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 1 Introduction 

According to EN 1993-1-1 [1, 2], a plastic structural analysis can be 

carried out taking into account the partial plasticity of components in 

zones of yielding. With prEN 1993-1-14 [3], the upcoming generation of 

Eurocode will provide additional information for such analysis. As an 

example, Fig. 1 shows a single-span girder supported by fork bearings 

and loaded by bending moments 𝑀𝑦, shear forces 𝑉𝑧, and axial 

compression forces 𝑁 due to the applied loads. Based on a beam theory 

framework of geometrical and physical nonlinear numerical procedures 

referred to as plastic zones theory (PZT), which is presented in the 

following sections, the loads are increased stepwise (incrementally) until 

the ultimate limit state of the member is reached, which is associated 

with a limiting load factor of 𝛼𝑢 = 1.191 in this example. At the limit 

state, the yielding zones shown in Fig. 2 occur, associated to the 

computational failure of the partially plasticized structural system 

(eigenvalue of the partially plasticized system is reached), i.e. the 

partially plasticized member is no longer at a stable state of equilibrium 

and the member stability  
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limits the load-bearing capacity. Fig. 2 also shows the load- deformation 

relationships at mid-span for the lateral displacement 𝑣 and the torsional 

rotation 𝜗 about the longitudinal axis until the limiting load factor is 

reached. As a stability case, lateral torsional buckling in combination 

with flexural buckling occurs. 

When performing capacity checks with reduction factors 𝜒 and 𝜒𝐿𝑇 

based on [1], the beam is fully utilized for the loads given in Fig. 1. 

However, the calculation according to the plastic zones theory revealed 

that 19.1 % higher loads can be accommodated. Additional analyses in 

[5] show that the basic structural system of single span girders with 

continuous distributed loads (neglecting compression axial N) already 

show noteworthy differences regarding the different approaches. 

 

Figure 1 Single span girder of an IPE 300. Source: [4].  

The aim of this article is a quantitative comparison of methods with 
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reduction factors given by the current Eurocode EN 1993-1-1: 2010 [1] 

and its up-coming generation prEN 1993-1-1: 2020 [2] with results of the 

plastic zones theory. In the present study, two-span structural systems 

are focused. By means of validation, results are also compared to more 

complex numerical models based on an Ansys-Workbench 3D Model, in 

which the effects of a GMNIA (Geometrically and materially nonlinear 

Analysis) are taken into account as well. In the case of the stability of 

steel beams, the simplified approach of plastic zones theory comes in 

handy due to the reduced work effort; the effort required for the 

calculation with a suitable program is absolutely manageable and 

straightforward, also in comparison to verifications with reduction 

factors. 

 

Figure 2 Plastic zones and load-displacement curves of the example in Fig. 1. Source: [4]. 

2 Buckling resistance based on reduction factors 

2.1 Verification of lateral torsional buckling resistance according 

to the current Eurocode (DIN EN 1993-1-1: 2010-12 [1]) 

The current Eurocode (EN 1993-1-1: 2010) [1] suggests a verification 

against lateral torsional buckling of uniform members subject to major 

axis bending based on reduction factors. The moment resistance 

𝑀𝑏,𝑅𝑑  of class 1 or 2 cross sections, not to be exceeded by acting bending 

moments, is determined by: 

𝑀𝑏,𝑅𝑑 = 𝜒𝐿𝑇,𝑚𝑜𝑑 ∙ 𝑀𝑝𝑙 𝛾𝑀1⁄ , (1) 

where 𝜒𝐿𝑇,𝑚𝑜𝑑 is the reduction factor for lateral torsional buckling,  

𝛾𝑀1 the partial safety factor and 𝑀𝑝𝑙  the design value of the plastic cross 

sectional resistance. According to the German National Annex of [1], 

𝛾𝑀1 = 1.1. Considering 𝑀𝑝𝑙  and the elastic critical moment 𝑀𝑐𝑟 for the 

non-dimensional slenderness, 

�̅�𝐿𝑇 = √𝑀𝑝𝑙 𝑀𝑐𝑟⁄   (2) 

gives the following reduction factor for doubly symmetric I-profiles 

based on the German National Annex of [1]: 

𝜒𝐿𝑇,𝑚𝑜𝑑 =
𝜒𝐿𝑇

𝑓
=

1

Φ𝐿𝑇+√Φ𝐿𝑇
2 −𝛽�̅�𝐿𝑇

∙
1

𝑓
≤ 1.0 𝑎𝑛𝑑 

1

�̅�𝐿𝑇
2   (3) 

with:  Φ𝐿𝑇 = 0.5[1 + 𝛼𝐿𝑇(�̅�𝐿𝑇 − 0.4) + 0.75 �̅�𝐿𝑇
2 ] and  

 𝑓 = 1 − 0.5(1 − 𝑘𝑐) [1 − 2.0(�̅�𝐿𝑇 − 0.8)
2

]  ≤ 1 

In Eq. (1), 𝜒𝐿𝑇 is expressed by 𝜒𝐿𝑇,𝑚𝑜𝑑  of Eq. (3). In case of a rolled I-

profile as two-span girder with a constantly distributed continuous load 

(cf. Fig. 9), 𝑘𝑐 = 0.91 and 𝛼𝐿𝑇 = 0.34 (for ℎ/𝑏 ≤ 2) or 𝛼𝐿𝑇 = 0.49 (for 

ℎ/𝑏 > 2), respectively, may be assumed, where ℎ is the height and 𝑏 the 

width of the profile. 

For the determination of the elastic critical moment 𝑀𝑐𝑟, either 

computational analysis or analytical approximation formulae may be 

applied. In the present study, it is numerically determined using the 

custom-made software FE-STAB-FZ by Wolf, Laumann, and Kindmann 

[15], which is addressed in section 5. 

