; t
0; A) � 0g;


sp(t; t0; A) = f" > 0 : 8B 2 Bsp(") �s(t; t
0; A+B) � 0g;

�sp(t; t0A) =

�
sup
sp(t; t0; A) if 
sp(t; t0; A) 6= ;;

0 if 
sp(t; t0; A) = ;;

!sp(t; t0; A) =

�
�sp(t; t0; A) if t0 2 Qs(t; A);
�sp(t; t0; A) if t0 62 Qs(t; A);

 sp(t; A) =

�
minf!sp(t; t0; A) : t0 2 P s(t; A)g if P s(t; A) 6= ;;

+1; if P s(t; A) = ;;

�sp(t; A) =

�
minf�sp(t; t0; A) : t0 2 Rs(t; A)g if Rs(t; A) 6= ;;

+1; if Rs(t; A) = ;:

Theorem 8. For any A 2 Rnm; p 2 Nm; s 2 ISUM [ IMAX [ IMIN we

have
8t 2 T1(A) �

sp
1 (t; A) = 'sp(t; A);
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8t 2 T2(A) �
sp
2 (t; A) =  sp(t; A);

8t 2 T3(A) �
sp
3 (t; A) = �sp(t; A):

Simple procedures for values �sp(t; t0; A) and �sp(t; t0; A) calculation have

been developed.

For example: if s 2 IMAX then

�sp(t; t0; A) =

8<
:
Fs(t

0; A)� asp if ep 2 t;

asp � Fs(t; A) if ep 2 t
0 n t; �s(t; t

0 n fepg; A) � 0;

+1 otherwise.
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