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Abstract

Material failure can be tackled by so-called nonlocal models, which introduce an intrinsic
length scale into the formulation and, in the case of material failure, restore the well-
posedness of the underlying boundary value problem or initial boundary value problem.
Among nonlocal models, peridynamics (PD) has attracted a lot of attention as it allows
the natural transition from continuum to discontinue and thus allows modeling of discrete
cracks without the need to describe and track the crack topology, which has been a
major obstacle in traditional discrete crack approaches. This is achieved by replacing
the divergence of the Cauchy stress tensor through an integral over so-called bond forces,
which account for the interaction of particles. A quasi-continuum approach is then used
to calibrate the material parameters of the bond forces, i.e., equating the PD energy
with the energy of a continuum. One major issue for the application of PD to general
complex problems is that they are limited to fairly simple material behavior and pure
mechanical problems based on explicit time integration. PD has been extended to other
applications but losing simultaneously its simplicity and ease in modeling material failure.
Furthermore, conventional PD suffers from instability and hourglass modes that require
stabilization. It also requires the use of constant horizon sizes, which drastically reduces
its computational efficiency. The latter issue was resolved by the so-called dual-horizon
peridynamics (DH-PD) formulation and the introduction of the duality of horizons.

Within the nonlocal operator method (NOM), the concept of nonlocality is further ex-
tended and can be considered a generalization of DH-PD. Combined with the energy
functionals of various physical models, the nonlocal forms based on the dual-support
concept can be derived. In addition, the variation of the energy functional allows implicit
formulations of the nonlocal theory. While traditional integral equations are formulated
in an integral domain, the dual-support approaches are based on dual integral domains.
One prominent feature of NOM is its compatibility with variational and weighted resid-
ual methods. The NOM yields a direct numerical implementation based on the weighted
residual method for many physical problems without the need for shape functions. Only
the definition of the energy or boundary value problem is needed to drastically facilitate
the implementation. The nonlocal operator plays an equivalent role to the derivatives of
the shape functions in meshless methods and finite element methods (FEM). Based on
the variational principle, the residual and the tangent stiffness matrix can be obtained
with ease by a series of matrix multiplications. In addition, NOM can be used to derive
many nonlocal models in strong form.



The principal contributions of this dissertation are the implementation and application
of NOM, and also the development of approaches for dealing with fractures within the
NOM, mostly for dynamic fractures. The primary coverage and results of the dissertation
are as follows:

e The first/higher-order implicit NOM and explicit NOM, including a detailed de-
scription of the implementation, are presented. The NOM is based on so-called
support, dual-support, nonlocal operators, and an operate energy functional ensur-
ing stability. The nonlocal operator is a generalization of the conventional differ-
ential operators. Combining with the method of weighted residuals and variational
principles, NOM establishes the residual and tangent stiffness matrix of operate
energy functional through some simple matrix without the need of shape functions
as in other classical computational methods such as FEM. NOM only requires the
definition of the energy drastically simplifying its implementation. For the sake of
conciseness, the implementation in this chapter is focused on linear elastic solids
only, though the NOM can handle more complex nonlinear problems. An explicit
nonlocal operator method for the dynamic analysis of elasticity solid problems is
also presented. The explicit NOM avoids the calculation of the tangent stiffness
matrix as in the implicit NOM model. The explicit scheme comprises the Verlet-
velocity algorithm. The NOM can be very flexible and efficient for solving partial
differential equations (PDEs). It’s also quite easy for readers to use the NOM and
extend it to solve other complicated physical phenomena described by one or a set
of PDEs. Several numerical examples are presented to show the capabilities of this
method.

e A nonlocal operator method for the dynamic analysis of (thin) Kirchhoff plates is
proposed. The nonlocal Hessian operator is derived from a second-order Taylor
series expansion. NOM is higher-order continuous, which is exploited for thin plate
analysis that requires C! continuity. The nonlocal dynamic governing formulation
and operator energy functional for Kirchhoff plates are derived from a variational
principle. The Verlet-velocity algorithm is used for time discretization. After con-
firming the accuracy of the nonlocal Hessian operator, several numerical examples
are simulated by the nonlocal dynamic Kirchhoff plate formulation.

e A nonlocal fracture modeling is developed and applied to the simulation of quasi-
static and dynamic fractures using the NOM. The phase field’s nonlocal weak and
associated strong forms are derived from a variational principle. The NOM requires
only the definition of energy. We present both a nonlocal implicit phase field model
and a nonlocal explicit phase field model for fracture; the first approach is better
suited for quasi-static fracture problems, while the key application of the latter one
is dynamic fracture. To demonstrate the performance of the underlying approach,
several benchmark examples for quasi-static and dynamic fracture are solved.
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Chapter 1

Introduction

1.1 Background and Motivation

Numerous physical problems can be modeled with the help of partial differential equations
(PDEs). Since the solution of PDEs is not possible analytically for complex geometries
and with increasing complexity, the development of numerical methods for obtaining ap-
proximate solutions to these PDEs is a critical challenge in computational mechanics.
Over the last several decades, various numerical methods categorized into mesh-based
and mesh-free ones, have been proposed and developed so far to solve PDEs based on
the classical local and nonlocal continuum mechanics theory. For mesh-based methods,
which include FEM [Zienkiewicz et al., 1977, Larsson and Thomée, 2003, Jiang and Ma,
2011, Grande and Reusken, 2016, Feng et al., 2017], extended finite-element method
(XFEM) [Hossain et al., 2013], Generalized Finite Difference Method (GFDM) [Liszka,
1984, Gavete et al., 2017, Urena et al., 2020],Petrov-Galerkin Diffuse Element Method
(PG DEM) [Nayroles et al., 1992, Krongauz and Belytschko, 1997], Element-Free Galerkin
(EFG) method [Deb et al., 2001, Babuska et al., 2004, Antonietti et al., 2016], Reproduc-
ing Kernel Particle Method (RKPM) [Liu et al., 1995, Chen et al., 2017, Huang et al.,
2020], Partition of Unity Methods (PUM)[Babuska and Melenk, 1997, Safdari-Vaighani
et al., 2015, Larsson et al., 2017], isogeometric analysis (IGA)[De Falco et al., 2011,
Tagliabue et al., 2014, Dalcin et al., 2016, Garotta et al., 2020], the reproducing kernel
collocation method [Aluru, 2000, Hu et al., 2011, Cialenco et al., 2012, Fasshauer and Ye,
2013, Mohammadi and Mokhtari, 2014, Mohammadi et al., 2018, Mahdavi et al., 2019,
2020], etc. Among mesh-free methods, hp-Meshless clouds (HPC) [Duarte and Oden,
1996], Smoothed Particle Hydrodynamics (SPH) [Lucy, 1977, Liu and Liu, 2003, 2006],
for example, have been proposed and developed to solve PDEs. Among these numerical
methods, in FEM, the computational domain is discretized by elements, and the shape
functions are defined within an element to interpolate the primary variable for each el-