2.2 Resistance according to the new generation of Eurocode 3 

(prEN 1993-1-1: 2020 [2]) 

Referring to the previous section, the upcoming generation of Eurocode 

3 (prEN 1993-1-1: 2020) [2] presents some changes regarding the 

determination of the reduction factor 𝜒𝐿𝑇 for lateral torsional buckling: 

𝜒𝐿𝑇 =
𝑓𝑀

Φ𝐿𝑇+√Φ𝐿𝑇
2 −𝑓𝑀∙λ ̅𝐿𝑇

2
 (4) 

with: ΦLT = 0,5 ∙ [1 + fM ∙ ((
λ ̅LT

λ ̅z
)

2

∙ αLT ∙ (λ ̅z − 0,2) + λ ̅𝐿𝑇
2 )]  

In this equation,  �̅�𝑧 = √𝑁𝑝𝑙 𝑁𝑐𝑟⁄  is the non-dimensional slenderness for 

flexural buckling about the weak profile axis, where 𝑁𝑝𝑙  is the sectional 

axial force resistance and 𝑁𝑐𝑟 the elastic critical normal force. The factor 

that accounts for the effect of the bending moment distribution 

between discrete lateral restraints is set to 𝑓𝑀 = 1.47 according to the 

diagrams in Table 8.6 of [2] for a two-span girder. For rolled I sections 

with flange thickness smaller than 40 mm, 𝛼𝐿𝑇 is defined as follows:  

ℎ 𝑏⁄ > 1.2: 𝛼𝐿𝑇 = 0.12 √𝑊𝑒𝑙,𝑦 𝑊𝑒𝑙,𝑧⁄ ≤ 0.34

ℎ 𝑏⁄ ≤ 1.2: 𝛼𝐿𝑇 = 0.16 √𝑊𝑒𝑙,𝑦 𝑊𝑒𝑙,𝑧⁄ ≤ 0.49
 (5) 

3 Fundamentals of the numerical simulations 

3.1 Calculation of the ultimate resistance with the beam theory 

By means of finite element methods (FEM) considering material 

nonlinearity and effects of the deformed geometry (second-order 

effects) as well as imperfections (GMNIA), the load-bearing behaviour 

and ultimate resistance of structural steel members susceptible to 

stability can be realistically analysed. Here, a simplified approach based 

on beam theory referred to as plastic zones theory (PZT) is employed for 

determining the ultimate limit state, see [4, 6, 7], applying finite beam 

elements with seven degrees of freedom per node and performing 2nd 

Order Theory analysis. Thus, biaxial bending with normal force and 

warping torsion are considered. Fig. 3 shows (a) the definitions of the 

positive displacements in the local coordinate system and (b) the 

internal forces at the “positive intersection” of a member. 
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Figure 3 (a) positive displacements in the local x-y-z principal coordinate system and (b) 

internal forces at the positive intersection of a doubly symmetric cross section.  

The analysis of members based on plastic zones theory requires a finite 

element model sufficiently discretized by beam elements. With the 

beginning of material plasticisation, incremental solution methods for 

tracing the propagation of the plastic zones are required, as for instance 

using corresponding Newton-Raphson formulations [8]. An approach 

that is well suited for stability problems of steel members and 

considered in this study can be formulated based on two successive 

states of equilibrium; for details refer to [4]. For each incrementally 

adjusted load level, the structural behaviour regarding the state of 

equilibrium is determined, i.e. the spread of plastic zones is analysed at 

each node of the finite element model and their impact is introduced 

into corresponding stiffness relationships of the finite elements.  

For determining the plastic zones at the model nodes, the rolled cross 

section is approximated and subdivided into several fibres as shown in 

Fig. 4. The fibre model of the cross-section is associated with an equality 

of area of the rolled cross section as well as identical moments of inertia. 

With regard to the torsional stiffness, equality is manually achieved by 

defining an adjustment factor. Details on the considered fibre model are 

given in [7]. The mean strain value in each fibre centre is iteratively 

determined for a certain load level of the incremental approach as 

described in [4, 6]. Considering the material model and the residual 

stress, it exhibits, whether the fibre is in the elastic or plastic state, 

having impact on the cross section properties and member stiffness, 

respectively. 

In general, calculation based on plastic zones theory should only be 

performed if the components can develop sufficient rotation capacity 

which usually requires cross-sections of class 1. Since the ultimate limit 

state of simple members at risk of stability is often reached at low or 

moderate degrees of plasticisation, which requires only a limited 

rotational capacity (cf. Fig. 2), class 2 sections are sufficient for a large 

number of problems. 

 

Figure 4 Fibre model of the cross section for the strain analysis of plastic zones theory.  

3.2 Material model 

According to EN 1993-1-1 [1], the linear elastic-ideal plastic stress-strain 
relation shown in Fig. 5a may be applied for all steel grades specified in 
the code or, alternatively, a more precise relation according to EN 1993-
1-5 [9] may be assumed. 

EN 1993-1-1 [1] defines the modulus of elasticity to be 𝐸 =
21000 𝑘𝑁 𝑐𝑚2⁄  for the design of steel members. As this represents a 
mean value of the statistical representation, prEN 1993-1-14 [3] suggests 
a reduced value of 𝐸 = 20000 𝑘𝑁 𝑐𝑚2⁄  (approx. representing the 5% 
quantile) for safety reasons in case elastic instability is dominant. This is 
comparable to regulations that were valid in the former German 
standard DIN 18800 [10], where 𝐸 = 21000 𝑘𝑁 𝑐𝑚2⁄  was to be 
reduced by 𝛾𝑀 = 1.1 in second order theory analysis. 

 

Figure 5 Material behaviour of structural steel. Source: [4] 

For numerical simulations, a small value is assigned to the tangent 

modulus 𝐸𝑣 (e.g. 𝐸𝑣 = 𝐸 10 000⁄ ) in the plastic region as shown in Fig. 

5b, avoiding sudden loss of stiffness. With this assumption, little stiffness 

remains in the plastic regions, allowing stable numerical calculations [4]. 

In the present study 𝐸𝑣 = 2 𝑘𝑁/𝑐𝑚2 is considered. Using the bilinear 

stress-strain relation, higher values of 𝐸𝑣 for a simplified utilization of 

strain hardening effects should not be considered for hot rolled steels, 

as these steels provide a distinct yielding plateau. Considering members 

susceptible to stability, strains often do not reach magnitudes 

appreciably in the range of material hardening and in these cases, 

member capacity would be overestimated by such simplified approach; 

see [3] as well. 

3.3 Initial geometric Imperfections 

Imperfections that may result from fabrication of steel members are 

considered in the present study, i.e. the deviation of the member axis 

from the ideal centreline. To date, it is in general state-of-the-art to 

consider a value of 𝐿 1000⁄  for the definition of the size of 

corresponding geometric pre-deformations in numerical simulations. 