1



1.1. BACKGROUND AND MOTIVATION

ement. The most common element formulations are based on Lagrange polynomials.
These do not allow the formulation of discontinuities such as cracks within an element.
Also, higher-order PDEs are not easy to model with the FEM due to their C° continu-
ity. The XFEM allows the modeling of discontinuities - like cracks - within an element.
For this purpose, the approximation space of the primary variable is modified using a
so-called partition-of-one concept and a corresponding enrichment function. However,
crack imaging still requires techniques to capture the crack topology. Likewise, crack
tracking algorithms are needed, which makes the implementation of XFEM extremely
difficult, especially for problems with complex crack geometries (crack branches or crack
interactions). Mesh-free methods avoid elements, which facilitates the modeling of large
deformations. In principle, discontinuities in mesh-free methods can be realized with
the same concepts as in FEM. Due to their higher-order continuity, they also simplify
the solution of higher-order PDEs. The main disadvantage of mesh-free methods is the
high computation time. The GFDM is an alternative to FEM and mesh-free methods.
In contrast to the FEM and most mesh-free methods, the GFDM is based on a strong
form, which makes it difficult to apply natural boundary conditions. Compared to the
FEM, the GFDM is not robust and stable. Crack propagation requires natural bound-
ary conditions on the crack surfaces, which cannot be effectively modeled with GFDM.
The so-called IGA is based on CAD shape functions, which are characterized by their
higher-order continuity. Thus, IGA is suitable for higher-order PDEs. For complex ge-
ometries, which are composed of so-called "patches’, the IGA is only C° continuous at
the transitions, which requires additional effort. Likewise, the IGA is not very suitable
for modeling crack propagation.

In summary, most numerical methods are based on so-called shape functions for field
interpolation, where the derivatives of the shape function represent differential operators.
For higher-order PDEs, there are correspondingly high requirements on the differentia-
bility of the shape functions. Furthermore, the differential operators are so-called ’local’
operators, which are specified at a point. Such numerical methods have difficulties in
numerically solving problems with moving boundaries/edges or discontinuities within the
domain. A classic example is crack propagation problems. When there is no definition
for problems involving strong or weak discontinuities, the conventional local differential
operator encounters difficulties. To address this issue, meshless methods or FEMs em-
ploy a particular treatment or an extra kinematics model to build the shape function and
compute its derivatives. However, this unique technique causes numerical instabilities,
such as improper stiffness matrix conditioning. Furthermore, the implementation of 3D
challenges becomes difficult and time-consuming.

To overcome these challenges, so-called nonlocal theories have been developed, in which
no particular handling of discontinuities is required, such as nonlocal linear elastic-
ity[Emmrich and Weckner, 2007, Bertoldi et al., 2007, Weckner et al., 2009, Di Paola
et al., 2009, 2010], nonlocal fluid dynamics [Eringen, 1972b, Caffarelli and Vasseur, 2012,

2



CHAPTER 1. INTRODUCTION

El-Nabulsi, 2018], nonlocal electromagnetic theory [Eringen, 1973, Mikki, 2020a,b], nonlo-
cal continuum field theories [Eringen, 1992, 2002, Eringen and Wegner, 2003, Rafii-Tabar
et al., 2016], nonlocal damage mechanics [Bazant and Jirdsek, 2002, Borino et al., 2003,
Jirdsek, 2007, Samal et al., 2008], nonlocal calculus [Gunzburger and Lehoucq, 2010, Du
et al., 2013]. The nonlocal theory is founded on an integral form with a limited in-
trinsic length scale, whereas the definition of a local differential operator is founded on
an intrinsic length scale approaching infinitesimal. And it provides an improved predic-
tive capability to capture effects that classical differential equations fail to capture. In
comparison to the local theory, the nonlocal theory not only has a greater numerical well-
posedness, but also resembles the real physical process better due to its inherent length
scale. [Silling, 2000, Eringen, 2002, Bazant and Jirdsek, 2002]. A recently emerged and
developed approach based on nonlocal theory, peridynamics (PD) [Silling, 2000, Silling
and Askari, 2005, Silling and Bobaru, 2005, Silling et al., 2007, Silling and Lehoucq, 2008,
2010, Silling et al., 2010], has received a great deal of interest because to its compara-
tively simple numerical implementation for fracture. To account for long-range forces, PD
reformulates the elasticity theory in integral form, overcoming the challenge of defining
the local derivatives for fractures. In PD theories, integrodifferential equations without
displacement derivatives perform as the governing equations of motion, in contrast to
numerical models based on classical local continuum mechanics, which enables the occur-
rence of discontinuities in deformation fields. PD theory provides the following benefits
over classical continuum mechanics (CCM): PD theory allows for the handling of dis-
continuous problems and the removal of spatial derivatives of displacements, and it also
allows for both meshless and mesh-based discretization; In addition, numerical models
based on PD theory can easily simulate complicated fracturing processes, such as crack
branching and coalescence. Various PD models, including bond-based peridynamics (BB-
PD) models [Ballarini et al., 2018, Gu et al., 2019, Wang et al., 2019b, Han et al., 2019,
Yu et al., 2020], state-based peridynamic (SB-PD) models[Amani et al., 2016, Zhou and
Wang, 2016, Wang et al., 2016, Gu et al., 2018, Madenci et al., 2019b, Hashim et al.,
2020], and hybrid models coupled classical continuum mechanics and PD [Macek and
Silling, 2007, Lubineau et al., 2012, Azdoud et al., 2013, 2014, Yaghoobi and Chorzepa,
2018, Wang et al., 2019a, Bode et al., 2020] have been developed during the last two
decades. In the idea of nonlocality, PD has been expanded in a variety of ways, including
dual-horizon PD [Ren et al., 2016, 2017, Rabczuk and Ren, 2017], peridynamic plate/shell
theory [O’Grady and Foster, 2014, Chowdhury et al., 2016, Dorduncu et al., 2020, Zhang
et al., 2021], mixed peridynamic Petrov-Galerkin method [Bode et al., 2020], phase-field
based peridynamic damage model [Roy et al., 2017, Mehrmashhadi et al., 2020, Roy et al.,
2021], wave dispersion analysis of PD [Wildman and Gazonas, 2014, Bazant et al., 2016,
Butt et al., 2017, Mutnuri and Gopalakrishnan, 2020, Chan and Chen, 2021], higher-
order PD models [Yaghoobi and Chorzepa, 2017, Chen and Chan, 2020, Yang et al.,
2021], to name a few. In general, PD is an elegant mesh-free numerical method to solve
crack propagation problems. PD is based on so-called non-locality. This non-locality
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makes PD fundamentally different from most ”ordinary” local methods, i.e., FEM. Both
FEM and many mesh-free methods are based on a variational principle and the weighted
residuals method. The usage of the variational principle would also be advantageous
for the aforementioned nonlocal theories mentioned above - such as PD - as it greatly
expands the scope of application. PD replaces the divergence term in the equation of
motion with an integrated form that is related to a bond force. Hence, it can treat the
continuum in the same way as a discontinued. One issue is the integration of complex
constitutive models, especially for coupled problems. However, PD is based on explicit
time integration, which limits its applicability to quasi-static/static problems.

In recent years, several numerical approaches based on peridynamic differential operator
(PDDO) [Madenci et al., 2016, 2017, Bazazzadeh et al., 2018, Madenci et al., 2019a,
Dorduncu, 2019, Gao and Oterkus, 2019, Dorduncu, 2020, Dorduncu and Apalak, 2020,
Haghighat et al., 2021, Kan et al., 2021] have been proposed, which can be viewed as
an interesting extension to PD. The PDDO employs the concept of PD interactions, in
addition, it is based on the TSE of multi-variable scalar functions and the orthogonality
property of PD functions. The PDDO provides any order of derivatives to be derived
directly from the orthogonality requirement of the PD functions without any differenti-
ation. It does not use a kernel function or repeatability criteria for different derivative
orders. It permits the precise calculation of any arbitrary order of partial derivatives of
spatial and temporal functions. Directly determining the PD functions for the derivatives
is done by making them orthogonal to each term in the Taylor series expansion. When
finding the PD functions in the presence of a nonsymmetric family, both the lower and
higher-order derivatives affect each other. The PDDO is exempt from the symmetric
requirement. This feature eliminates the need for ghost points at the boundary. How-
ever, while the partial derivatives in PDDO rely on the orthogonality property of the PD
function, which requires some extra steps in their computation. Furthermore, PDDO is
only used to solve physical problems based on the strong form.

In this dissertation, the nonlocal theory is adopted for developing computationally ef-
ficient numerical approaches to solve the PDEs and phase field based quasi-static and
dynamic fracture problems.

1.2 Objectives and Methodologies

The primary objective of this dissertation was devoted to the implementation, develop-
ment, and application of the nonlocal operator method (NOM), which is based on the
method of weighted residuals and variational principles. NOM enables the solution of
static and quasi-static problems, especially for problems with material failure. For this
purpose, the following techniques are used:
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The NOM is continuous in any order and provides for a straightforward description
of material failures. It does not require any shape functions, only the definition of
potential energy (or boundary value problem), and using the methods of weighted
residuals or variational principle, the inner and outer force vectors, as well as the
consistent tangent stiffness matrix, obtain automatically, which drastically simpli-
fies the implementation.

The first and higher-order nonlocal operations are computed through a Taylor series
expansion. Within the support of a particle/node, the NOM achieves nonlocal
operations through a weighted sum of the Taylor series expansion.

The NOM is implemented using the Mathematica platform.

A second-order phase field model is utilized to model material failure within the

NOM.

1.3 Research Contribution

The contribution of this dissertation is summarized as follows:

Conducting a comprehensive literature review of numerical methods for solving
PDEs, the difficulties and challenges of using traditional numerical methods to
solve PDEs are also analyzed in detail.

Development and implementation of the implicit first-order and higher-order NOM
to solve different orders of PDEs in different dimensions (2D and 3D).

Implementation of explicit particle-based NOM for dynamic problems.

Extension of the NOM formulation for Kirchhoff (thin) plates using the higher-order
particle-based NOM.

Application of NOM to quasi-static and dynamic fracture problems to demonstrate
the efficiency and accuracy of the method.

1.4 Organization

The dissertation is presented in six chapters, including this introductory chapter. The

principal goal is identified and the objectives and methodologies of this study are clarified

in this chapter. The remaining chapters of the dissertation are organized as follows:

Chapter 2 presents the open-source code for the first /higher-order implicit NOM, includ-

ing a detailed description of the implementation. Combined with the method of weighted
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residuals and variational principles, we establish the residual and tangent stiffness ma-
trix of operate energy functional through some simple matrix without the need of shape
functions as in other classical computational methods such as FEM. This chapter’s im-
plementation focuses on linear elastic solids for the sake of conciseness, though the NOM
can handle more complex nonlinear problems. Finally, several numerical examples are
presented to show the capabilities of this implicit method.

Chapter 3 elaborates on the implementation progress of explicit NOM in detail, and a
nonlocal dynamic elasticity solid formulation based on explicit NOM is also proposed.
Combined with the variational principle, the nonlocal governing equations and nonlocal
operator energy functional for linear elasticity solid are derived. The nonlocal governing
equations and nonlocal operator energy functionals are expressed as the integral forms
of support and dual-support. A detailed description of the explicit implementation is
presented. Finally, several numerical examples are presented to show the capabilities of
this explicit method.

Chapter 4 establishes a nonlocal dynamic Kirchhoff (thin) plate formulation based on
NOM. The nonlocal Hessian operator is derived from a second-order Taylor series ex-
pansion. The nonlocal dynamic governing formulation and operator energy functional
for Kirchhoff plates are derived from a variational principle. After confirming the accu-
racy of the nonlocal Hessian operator, several numerical examples are simulated by the
nonlocal dynamic Kirchhoff plate formulation.

Chapter 5 develops the quasi-static and dynamic fracture modeling using the NOM. The
phase field’s nonlocal weak and associated strong forms are derived from a variational
principle. We present both a nonlocal implicit phase-field model and a nonlocal explicit
phase-field model for fracture; the first approach is better suited for quasi-static fracture
problems, while the key application of the latter one is dynamic fracture. To demonstrate
the performance of the underlying approach, several benchmark examples for quasi-static
and dynamic fracture are solved.