However, for rolled I-sections, the limiting straightness tolerances 

specified in EN 10034 [11] partially exceed this value as depicted in Fig. 

6a ranging between 𝐿 333⁄  and 𝐿 1000⁄ . In this context additional 

information on imperfections to be taken into account in the design is 

provided by prEN 1993-1-14 [3]. The current draft defines that 

“geometric imperfections may be chosen by considering manufacturing 

processes and the associated manufacturing tolerances”. It suggests “for 

structural member imperfections 80% of the geometric manufacturing 

tolerances (at least 𝐿 1000⁄ ) given in EN 1090-2” to be used.  As EN 1090-

2 [12] refers to EN 10034 [11] and the values depicted in Fig. 6a, this 

gives 𝐿 416⁄  (in case 80 𝑚𝑚 < ℎ ≤ 180 𝑚𝑚), 𝐿 834⁄  (in case 

180 𝑚𝑚 < ℎ ≤ 360 𝑚𝑚), and 𝐿 1000⁄  (in case ℎ > 360 𝑚𝑚). 

a) 
 

 

 
Profile height h 
[mm] 

Straightness tolerance 
understood as 
imperfection w0 or v0 

80 < h ≤ 180 L/333 

180 < h ≤ 360 L/667 

h > 360 L/1000 
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  b) 

 

Figure 6 a) Straightness tolerance for I- and H-sections according to 10034. Source: [11]. 
b) Representation of the geometric imperfections v0 considered in a two-span beam. 
 

The imperfection shape is applied corresponding to the eigenmode 
(shape) associated with the expected failure mode of lateral torsional 
buckling. The relevant geometric imperfections for a two-span girder 
may be represented by two half waves of a sinusoidal curve. Fig. 6b 
shows the geometric imperfections considered within the scope of the 
present study. 
 

3.4 Residual stresses 

In this study, rolling residual stresses occurring from the manufacturing 
processes are taken into account. As residual stresses are at equilibrium, 
they are not connected to stress results (internal forces and moments). 
However, the residual stresses are of importance for stability 
investigations of members, as they have impact on the yielding of 
structural steel. This plasticisation is followed by a reduction of the cross 
sectional moment of inertia and member stiffness, respectively, and 
consequently results in an increase of structural deformations [13]. 
 
In the present study, the residual stresses are applied according to Fig. 7 

with linear distributions based on ECCS Publication [14]. The values given 

in the figure apply to both steel grades S235 and S355, see prEN 1993-1-

14 [3] as well. The linearly distributed residual stresses approximate the 

actually occurring ones, which rather show a parabolic course.  

Corresponding parabolic approximations may in general also be 

considered based on indications of DIN 18800 [10], however, as they are 

more favourable regarding the numerically determined limit loads of 

members, they are not considered in the present study for safety 

reasons.  

 

Figure 7 Residual stresses of I-sections according to ECCS Publication. Source: [14].  

4 Description of the structural system 

The analysed structural system in this study consists of a two-span steel 
beam. It is loaded by a constantly distributed load 𝑞𝑧 at the top flange. 
The boundary conditions of the system are shown in Fig. 8. The supports 
consist of fork bearings restricting deformations 𝑣 and 𝑤 in 𝑦 and 𝑧 
directions as well as rotations 𝜗 about the longitudinal 𝑥 axis, see Fig. 3. 
Rotations 𝜑𝑦 and 𝜑𝑧 are not prevented and the two edges are 

considered to be displaceable in 𝑥 direction regarding deformation 𝑢.  

 

Figure 8 Structural system. 

Further parameters for the simplified GMNIA according to the plastic 

zones theory are considered as explained in the previous section 3. In 

order to have a wide scope of analysis and comparison of the ultimate 

bending moment with respect to the different Eurocode approaches 

presented in section 2, six different cross section types as shown in Table 

1 and the two different steel grades S235 and S355 are considered in the 

present study. 

Table 1 Cross section types. 

  h [cm] b [cm] h/b - Ratio 

IPE 200 20 10 2,00 

300 30 15 2,00 

400 40 18 2,22 

HEB 200 20 20 1,00 

300 30 30 1,00 

400 40 30 1,33 

 

5 Structural behaviour and verification of the simplified approach 

with a 3D Ansys Model 

For members with "simple" and manageable structural systems, 

calculations according to the plastic zones theory can in general be 

assumed to provide verified and validated numerical models. In cases of 

doubt, prEN 1993-1-14 [3] gives further information regarding the 

verification and validation. Nevertheless, the simplified FEM based 

calculation considering plastic zones theory, which has been 

implemented in the software FE-STAB-FZ [15], is additionally verified in 

this study using a more sophisticated FEM based program: Ansys 

Mechanical [16]. It enables to solve complex structural engineering 

problems. For the validation, a 3D Modell has been set up and a 

displacement-based simulation of the analysed system has been carried 

out in a so-called "static structural mechanical analysis", in which 

stresses and deformations are calculated. 

For the simulation with Ansys, the structural system of Fig. 8 with span 

lengths of 6 m is considered, providing profiles IPE 400 and HEB 400 of 

steel 235, respectively.  Solid elements of type SOLID186 are applied for 

the model; this type consists of 20 nodes and a quadratic deformation 

approach. The element nodes provide 3 degrees of freedom, i.e. 

displacements in x, y, and z directions (UX, UY and UZ ). SOLID186 is a 

hexahedral element consisting of 8 integration points (2 x 2 x 2 for 

KEYOPT(2) = 0) [17] as shown in Fig. 9. 

x 

qz

IPE 400, S 235

Lastangriff am 
Obergurt

56 kN/m

L = 6 m L = 6 m z 

y 

qz 
qz 
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Figure 9 Representation of a hexahedron element in Ansys with 2x2x2 integration 
Points. Source: [18] 
 

 

Figure 10 Stiffeners for the realization of the supports in Ansys. 

Considering the boundary conditions depicted in Fig. 8, i.e. the pinned 

supports, its modelling is more demanding for the model with solid 

elements than for beam models, as local effects can strongly influence 

the numerical solution, such as load introduction as well as restraining 

effects. Therefore stiffeners of 6 mm (for IPE 400) and 10 mm (for HEB 

400)  plate thickness are modelled in-between the flanges at the 

supports covering the whole profile width b, which aid the definition of 

boundary conditions by defining constraints ("displacement = 0") along 

the centre line of the stiffeners. Here, displacements are prevented in 

the y and z directions at the beam edges and in the x, y, and z directions 

at the mid support. The stiffeners are shown in Fig. 10 for one of the 

edge bearings, with the centre line illustrated in red colour. The 

stiffeners restrain the warping of the cross section connected to the 

derivate of angle of twist 𝜗′. For comparing solutions of Ansys with the 

plastic zones theory described in the section 3.1, corresponding elastic 

warping spring stiffness is considered in the beam model of FE-STAB-FZ 

according to [4] by: 

𝐶𝜔 = 𝐺𝐼𝑇,𝑝 ∙ 𝑎𝑔 = 𝐺 ∙
𝑏∙𝑡𝑝

3

3
∙ 𝑎𝑔 (6) 

Here, 𝐼𝑇,𝑝 is the torsion constant of the stiffeners, 𝑡𝑝 the thickness of the 

stiffeners, and 𝑎𝑔 the vertical distance between the flange centre-lines. 

Further aspects of the 3D simulation are considered to be comparable to 

the method of plastic zones theory of section 3, to allow a comparison 

of the ultimate limit state. The material behaviour of Fig. 5b is modelled 

as a bilinear isotropic elastic material with isotropic hardening [19]. For 

the definition of the geometric imperfections a preceding linear buckling 

analysis is performed, in which the first eigenmode of the beams is 

determined. The geometric imperfections are applied corresponding the 

eigenmode as depicted in Fig. 11 as sine half waves, which are scaled to 

𝑣0 = ±0.6 (±𝐿/1000) in each span. The residual stresses for the flanges 

and the web are introduced into the model by input files as "initial 

stresses" considering the values and distributions shown in section 3.4. 

v0

L [cm]
600 1200

0

1

-1

 
Figure 11 Initial geometric imperfection, resulting of eigenvalue buckling analysis in 

Ansys. 

The results with the plastic zones theory (PZT) and with the 3D Ansys 

model are shown in Tables 2 and 3. The ultimate load capacity 𝑞𝑧,𝑢𝑙𝑡  of 

the plastic zones theory related to a maximum bending moment of 

𝑀𝑦,𝑢𝑙𝑡  acting in the beam deviates from the Ansys simulation as follows: 

− +1.78% for the structural system with the IPE 400 profile and 

− −7.66% for the structural system with the HEB 400 profile. 

Table 2 Results of the structural system in Fig. 8 with the IPE 400. 

Span 

length 

L  

Yield 

strength  

PZT 

𝒒𝒛,𝒖𝒍𝒕  

PZT 

𝑴𝒚,𝒖𝒍𝒕
  

3D Ansys  
𝒒𝒛,𝒖𝒍𝒕  

3D Ansys 

𝑴𝒚,𝒖𝒍𝒕 

[cm] [kN/cm²] [kN/cm] [kNcm] [kN/cm] [kNcm] 

600 23.5 0.556 250001) 0.546 245601) 

1) 𝑴𝒚,𝒖𝒍𝒕 < 𝑴𝒑𝒍,𝒚 = 𝟑𝟎𝟕𝟐𝟎 𝒌𝑵𝒄𝒎 

Table 3 Results of the structural system in Fig. 8 with the HEB 400. 

Span 

length 

L  

Yield 

strength  

PZT 

𝒒𝒛,𝒖𝒍𝒕  

PZT 

𝑴𝒚,𝒖𝒍𝒕 

PZT 

𝑴𝒚,𝒖𝒍𝒕
(𝒆𝒍)

 

3D 

Ansys 

𝒒𝒛,𝒖𝒍𝒕  

3D Ansys 

𝑴𝒚,𝒖𝒍𝒕
(𝒆𝒍)

 

[cm] [kN/cm²] [kN/cm] [kNcm] [kNcm] [kN/cm] [kNcm] 

600 23.5 1.953 759501) 878902) 2.115 951602) 

1) 𝑴𝒚,𝒖𝒍𝒕 = 𝑴𝒑𝒍,𝒚 = 𝟕𝟓𝟗𝟓𝟎 𝒌𝑵𝒄𝒎 

2) 𝑴𝒚,𝒖𝒍𝒕
(𝒆𝒍)

> 𝑴𝒑𝒍,𝒚 

The ultimate limit states resulting from both methods are comparably 

close to each other. The small differences may have several reasons. 

Spatial distortions, which the 3D elements might suffer during the 

simulation, are not fully considered in the simplified method of plastic 

zones theory based on 1D elements. In addition, boundary conditions 

are of vital importance. Considering volume elements, the modelling of 

pinned supports can be quite demanding as mentioned above and cause 

local effects, which are not considered in the simplified approach. 

The failure of both profiles IPE 400 and HEB 400 is related to reaching 

the eigenvalue of the partially plasticized structural systems (cf. section 

1) and thus to the stability mode of lateral torsional buckling. While for 

the IPE 400 the member partially plasticises (in spans as well as at the 

mid-support) under the load of 𝑞𝑧,𝑢𝑙𝑡 = 0.556 𝑘𝑁/𝑐𝑚 (𝑀𝑦,𝑢𝑙𝑡 < 𝑀𝑝𝑙,𝑦) 

at the ultimate limit state as shown in Fig. 12a, considering the HEB 400 

the cross section fully plasticises with 𝑞𝑧,𝑢𝑙𝑡 = 2.00 𝑘𝑁/𝑐𝑚 at the mid-

support going along with 𝑀𝑦,𝑢𝑙𝑡 ≈ 𝑀𝑝𝑙,𝑦 (𝑀𝑧 = 𝑀𝜔 = 0), see Fig. 12b. 
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Figure 12 Plasticisation at the ultimate limit state. 