Chapter 6 summarizes the research that has been presented in this dissertation. The
main contributions of this research are outlined. Finally, some possibilities for future
work are suggested.



Chapter 2

Implicit implementation of nonlocal
operator method

This chapter is based on the journal paper "Implicit implementation of the nonlocal opera-
tor method: an open source code’ published in EWCO by my first author. The contribution
of this paper is summarized as follows:

Yongzheng Zhang

e Conceptualization

e Research state of the art

e [nvestigation

e Formal analysis

e Methodology

e Software/Programming

e Data curation

e Data analysis

e Validation

e Visualization

e Writing original manuscript draft
Huilong Ren

e Conceptualization

e Methodology
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e Programming

e Writing review and editing
Timon Rabczuk

e Conceptualization

e Mentoring the research progress

2.1 General

The nonlocal theory of elasticity [Eringen, 1972a, Rogula, 1982, Eringen, 1984, Povstenko,
1999, Faghidian, 2018| primarily considers distant action forces between objects. Different
from the concept of local theory, an object can interact without physical interaction with
a different object. The theory is of great significance to solve many physical problems,
such as the law of universal gravitation. Some notable nonlocal numerical methods were
proposed according to nonlocal interaction in nonlocal continuum field theories.

PD[Silling, 2000, Silling et al., 2007, Silling, 2010] is a formulation of continuum me-
chanics on the basis of the concept of nonlocal integration, PD avoids the singularity of
the traditional local differential equations when solving discontinuous problems. One key
application of PD is fracture. It shares the same advantages as the Cracking Particles
Method (CPM) presented in [Rabczuk and Belytschko, 2004, 2007, Rabczuk et al., 2010].
In contrast to many other discrete crack approaches as presented in [Areias and Rabczuk,
2013, Areias et al., 2013, 2014, Amiri et al., 2014, Ghorashi et al., 2015, Areias et al.,
2016a,b, Areias and Rabczuk, 2017, Areias et al., 2018], PD does not require the repre-
sentation of the discrete crack surface and associated crack tracking algorithms. PD also
has been successfully applied to rock fracture and soil damage analysis, such as impact
fracture [Gerstle et al., 2007, Yin and Hai, 2013], composite material separation [Oterkus
et al., 2012, Shen et al., 2013] and beam and plate structures [Lindsay et al., 2016].
However, to eliminate erroneous wave reflection and ghost force among particles, all tra-
ditional PD formulas must use the same horizon size. In many applications, to enhance
calculating performance, its necessary to use different horizon sizes for the calculation of
particles with non-uniform spatial distribution, such as adaptive encryption, multi-scale
simulation, and multi-body analysis. In other words, in order to balance the calculation
efficiency and calculation accuracy, we hope that PD can be based on the distribution
characteristics of the particles, but if the size of the near field is used, it will result in
the generation of false stress waves and the problem cannot be solved correctly. To ad-
dress the aforementioned issue, dual-horizon PD [Ren et al., 2016, 2017] was developed
to improve computing efficiency and to allow for varying horizon sizes. The dual-horizon
is the dual term of the horizon when variable horizons are used in the inhomogeneous
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discretization. It separates the horizon that exerts forces and counter forces between the
particles, thereby solving the problem of false stress caused by the horizons. In addition,
other nonlocal models mainly include nonlocal linear elasticity [Emmrich and Weckner,
2007, Di Paola et al., 2009, 2010], dynamics of nonlocal fluid [El-Nabulsi, 2018, Lee and
Chang, 2008], electromagnetic nonlocal theory [Eringen, 1973, Van Mechelen and Jacob,
2019], nonlocal damage model [Pijaudier-Cabot and Bazant, 1987, Pijaudier-Cabot et al.,
2004, Lorentz, 2017] and nonlocal calculus [Du et al., 2013, Alali et al., 2015].

In recent years, several numerical approaches based on peridynamics operators have been
proposed, see e.g. the contributions in [Breitenfeld et al., 2014, Madenci et al., 2019a,b].
A new computational method based on nonlocal operators is the NOM first proposed
in [Rabczuk et al., 2019] for electromagnetic problems. The approach has been later on
extended to mechanical problems in [Ren et al., 2020a,b]. The NOM can be considered as
a generalization of non-ordinary state-based PD. It has been applied to numerous chal-
lenging problems in solid mechanics and can be a viable alternative to FEM or meshless
methods. In order to acquire the differential operators, FEM and meshless methods are
required to establish the shape functions as well as compute their derivatives, however,
NOM can acquire the differential operators easily without the use of shape functions.
The tangent stiffness is obtained naturally by simply defining an energy function thus
drastically simplifying its implementation. In combination with the weighted residual
method and variational principle, the residual and the tangent stiffness matrix can be es-
tablished by NOM with ease. NOM is enhanced here also with operator energy functional
to achieve the linear consistency of the field and avoid instabilities. Although the theoret-
ical framework of the NOM has been proposed, other benefits of this numerical method
have not been thoroughly discussed. Furthermore, the details of the derivation of the
first /higher-order nonlocal differential operators, construction of the first/higher-order
operator energy functional, the derivation of the residual and tangent stiffness matrix of
operate energy functional and the detailed implementation procedure of first /higher-order
NOM has not been shown before.

The purpose of this chapter is to describe in detail the method of implicitly implementing
for first/higher-order NOM, which mainly including the derivation of the first/higher-
order nonlocal differential operates, the detailed form of first/higher-order tangent stiff-
ness matrix for operate energy functional and elastic material constitutions in different
conditions. The Mathematica code of first /higher-order NOM is presented and explained
in detail, and it will be an effective tool for studying complicated physical problems.

The remainder of this chapter is outlined as follows: In Section 2.2, we briefly reviewed the
NOM and elaborated on the fundamental concept of support and dual-support. In Section
2.3, we derived the first /higher-order implicit nonlocal differential operators based on the
Taylor series expansion. Hereafter, to remove the zero energy mode, the first/higher-
order operator energy functional by the nonlocal operator is constructed, combined with

9
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the method of weighed residuals and variational principles, residual and tangent stiffness
matrix of operate energy functional are established. At the end of this section, we present
the detailed steps of the first /higher-order NOM implementation process. To demonstrate
the capabilities of NOM, several numerical examples are presented in Section 2.4. Finally,
we conclude in Section 2.5.

2.2 Nonlocal operator method (NOM)

(a) (b)

Figure 2.1: (a) The deformed body’s configuration. (b) Schematic diagram for NOM,
Sx = {X2,X3, X5, X6, X7}, S = {X2, X3, X, X7 }.

We consider a body occupying the domain € as illustrated in Fig.2.1(a). Let x; be the

spatial coordinates, §;; := x; — x; is a vector containing the spatial displacement from

i
x; to x;; w; = u(x;,t) and u; = u(x;,t) are the displacement values for x; and x;,

respectively; the relative displacements of spatial vector §;; are given by u;; :=u; — u,.

The support S; of point x; is the domain where any spatial point x; forms a spatial vector
Sij(: x; — x;) from x; to x;. The support is the foundation for the nonlocal operators.
Note that there are no restrictions on the shape of the support. The dual-support is
defined as the union of points whose supports include x:

Point x; forms the dual-vector &;(= x; —x; = —§;;) in &]. On the other hand, &; is the
spatial vector formed in §;. Fig.2.1(b) visualizes the concept of support and dual-support.

The nonlocal operator method is based on nonlocal operators that replace the local
operators in calculus. Thus, the functional designed to construct a residual and tangent
stiffness matrix is formulated in terms of the nonlocal differential operator.

10
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The nonlocal gradient approximation [Yang and Chen, 2020, Yang and Lin, 2020] of a
vector field u for a point x; in support S; is defined by

@ui = /8 W(Eij)uij ® fz’jdvj ) </S W(éij)éij ® Ezgdvj> 71- (2.2)

where w(&;;) is the weight function for vector §;; in support S;. It can be shown [Ren
et al., 2020b] that the nonlocal gradient operator and it’s variation in discrete form is

given by
Vu, = 3 e,y @ €,0; - (3 wig e, 2 €,A;) (2.3)
JES; JES;
@51%‘ = Z W(gij)(suij ® €¢jAVj ‘ (Z W(ﬁij)‘fz’j ® 5z'jAVj> _1- (2.4)
JES; JES;

In order to remove the zero-energy mode, a operator energy functional to achieve the
linear field of the vector field is proposed [Ren et al., 2020b]. The vector field’s operator
energy functional for a point is defined as

hg
h p = =
Fit = g [l (Fu €= ) (V€ = wyaV, (25
where 27’;2 L}: is the operator energy functional coefficient, mg, = tr[K;], p¢ is the penalty

coefficient. The shape tensor K; is defined as

K; = / w(&,;)€; ®&,;dV; (2.6)
S;

2.3 Implementation

2.3.1 Derivation of the first-order implicit nonlocal differential
operators

The displacement field at any point in the elastic body can be represented by three
displacement components u,v,w along the rectangular coordinate axis, and it’s three
dimension vector form is

u = (u,v,w)”" (2.7)

The first-order Taylor series expansion at origin point for a displacement field u is given
as

u=u+Vu-£+0(&) (2.8)
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where V := (8%, a%v %); ¢ :=(x,y, 2)" denotes the initial bond vector, O(&?) represents

higher-order terms, and for linear field O(¢%) = 0. (W’ —u) ® & can be obtained from
Eq.2.8 and can be shown as

(W—u)®&=Vu-£€x¢&

Integrate (0’ — u) ® £ in the domain &;, one will obtain

/ w (€) (u’—u)®£dV:Vu/ w(€)€E®EAV (2.9)
S; S;

The gradient operate Vu can be expressed as

~1
Vu:/ w(€) (0 —u) ® &V - [/ W(ﬁ)ﬁ@ﬁd‘/} (2.10)
Si Si
The discrete form of Eq.2.10 at point x; can be shown as

Vu, =3 w (&) (0~ w) @ E;AV; - [Zj w (&) €, ® &mvj] ! (2.11)

JES;

To simplify the equation more conveniently, in this section, letting R; = w (513) €3;VJ .

-1
(Cies, ® (€)) €5 @€,V = (€,,6,065)s St = [isdarfsr+ +Ja. The nonlocal

gradient operator Vu at point x; can be rewritten as

6ui = Z (uj - ui) |:£Ij7€yj7 62]‘] (212)

JES;

According to Eq.2.12, the matrix form of nonlocal gradient operator Vu at point x; for
vector field can be expressed as

Ou;  Ou; Oy u; v W
~ S_’” g_y g_z ~LjesiSn G S uj v Wy
_ (% (% (% _ J J J
Vu; = P T = diesi Sy Sun o S (2.13)
w; w; w;
dr Oy 0z - Zjesi 52;‘ 52;'1 T §Zjn

an an wjn

For the convenience of calculations, we transform the matrix form of nonlocal gradient
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operator Vu; for vector field into vector form and it can be rewritten as
= Ou; Ou; Ou; vy Ov; Ov; Ow; Ow; Jw; T
Vuiz 8_;78_;78_;’3_578_;’8_;’8_;’8_;’8_;
— _ B ul T
- Zje&- €a; 0 0 &y O 0 - &y O 0 v;
0 - Zj €S; fyj 0 0 5yjl 0 - 0 Sya‘n 0 wz‘
0 0 - Zjesi SZJ' 0 0 gzjl e 0 0 Szjn u 'Z
o Zje&- €a; 0 0 ey 0 0 o Gy 0 0 vj.l
= 0 - Zj €S; €y, 0 0 & 0 - 0 &, 0 wj.ll
0 0 - ZjESi fzj 0 0 5211 o 0 0 fzjn . ]
=2 jes Sus 0 0 o 0 0 e &y 00 uj
0 - ZjESi fyj 0 0 5yjl 0 - 0 Syjn 0 an
L 0 0 - ZjESi SZJ‘ 0 0 5211 o 0 0 SZJ'"- Win,
(2.14)
= BiU

Similarly, the nonlocal gradient operator Vu at point x; for scalar field is written as

Ou; U
B g_qul - Zjesi ng gxﬂ Tt ijn ” ‘741
Usq _ J —
Vu; = By | T | T ZjeSi gyj gyjl e gyjn = B U, (2'15)
Ou;
a_uz - ZjESi gzj €Zj1 e gzjn W
in

2.3.2 Derivation of the higher-order implicit nonlocal differen-

tial operators

The higher-order NOM is based on higher-order Taylor series expansion of a multi-variable
function. Consider a vector field u at point x; (x; € S;). For convenience, we shorthand
u(x;) by u;, which can be estimated via a Taylor expansion based on u; in r dimensions
with the highest order of derivatives as m:

np Ny
u; = u; + Z l;érui,mlmmr + O(£|a|+1) (216)

ng!..m,!

where
§ij = (X1 — Xi1, -, Xja — Xia) (2.17)
am1+---+mrui
iM1..Nr — A 1] A 2.18
Himae ox;)...0x;; (2.18)
|| = max (ny + ... 4+ n;) (2.19)
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where r represents the dimension and m denotes the highest order of derivatives. af is a
compilation of multi-indexes that have been flattened and it can be written as

ar = {(ng,...,ny)[1 SZmigm, n; € N 1<i<r} (2.20)
i=1
where N° = {0,1,2,...}.