Due to the plasticisation process, redistribution of stress within the 

member occurs going along with an increase of 𝑞𝑧,𝑢𝑙𝑡 when reaching the 

ultimate limit state. According to theory of elasticity, i.e. assuming the 

member would remain in a fully elastic state, the load 𝑞𝑧,𝑢𝑙𝑡 would lead 

to a theoretical bending moment 𝑀𝑦,𝑢𝑙𝑡
(𝑒𝑙)

 at the mid-support of: 

𝑀𝑦,𝑢𝑙𝑡
(𝑒𝑙)

= 𝑞𝑧,𝑢𝑙𝑡 ∙ 𝐿2 8⁄ = 1.953 ∙ 6002 8 = 87890 𝑘𝑁𝑐𝑚⁄ > 𝑀𝑝𝑙,𝑦 =

𝑞𝑧,𝑝𝑙 ∙ 𝐿2 8 = 75950⁄ 𝑘𝑁𝑐𝑚, (7) 

indicating the stress redistribution due to plasticity. Corresponding 

effects can hardly be captured using reduction factors, as the resistance 

moment 𝑀𝑏,𝑅𝑑  based on Eqs. (1) to (4) is limited to 𝑀𝑝𝑙  and the acting 

internal moments are determined according to the theory of elasticity. 

For reasons of comparison, Eq. (7) is used in the following defining the 

following factor: 

𝜒𝑢𝑙𝑡 =
𝑀𝑦,𝑢𝑙𝑡

(𝑒𝑙)

𝑀𝑝𝑙,𝑦
=

𝑞𝑧,𝑢𝑙𝑡

𝑞𝑧,𝑝𝑙
 (8) 

The case 𝜒𝑢𝑙𝑡 ≥ 1 is related to pronounced dispersions of plastic zones 

at the mid-support as well as the spans, where the corresponding 

ultimate limit load 𝑞𝑧,𝑢𝑙𝑡  exceeds the load 𝑞𝑧,𝑝𝑙, which is the distributed 

load leading to the plastic moment 𝑀𝑝𝑙,𝑦 in the member considering an 

elastic structural analysis. With 𝜒𝑢𝑙𝑡 < 1, the cross section is not fully 

utilized. Referring to verifications according to section 2 and considering 

Eq. (1),  the factor 𝜒𝑢𝑙𝑡 reflects to the reduction factor 𝜒𝐿𝑇,𝑚𝑜𝑑  in this 

case:  

𝜒𝑢𝑙𝑡 =
𝑀𝑦,𝑢𝑙𝑡

(𝑒𝑙)

𝑀𝑝𝑙,𝑦
≙

𝛾𝑀1 𝑀𝑏,𝑅𝑑

𝑀𝑝𝑙,𝑦
= 𝜒𝐿𝑇,𝑚𝑜𝑑 (9) 

Although the influence of shear stress is not fully considered in the strain 

based approach of section 3.1 for determining the plasticisation process 

in the presented plastic zones theory, the Ansys simulation (according to 

Table 3) gives higher capacity in case of full plasticisation at the mid-

support. Thus, the shear stress seems to be of minor significance from a 

practical point of view. However, additional formulations are derived at 

the University of Weimar to date for properly including of the shear 

stress in novel formulations for the plastic zones theory. 

6 Evaluation of the results 

In the following, a comparison of resistance for the two-span girder 

described in section 4 and depicted in Fig. 8 based on different 

approaches proposed by the current and new draft of the Eurocode 3 is 

carried out. Table 4 gives an overview on the different methods. 

Methods (a) and (b) related to the plastic zones theory. In method (a) 

the classical approach for the geometric imperfections of 𝑣0 = 𝐿 1000⁄  

and a Modulus of Elasticity 𝐸 = 21000 𝑘𝑁/𝑐𝑚2 are considered. 

Method (b) refers to the new draft on the Design assisted by finite 

element analysis [3], where the initial geometric imperfections should 

be considered by 80% of the tolerances stated in [11] (but at least 𝑣0 =

𝐿 1000⁄ ) and the Modulus of Elasticity with 𝐸 = 20000 𝑘𝑁/𝑐𝑚2, cf. 

sections 3.2 and 3.3. Methods (c) and (d) pick up the verifications with 

reduction factors presented in sections 2.1 and 2.2. The geometric 

imperfections are applied scaled to the shape of the elastic eigenmode 

(deformation v). 

Table 4 Analysed methods. 

Method (a) Plastic zones theory (PZT)  

(𝑣0 = 𝐿 1000⁄ , 𝐸 = 21000 𝑘𝑁/𝑐𝑚2) 

Method (b) Plastic zones theory (PZT) – prEN 1993-1-14 (2021) [3] 

Method (c) Reduction factor 𝜒𝐿𝑇 – EN 1993-1-1 (2010) [1] 

Method (d) Reduction factor 𝜒𝐿𝑇 – prEN 1993-1-1 (2020) [2] 

 

As mentioned previously, profiles shown in Table 2 using steel grades 

S235 and S355 are considered in this study. The span lengths are varied 

for each configuration including 3 m, 6 m, and 9 m to provide a broad 

variety of member slenderness. The failure and capacity of the structural 

systems is determined by reaching the eigenvalue of the partially 

plasticized structural systems (cf. section 1). The results of the 

corresponding ultimate elastic bending moment 𝑀𝑦,𝑢𝑙𝑡
(𝑒𝑙)

 of all systems 

according to Eq. (7) are displayed in Table 5. The differences between 

the individual methods compared to the results of method (a) is 

presented in parentheses [n] beneath each value of 𝑀𝑦,𝑢𝑙𝑡
(𝑒𝑙)

. The 

calculations of 𝑀𝑦,𝑢𝑙𝑡
(𝑒𝑙)

 according to Methods (c) and (d) correspond to the 

ultimate bending Moment 𝑀𝑏,𝑅𝑑 according to Eqs. (1) and (9). Compared 

to the numerical solutions of Methods (a) and (b), Methods (c) and (d) 

are connected to clearly lower capacities. In the present study, the 

minimum and maximum values of difference regarding Methods (c) and 

(d) (reflecting the difference in member capacity) are obtained as 

follows, cf. Table 5: 

• Method c:  min n = 71% (�̅�LT = 0.90) 

 max n = 95% (�̅�LT = 1.63) 

• Method d: min n = 78%  (�̅�LT = 0.37) 

max n = 88% (�̅�LT = 0.76) 

 

Table 5 Results of the elastic ultimate bending Moment 𝑀𝑦,𝑢𝑙𝑡
(𝑒𝑙)

 in kNcm and derivation 

from Method (a) in square brackets.   