Note that Eq.2.16 is very sensitive to the round-off error, we here include the characteristic
length scale 1; of support S;, and the modified Taylor series expansion can be rewritten

as
nq S]Il]r ]lm1+...+1nr
_ 1 -Sr 7 n+1
u; =, + 2 : [Ritetns <Ifl | ) ui,}nl...mr> + O(E )
(n1,...,np)€an ¢ et
]ill €]nr 1 1
o L& it
=u; + § : ﬂm1+...+mr ui,]nl...ln,r + 0(5 ) (221)
(m1,..., ngy)€ap ¢
nj+...+nr
.. 1 L
For any multi-index (my,....,my) € o', Wi, o = S5 Winy n,, V(0,0 1) € 0. We

let pg-, O u; and d,u; denotes the flattened polynomials, scaled partial derivatives, partial
derivatives, respectively, according to multi-index notation o' and they can be shown as
1 _ (é I{ll"'g]rlrlr ﬁ)T
p] — ]1 ""’ﬂm1+...+mr""’ ]1]1“1
a}xui = (ug,o...p- u! u} )T

o Hng.eng 0 Yn...0

Doy = (W0 15 s Wimyomys ooy Wi 0) (2.22)

The 1 in the Eq.2.22 allows the terms of the same characteristic scale for length. The
current partial derivatives can be recovered by

]lr{l1+---+mr ™ “1.
(%ui = dlag [HZ, ceey m, ceey E} 8a11i (223)

In which diag [X, ..., X,] signifies a diagonal matrix of X7, ..., X,,, whose diagonal entries
begin from the upper left corner. Hence, the expansion of the Taylor series with u; to
the left of the Eq.2.21 can be rewritten as

w; = (0,w) pj,Vj € S, (2.24)
where u;; = u; — u;.

Integrate u;; with weighted coeflicient W(éij)(p%)T in support S;, we obtain
[ e av; = k" [ wiegph o phrav

@)L [ wegple @Ay @)
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where
Hm1+..-+mr =
I—i = dlag[ﬂi,...,m,...,a} (226)
Therefore, the nonlocal operator 5aui and its variation can be obtained as
5alli =K. - / W(ﬁij)pguijdvj
~ Si (2.27)
8a(5ui = Koﬂ‘ : / wv(fm)p]jl(éu] — 51,11)(:“/]
S;
where
1 1 INT -1
Kai= L ( [ wie)p) o 6)7av;) (2.28)
S
In this section, points of the domain €2 in §; be symbolized as

where 71, ..., Jk, ..., jn denote the global indices of neighbors for point x;, and n denotes
the quantity of i’s neighbors in §;.

The discrete form of Eq.2.27 can be shown as

5aui = K(M' . Z uZ]W(EU)pJHAV; = Kaipgm.Aui (230)
JES;
3 _ 1 _ 1
8a5ui = Kai . Z (SUZ]W(éU)p]AV} = Koﬂ‘pwi(SAui (231)
JES;

where
—1 1 1\T -
Ko =L (D wie, ! @ (0)7AV;)
JES;
P = '\W(fijl)pg‘lAle’ ---aW(éijni)pg'niAanJ

Aui = (llijl, ceey uijk, ceey llijn)T (232)

The nonlocal operator gives all partial derivatives with the highest order up to m. In
PDEs, the group of derivatives is a subgroup of the nonlocal operator. Each term in Do
corresponds to a row of K,;pl , multiplied by Au;. Eq.2.30 can be used to substitute the
differential operators in PDEs to generate a strong form of algebraic equations. Mean-
while, we can solve the linear (nonlinear) weak formulations using the weighted residual

15



2.3. IMPLEMENTATION

methodology and the variational principle, hence the variation of d,u; in Eq.2.31 is re-
quired in these circumstances. FEq.2.30 can also be shown more succinctly as

T
~ uj,
aozui - KaipENiAui = [_(17 Tty 1)nKm‘P£ma Kangm] u;, | = BaiUi (233)
[ Wi |
where B, is the nonlocal operator coefficient matrix of point x;, (1,--- | l)nme-pﬂm is the

column sum of K,;pl ;. Using the nodal values in support, the operator matrix generates
all partial derivatives of maximal order smaller than |a| + 1.

2.3.3 Elastic material constitution

For elastic material, the strain energy functional ¢ is a function of the deformation
gradient F'. According to the principles of traditional solid mechanics, the deformation
gradient F' in 3D form expressed as

ou u ou
F=Vu+Iys=| 5 F+1 (2.34)
ow ow ow
B By B2 +1

where I3.3 denotes the identity tensor.

The first Piola-Kirchhoff stress P can be derived from the directly derivative of strain
energy ¢ (F') in the context of total Lagrangian formulation, and it can be derived as

Pi1 Pz P
oY (F
P= —Qg(p ) _ Pai Paa Pas (2.35)
P31 Psz Pss

In addition, the fourth order elastic tensor D4 can be obtained using derivation of the
first Piola-Kirchhoff stress
oP 0?Y(F)

D, = L 8 Sl
YT OF  9FTOF

(2.36)

To obtain the elasticity matrix, based on the Voigt notation, D, can be written as a
matrix form Yyyg

B 2 2 2 N
Py, 9Py 9P, 0" (F) () . _9%(F)
OF11 OF12  OFa3 OF1, OF11 OF12 OF11 OF33
OP1p  0P12 . OPi2 2y (F) 2%y (F) L _9%9(F)
-@9><9 = . . . = . ,22 . ) (237)
OP33  OP33 . 9P 92y(F) 9%(F) 924(F)
9F11  OF12 9Fs3 | 9F530F11  OFssoFiz OFZ, |
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where F(= Fy1,Fqa, -+ ,Fs3),P(= %ﬁ(i), 861/;(1?, cee %d,’:(;)) donates the flattened deforma-

tion gradient and flattened first Piola-Kirchhoff stress.