   Method 

   (a) (b) (c) (d) 

 
Pro- 𝐿 𝑓𝑦  

𝑀𝑦,𝑢𝑙𝑡,𝑑
(𝑒𝑙)

= 𝑀𝑦,𝑢𝑙𝑡
(𝑒𝑙) 1.0⁄   

in kNcm 

𝑀𝑏,𝑅𝑑 = 𝑀𝑦,𝑢𝑙𝑡
(𝑒𝑙) 𝛾𝑀1⁄   

in kNcm 

file [m] [N/mm²] [𝑀𝑦,𝑢𝑙𝑡,𝑑(𝑖)
(𝑒𝑙)

𝑀𝑦,𝑢𝑙𝑡,𝑑(𝑎)
(𝑒𝑙)

⁄ ] [𝑀𝑏,𝑅𝑑(𝑖) 𝑀𝑦,𝑢𝑙𝑡,𝑑(𝑎)
(𝑒𝑙)

⁄ ] 
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IPE  
400 

3 235 
33280 
[1.00] 

33000 
[0.99] 

24993 
[0.75] 

27925 
[0.84] 

 6 235 
24320 
[1.00] 

23420 
[0.96] 

18092 
[0.74] 

19560 
[0.80] 

 9 235 
17500 
[1.00] 

16760 
[0.96] 

14185 
[0.81] 

14701 
[0.84] 

 3 355 
46340 
[1.00] 

45910 
[0.99] 

33790 
[0.73] 

38580 
[0.83] 

 6 355 
26600 
[1.00] 

25450 
[0.96] 

21298 
[0.80] 

21401 
[0.80] 

 9 355 
18380 
[1.00] 

17550 
[0.95] 

15681 
[0.85] 

15451 
[0.84] 

IPE  
300 

3 235 
15500 
[1.00] 

15300 
[0.99] 

12015 
[0.78] 

13424 
[0.87] 

 6 235 
10580 
[1.00] 

10000 
[0.94] 

8896.1 
[0.84] 

8753.5 
[0.83] 

 9 235 
7720 
[1.00] 

7300 
[0.94] 

6989.4 
[0.91] 

6618.5 
[0.86] 

 3 355 
21400 
[1.00] 

21080 
[0.99] 

16181 
[0.76] 

16751 
[0.78] 

 6 355 
11350 
[1.00] 

10740 
[0.95] 

10243 
[0.90] 

9394.5 
[0.83] 

 9 355 
8030 
[1.00] 

7590 
[0.94] 

7623 
[0.95] 

6882.8 
[0.86] 

IPE  
200 

3 235 
5240 
[1.00] 

5050 
[0.96] 

3852.2 
[0.73] 

4242.8 
[0.81] 

 6 235 
3360 
[1.00] 

3180 
[0.95] 

2864.5 
[0.85] 

2863.6 
[0.85] 

 9 235 
2470 
[1.00] 

2340 
[0.95] 

2241.6 
[0.91] 

2164.5 
[0.88] 

 3 355 
6160 
[1.00] 

5820 
[0.95] 

4899.8 
[0.80] 

4868.2 
[0.79] 

 6 355 
3520 
[1.00] 

3330 
[0.95] 

3202.6 
[0.91] 

3006.5 
[0.85] 

 9 355 
2530 
[1.00] 

2400 
[0.95] 

2384 
[0.94] 

2222.5 
[0.88] 

HEB  
400 

3 235 
88560 
[1.00] 

88570 
[1.00] 

69042 
[0.78] 

69042 
[0.78] 

 6 235 
85500 
[1.00] 

85500 
[1.00] 

66435 
[0.78] 

69042 
[0.81] 

 9 235 
82190 
[1.00] 

82180 
[1.00] 

62096 
[0.76] 

69042 
[0.84] 

 3 355 
127920 
[1.00] 

127920 
[1.00] 

104297 
[0.82] 

104297 
[0.82] 

 6 355 
121730 
[1.00] 

120510 
[0.99] 

93725 
[0.77] 

104297 
[0.86] 

 9 355 
118770 
[1.00] 

116940 
[0.98] 

83895 
[0.71] 

97664 
[0.82] 

HEB  
300 

3 235 
50400 
[1.00] 

50270 
[1.00] 

39922 
[0.79] 

39922 
[0.79] 

 6 235 
48150 
[1.00] 

48110 
[1.00] 

38857 
[0.81] 

39922 
[0.83] 

 9 235 
47170 
[1.00] 

46600 
[0.99] 

36672 
[0.78] 

39922 
[0.85] 

 3 355 
72690 
[1.00] 

71900 
[0.99] 

60307 
[0.83] 

60307 
[0.83] 

 6 355 
68900 
[1.00] 

68540 
[0.99] 

55196 
[0.80] 

60307 
[0.88] 

 9 355 
67530 
[1.00] 

67440 
[1.00] 

50235 
[0.74] 

58848 
[0.87] 

HEB  
200 

3 235 
17360 
[1.00] 

17310 
[1.00] 

13727 
[0.79] 

13727 
[0.79] 

 6 235 
16570 
[1.00] 

16570 
[1.00] 

13008 
[0.78] 

13727 
[0.83] 

 9 235 
16250 
[1.00] 

16040 
[0.99] 

12232 
[0.75] 

13727 
[0.84] 

 3 355 
25030 
[1.00] 

24760 
[0.99] 

20308 
[0.81] 

20737 
[0.83] 

 6 355 
23580 
[1.00] 

23550 
[1.00] 

18178 
[0.77] 

20737 
[0.88] 

 9 355 
23200 
[1.00] 

22550 
[0.97] 

16427 
[0.71] 

19558 
[0.84] 

 

As can been seen, capacities are partially approximated quite 

conservatively regarding the 𝜒𝐿𝑇-approaches of EN 1993-1-1 (2010) [1] 

and prEN 1993-1-1 (2020) [2]. On average, Method (d) gives closer 

results to the numerical solutions compared to Method (c). However, it 

should be noted that the values 𝑀𝑏,𝑅𝑑 of Table 5 based on Eq. (1) 

consider 𝛾𝑀1 = 1.1, while for numerical approaches of Methods (a) and 

(b) a verified and validated structural system is assumed with no 

necessity of covering uncertainties by an additional partial safety factor. 

For verifications of beam members with "simple" and manageable 

structural systems, such as the considered two-span girder of this study, 

for which a verified numerical model of plastic zones theory can be 

assumed, it is state-of-the-art to resign corresponding safety factors. 