In particular, for isotropic linear elastic material, regarding infinitesimal deformations of
a continuous linear elastic material with a tiny displacement gradient relative to unity
(i.e.Vu < 1), any of the strain tensors utilized in finite strain theory (such as the La-
grangian strain tensor) may be geometrically linearized. The non-linear or second-order
elements of the finite strain tensor are ignored in this linearization. Hence, we can obtain
the Lagrangian strain tensor € = %(F + FT) — T and stress tensor o = D : €.

The internal functional energy for 3D linear elastic material can be expressed as

1 1 1
Y(e)zq = 50 €= 56‘ :D:e= id%3§_@3dd%3d (2.38)

Likewise, the internal energy functional for plane stress and plane strain conditions can
be shown as follows

1

¢ (e)plane stress — 5 d%QZ; Qplane stressd%2d
1

w (e)plane strain — §d%2’§ @plane straind%Qd (2 39)

where

ou ou o0 ow\"

Ox’ Oy’ Ox’ Oy

Ou Ou Ou Ov Ov Ov Ow Ow 8w)T

A%y = ( (2.40)

(2.41)

For linear elastic material, the elastic matrix & in plane stress, plane strain and 3D
conditions can be expressed as

1 0 0 v
E 0 iz 1= |
7 anestress — 7 o 2 2 2.42
e 28
v 0 0 1
1—v 0 0 v
E 0 1/2—v 1/2—v 0
7 anestrain — 2.43
planest 1—20)1+v)| 0 1/2—v 1/2—v 0 (243)
v 0 0 1—v
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A+20 0 00 A 000 A
0 O 0 000 0
0 00O 0 0pxo0 0
0 O 0 000 0
Dsp = A 000 A2 00 0 A (2.44)
0 000 0 pxO0pu O
0 00O 0 0po0 0
0 000 0 pxO0pu O
X 000 A 000 A+2u

where A,y represent the Lamé constants, which are related to the Young’s modulus F
and Poisson’s ratio v:

) Ev

C (T+v)(1-2v)

o (2.45)
F=50 1)

2.3.4 Construction of the first/higher-order operator energy
functional

As a particle-based method, when using node integration the first /higher-order NOM suf-
fer from a zero energy mode [Pian and Chen, 1983, Vignjevic et al., 2000], which results
in numerical instability. To eliminate the effect of the zero energy mode, traditional PD
and SPH introduce a penalty term to the force state [Breitenfeld et al., 2014]. Never-
theless, the approach described above is only applicable in the explicit time integration
formulation. NOM employs operator energy functional for nonlocal gradients to achieve
the linear field of the field and avoid numerical instabilities.

In first-order NOM, the operator energy functional at point x; can be construct according
to the first-order nonlocal operator V ® u;, it can be expressed in discretization form as

hg
]:ihg - p—/ W(Sij) ([(U] —u;) — Vg - 51‘3’]2 + [(vj —vi) — Vi - £ij]2+

2mKi

[(w; —w;) — Vw; - £ij]2>dv}
- > wiE) <[(uj —w;) = Vi - §;° + [(vj — vi) = Vi - &)+

2Mmxk.
Ki jes,

[(wj — w;) = Vw; - fij]Q)AVj

_ pho (ZW(&;‘)((W —u;)? + (v — v;)* + (w; —wi)2>AVj —Veu: V®ui-K¢>

2m
Ki \ jes;

i

(2.46)
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Ou;  Ouy Ou,;
Bz 8_; g_; ki ki ks
Ou; Ou; Ou; T Ov; Ov; i _
where Vu; = [87;1, aiyl, %] , VRu = 8_1; 8&; ;; , Ki = (k1o koo kog|.
811.)1' 8’wi 811)1 k13 k.23 k33

oz Oy 0z

It should be noted that the shape tensor K; is involved in V ® u; : V ® u; - K; and the
operator energy functional is valid in any dimension.

For convenience, we let © = %V ou, : Vou K, Ty = %[(u] —u;)” + (v —v)" +
(w; — w;)?).
Gu %Zi Gu Gu % G| e ki ks
@3d _2 ox Oy 0z oz dy 0z k21 k22 k23
ou; ou ou; ou; ou; ou ou; ou;
= 1k +k k : “lk +k +k !
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B [k?13 o7 + kog—— oy © + ka3 82] o7 — k11— p 125 2y + K13 82]
ov; ov; ov; 0v; ov; ov ov; 0v;
1k + k k ! “k +k k :
oy 1283: g Thsg+ 5 5 sy + 2, T hng T
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1 T 7 7 ’L k . 7
a7 (k11— 8x + k12 oy + ki3 B |+ oy (k12 o7 + Fgo oy + Ko3 B 1+
ow; ow; ow; ow;
B [lﬁg or + k23 ay + k33 G ]) (247)

To facilitate numerical implementation, we transform Eq.2.46 into a detailed form and
the point x; displacement vector and first-order differential of displacement vector in 3D
can be shown as

T
U; = (Uz‘, Vi, Wiy Uj1, Vi1, Wit * * * Ujn, Ujn, wjn)

Ou; Ou; Ou; Ov; Ov; Ov; Ow; Ow; Ow; . p
= (o, e T T T 2.4
4% = (8x Oy’ 0z 0x Oy’ 0z Oz’ Oy’ 82) (248)

In this chapter, the special variation 0.F , 62F and 0.F , 62F are defined as

5./—" = adq/f, 52./_" = &W/d%}" (2.49)
6F := 0y F,0°F := Oyqy F (2.50)
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Hence, the following relationships can be derived as
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According to Eqs.2.52 and 2.54, Eq.2.46 can be rewritten as
h phg 2 2 2
FI9 = o | 2o wle) (s = ) + (0 =) + (= w)? ) AV;
t\JES;
S L -1, .- —IL
Z]GSZ' J J1 In Kl 0 0
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(% %-au" |0 K 0| %)
s : o 0 0 K
L L, 0 0 I |
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=3 U, . , -% |0 K, 0| %)% (2.55)
K : o 0 0 K
-1, 0 0 I ]
where I; = w(§,;)AV;(1,1,1) ® (1,1,1)7.
h h phg _Ijl Ijl 0 0 T ’
K = Oy Ty = —— . , ~-%T10 K, 0]|%
mg, : 0 . 0 0 0 K
-, 0 o0 I, '

(2.56)