Numerous comparative calculations confirm that due to the realistic 

component description, the consideration of 𝛾𝑀1 = 1.1 can be 

dispensed with in case of corresponding experience. This is especially 

ensured by the novel regulations of prEN 1993-1-14 (2021) [3] aiming for 

safe approximations, which are considered in Method (b). However, in 

cases of doubt it may of course be advisable to take into account a 

meaningful partial safety factor, such as 𝛾𝑀1 = 1.1. 

 

Figure 13 Representation of the results of Methods (a), (b), (c), and (d) depending on 

the non-dimensional slenderness: a) 𝜒𝑢𝑙𝑡 = 𝑀𝑦,𝑢𝑙𝑡
(𝑒𝑙)

𝑀𝑝𝑙,𝑦⁄  and b)  Difference of Methods 

(b) to (d) in comparison to (a) described by 𝑀𝑦,𝑢𝑙𝑡(𝑖)
(𝑒𝑙)

𝑀𝑦,𝑢𝑙𝑡(𝑎)
(𝑒𝑙)

⁄ . 

For a representation and comparison of results without consideration of 

partial safety factors, Fig. 13a depicts corresponding factors 𝜒𝑢𝑙𝑡 

according to Eqn. (8) and (9). Clear differences already recognized with 

Table 5 between the Methods (a) to (d) become apparent and better 

illustrated. The lateral torsional buckling curves for 𝛼𝐿𝑇 = 0.49 and 

𝛼𝐿𝑇 = 0.34 according to [1] are displayed in Fig. 13a as well, to which 

results of Method (c) refer to, i.e. the results of the calculation approach 

suggested by [1] (cf. section 2.1) are located on these curves. Especially 

for somewhat stockier members with non-dimensional slenderness �̅�𝐿𝑇 

< 1, differences of Method (c) compared to numerical results are quite 

larger. As slenderness increases, all results approach the Euler hyperbola 

with a corresponding decrease in computational differences. In 

comparison to the current EN 1993-1-1 (2010) [1], the formulations of 
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the draft version prEN 1993-1-1 (2010) [2] approximate the numerical 

solutions better and in the region of  �̅�𝐿𝑇 < 1 more economic, see Fig. 

13b as well. However, as can be seen, both approaches underestimate 

the capacity in regions of lower non-dimensional slenderness 

substantially. Furthermore, Fig. 14b shows that in the region of higher 

slenderness the load-bearing capacity is overestimated by Method (c), 

i.e. by the currently valid normative regulations. In the present study up 

to 4%, being in a range to be covered by the in Germany nationally 

defined partial safety factor 𝛾𝑀1 = 1.1. This can also be recognized with 

the previous discussion based on Table 5, where the maximum 

difference is determined to a value of 1,04 / 1,1 = 0.95 (95%).  

 

Figure 14 Representation of a) the ultimate bending moment-ratio depending on My,ult(a) 

and b) the plasticisation behaviour of the systems resulting of the calculations with 

Method (a).  

Fig. 13a shows that the calculations with the PZT according to Method 

(b), i.e. the new generation of the Eurocode [3], show a similar tendency 

of the load capacity depending on the non-dimensional slenderness �̅�𝐿𝑇 

compared to Method (a). While for lower slenderness, differences 

between results are rather small as can be seen in Fig. 13b, they increase 

for higher slenderness to approx. 6% at maximum. In this context, the 

reduced Modulus of Elasticity with a ratio of 20000/21000 = 0.95 has 

strong impact for more slender members, mainly represented by the IPE 

profiles in the present study.  

This may also be recognized in Fig. 14 a) representing results referring to 

the load capacity of the numerical Methods (a) and (b). Here, the 

maximum bending moment 𝑀𝑦,𝑢𝑙𝑡 acting in the member within the 

plastic structural analysis is shown. It can of course not exceed the plastic 

moment capacity 𝑀𝑝𝑙,𝑦. The graph additionally illustrates the relevance 

of the slenderness when it comes to the difference of load capacity 

between the numerical approaches. In the case of the HEB-Series, the 

dependence of the slenderness can barely be recognized, as the 

corresponding slenderness values are relatively small �̅�𝐿𝑇 ≤ 0.90. 

However, the systems with IPE cross-sections mainly present bigger 

slenderness values and consequently lower load capacities as well as 

bigger differences in the results of the numerical Methods (a) and (b). 

This behaviour can be especially observed when �̅�𝐿𝑇 > 1.00. In addition, 

for same slenderness values, IPE profiles are connected to lower 

capacities than HEB profiles, as can be seen for �̅�𝐿𝑇 ranging between 

approx. 0.75 and 0.9. 

As discussed in the previous chapter, the state of plasticisation and the 

development of plastic zones has strong impact on the capacity of the 

members, especially for comparably stocky members with higher degree 

of plasticisation when reaching the eigenvalue of the partially plasticized 

structural system. This can be observed by comparing Fig. 13a and 14a. 

For �̅�𝐿𝑇 ≤ 0.90, the maximum acting bending moment 𝑀𝑦,𝑢𝑙𝑡 is 

continually close to the cross sectional capacity 𝑀𝑝𝑙,𝑦, while the 

theoretical moments 𝑀𝑦,𝑢𝑙𝑡
(𝑒𝑙)

 reveal clear member capacity reserves due 

to the spread of plastic zones in the spans as well as at the mid-support. 

Since the sturdier systems allow higher plasticisation of material going 

along with higher capacities by trend, it is interesting to study the 

structural behaviour of the analysed members.  

 

Figure 15 Exemplary geometric imperfection according to the first eigenmode (theory 

of elasticity) and distribution of internal forces and moments (HEB 300, S235, L = 6 m).  

The distributed load 𝑞𝑧 and the geometric imperfections 𝑣0 cause biaxial 

bending and warping torsion acting in the structural systems. Due to the 

distribution of the internal forces and moments, exemplarily shown in 

Fig. 15, the yielding in the spans is in principle related to bending 

moments 𝑀𝑦 and 𝑀𝑧 about the principal cross section axes as well as 

warping bi-moments 𝑀𝜔 going along with normal stress. At the mid-

support, mainly moments 𝑀𝑦 as well as primary torsional moments 𝑀𝑥𝑝 

and shear forces 𝑉𝑧 stress the members and influence the plasticisation 

(𝑀𝑧 = 𝑀𝜔 = 0).  
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Figure 16 Yielding zones of four different plasticisation types.  

With increasing span lengths, next to the rising bending moments 𝑀𝑦, 

especially internal moments 𝑀𝑧 and warping bi-moments 𝑀𝜔 increase 

promoting the development of plastic zones within the spans depending 

on the bending, torsional, and warping stiffness of a member. On the 

other hand, influence of secondary torsion decreases and primary 

torsion correspondingly increases in the load transmission when span 

lengths are enlarged. This is connected to a stronger increase of primary 

torsional moments 𝑀𝑥𝑝 mainly effecting plasticisation at the mid-

support. It becomes clear that a complex load transfer with different 

effects occurs, such that the prediction of the exact plasticisation 

behaviour is challenging for calculations according to 2nd Order Theory. 

Considering the results of Method (a), Fig. 14 b) gives an overview on the 

types of plasticisation at the limit state, which may be categorized in five 

cases (cases i to iv are exemplified in Fig. 16): 

i. Partial plasticisation in spans and 0.999 𝑀𝑝𝑙,𝑦 at mid support 

(plastic hinge at mid support) 

ii. Partial plasticisation in spans and at mid support, 

iii. Plasticisation at mid support, 

iv. Plasticisation in spans, and 

v. Elastic behaviour (no plasticisation). 

IPE profiles show partial plasticisation at the mid-support and in the 

spans (case ii), however, with increasing non-dimensional slenderness 

plasticisation in trend only occurs in the spans (case iv) and not at the 

mid-support. In one of the studied systems, the most slender beam (IPE 

200, S355, 𝐿 = 9 𝑚), the member even remained fully elastic at the 

ultimate state (case v). Nearly full plasticisation of the cross section at 

the mid support reaching 0.999 𝑀𝑝𝑙,𝑦 is not observed for any of the 

studied IPE profiles. This is different for the stockier HEB profiles. For 

lower non-dimensional slenderness, full plasticisation at the mid-

support and partial plasticisation in the spans occurs for several systems 

(case i). Regarding two structural systems, namely HEB 400 of S355 and 

span lengths of 𝐿 = 3 𝑚 as well as 𝐿 = 6 𝑚, yielding is only observed at 

the support (not in spans, cf. case iii) and for the shorter span length, a 

plastic hinge is nearly developed (0.999 𝑀𝑝𝑙,𝑦). If the steel grade is 

reduced to S235, these systems refer to case i, i.e. next to a plastic hinge 

at the support, partial yielding develops in the spans. When the 

slenderness of the HEB profiles increases, case ii rather occurs in trend, 

i.e. partial plasticisation in spans and at mid-support without reaching a 

plastic hinge. However, the grade of plasticisation at mid-support is still 

quite high ranging between 0.990 𝑀𝑝𝑙,𝑦 and 0.998 𝑀𝑝𝑙,𝑦 as can be seen 

in Fig. 14a, where all ratios of 𝑀𝑦,𝑢𝑙𝑡 𝑀𝑝𝑙⁄  are very close to the value of 

1.0 for the HEB profiles. Considering Method (b), the grade of 

plasticisation reduces to 0.977 𝑀𝑝𝑙,𝑦 and 0.998 𝑀𝑝𝑙,𝑦, cf. Fig. 14a as well. 

In none of the studied structural systems considering all IPE and HEB 

profiles, a full plasticisation of the cross section within the spans is 

observed.    

7 Conclusion 

In the present study, the design of two-span girders susceptible to lateral 

torsion buckling is analysed. The Plastic Zones Theory (PZT) as a 

geometrically and physically nonlinear analysis including imperfections 

(GMNIA) for the determination of the stability behaviour of a two-span 

beam gives results of the load capacity comparable to more 

sophisticated numerical FEM based methods. The studied structural 

systems develop yielding zones associated to a failure of the partially 

plasticized structural system (eigenvalue of the partially plasticized 

system is reached), i.e. the member is no longer at a stable state of 

equilibrium and the member stability limits the load-bearing capacity. 

Compared to common approaches including reduction factors according 

to EN 1993-1-1: 2010 [1] and prEN 1993-1-1:2020 [2], the consideration 

of the PZT allows a better description of the structural behaviour and 

load bearing capacity of members. Much higher capacities of rather 

stocky members are verified using PZT due to the spread of plastic zones 

and the higher utilization of the girders. Starting at a non-dimensional 

slenderness of approx. 0.8, prEN 1993-1-1:2020 captures the bearing 

capacity better than the currently applied Eurocode. 

The new generation of the Eurocode gives information on the structural 

design  [3] based on FEM based analyses. Indications and regulations for 

the consideration of imperfections are presented here. For stability 

analyses, the Modulus of Elasticity is suggested to be reduced to 𝐸 =

20000 𝑘𝑁/𝑐𝑚2. Compared to common approaches in GMNIA to date, 

in which geometric imperfections are generally considered by 𝐿/1000 

and the Modulus of Elasiticity by 𝐸 = 21000 𝑘𝑁/𝑐𝑚2, the regulations 

of prEN 1993-1-14 [3] lead to slightly reduced capacities. In the range of 
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lower non-dimensional slenderness the influence is quite low and hardly 

worth mentioning, while for higher slenderness the reduction reaches 

values of approx. 6%.  

Applying PZT, causes for reaching limit states can be identified 

unambiguously, which contributes decisively to the proper assessment 

of the load capacities of members. In addition, the approximation 

methods predominantly used in practice based on 𝜒𝐿𝑇 factors can only 

approximate the ultimate limit states with a certain accuracy, since the 

corresponding reduction factors are calibrated on reference systems and 

are subject to certain inaccuracies when applied to deviating systems. 

The comparison in the present paper for the straightforward case of a 

two-span girder with uniformly distributed load shows that quite large 

differences in the design are to be expected even for such standard 

systems. Efforts have therefore been made in the past to determine the 

ultimate capacities for different structural systems more accurately 

using modified reduction factors, with the result that the underlying 

design approaches are becoming increasingly complex and opaque for 

the user in practice. Computer simulations, which are easily applicable 

nowadays, offer an excellent possibility to counteract these tendencies, 

in such a manner that in the future PZT can be developed and used as a 

standard verification for the assessment of the component load-bearing 

capacity. The present paper shows that this is easily possible for simple 

structural systems. Compared to verifications with reduction factors, the 

PZT can be used to describe the load-bearing behaviour more 

realistically and to identify the causes for reaching the ultimate limit 

state. 
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