The global tangent stiffness matrix of operate energy functional, internal residual and
tangent stiffness matrix of physical energy functional in support S; can be obtained by

hg
JES; JES;
R = 0y(e)iAV; = > BT - - AUAV, (2.58)
JES; JES;
K=Y 0y RNV = BT D BAV; (2.59)
JES; JES:

Finally, the summation of 3D form for the first-order global tangent stiffness matrix and
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hourglass tangent stiffness matrix in support S; can be obtained

hg
Zjesi IJ IJI Ijn
hg -1 I 0 0
:ZAV](%T g-#+2—(| 7
4 mk, 0 0
JES;
—I]n 0 0 I]n
K, 0 0
~ 370 K 0 %))
0 0 K,
K~ O 0 2]651 I I]1 e IJn
jes. "o 0 K B 0 - 90
-, 0 o0 I,
(2.60)

The operator energy functional for higher-order NOM at point x; can be construct ac-
cording to the higher-order nonlocal operator 9w, it can be expressed as

hg
P 5 2
ol = ZW(Sij)(qu — (P))T0hw) AV
2m K, JES;
2 U ZJ aﬂu (pg)TaiuZ — QUZ](pE)TaiuZ)A‘/;
MK; JES;
hg
:22 (ZW(E )11 AV +a]1 TZWV ij p] p])TAV aﬂuZ _ 2Au pwzaﬂul>
K\ S <
hg
" 2m (ZW DUGAV; 0.0l L Y w(g)p; @ ()T AV Lidhu;
K JES; jes;
- 2Aui (Pm)Tl—iéaui> (2.61)
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By submitting the Eq.2.33 into the below Eq.2.61 and it can be rewritten as

hg _1
(Z'g :p—<ZW(£z‘j)u?jAVj - Auzr<p2m')T(ZW<£m)p (PJ)TAV) pEmAuz)
2 \ S jE€S;
hg
p .
:2mK <Au;-rd1ag [W(ﬁjl)AV}I, ey W(Ejni)AV}njAui - Au?(p&,vi)TKaiLipﬂmAuJ
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2]9 Au ( o . 0| — (pgm)TKaiLipgm)Aui
m
o 0 0 I,
he I 0 O
:2p (Kaz p\szOﬂU ) ( 0 . 0 (pwz>TK Llpwz) Kaz pszOﬂU (262)
mk;
0 0 I

.jn
where I; = w(§,;)AV;(1,1,1) ® (1,1,1)".

The first and second derivative .7-"22-9 yield the higher-order residual and the tangent stiff-
ness matrix of operator energy functional and can be expressed as

OF
" — 9L oi
i aUZ
e I, 0 0
mK (Kaz pszai)T< 0 . 0 (pwz)TKm LZPW@) Kaz pszOllU (263)
Z 0 0 I,
o _ 0%l _ PR
i = Ul gu,ouUT
. I, 0 0
(Kaz psz >T< 0 . 0 (pwz)TKOﬂLZpW7,>Kon psz (264)
' 0O 0 I,

In

The higher-order global tangent stiffness matrix of operator energy functional in support
S; can be computed by

= Ouu FHEAV; =) AV (2.65)

JES; JES;
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Finally, the summation of the higher-order global tangent stiffness matrix and hourglass
tangent stiffness matrix in support S; can be obtained

hg
Kai = Hoi + Hai

I, 0 O

T Phg 1 T ’
= Z Bai D - Bai + m_(K(;Z‘lpwiBai> < 0 e 0
= i 0 0 I,

In

- (pgnz')TKaz’ Lip&m) Kw-lpﬂmBm) AV} (2.66)

2.3.5 Numerical implementation with an open-source code

The numerical implementation of the first/higher-order NOM are summarized as the
following steps, and a flow chart of the NOM implementation procedure is depicted in
Fig.2.2.

Step 1. Discretization of the solution domain.

Consider the solution domain to be a discrete domain consisting of discrete points of
varying sizes and shapes that are linked to one another. There are two methods to
achieve the discretization of the solution domain. For the first method, a user-defined
subroutine GridDomasin is customized, which can discretize the solution domain evenly.
This method is mainly used for the discretization of the rule solution domain. The
second method can be achieved as follows: initially, the model is created using finite
element software (such as ABAQUS), then the model is divided into grids of different
sizes according to the characteristics of the model and export the model information
into a ¢np format file. The model mesh and node information can be read through a
user-defined subroutine ParseAbaqusFile, therefore the discrete solution domain with
different densities can be achieved.

The Mathematica code for discretization of the solution domain is shown below. In
the user-defined subroutine GridDomain, where xmin, rmax are the minimum and
maximum values of solution domain and dx is the spacing between points.
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Discretization of the

FEM software 1 .
solution domain

(Eg. ABAQUS)

A4

User-defined subroutine )

GridDomain

User-defined subroutine
ParseAbaqusFile

|

Discrete domain

Assign values to the
corresponding parameters

Y

According to the user-defined subroutines
NeiList and Neillndex, obtain the number of neighbors numNei
and build index number for the neighbors.

A A
According to the user-defined subroutines
Bhgmatrix, Dmatrix and Kmatrix, calculate the nonlocal operator coefficient
matrix 8, elastic material constitution matrix7?and the summation of
global tangent stiffness matrix and hourglass tangent stifiness matrix K.,

A4

According to the user-defined subroutine
FindPoints search for boundary particles in discrete domain, and according to the user-defined subroutines
Dirichlet BoundaryApply and NeumannBoundary Apply
impose corresponding boundary conditions for specified boundary points.

}

Using the built-in command LinearSolve of Mathematica to solve the linear algebra equation
(K +K)u = Ku ='Rand obtain the global displacement vector, then we use the user-defined
subroutine UMatrix convert displacement vector into displacement matrix form.

Figure 2.2: NOM implementation procedure.
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GridDomain[xmin_, xmax_, dx_] :=BlocR[{ndim = Length[xmin], nx = Ceiling[ (xmax - xmin) /dx], dx2, res},
dx2 = (xmax - xmin) / nx;
If[ndim == 2, res = Table[{1i, 7}, {i, 6, nx[[1]11}, {J, @, nx[[2]11}1];
If [ndim =3, res = Table[{i, j, k}, {i, 8, nx[[1]1}, {7, @, nx[[2]11}, {k, @, nx[[311}11;
res = Flatten[res];
res = ArrayReshape [res, {Length[res] / ndim, ndim}];
Do[res[[ALL, 1]] #=dx2[[1]], {i, ndim}]; Do[res[[1]] += xmin, {i, Length[res]}]; res];
ParseAbaqusFile[ file_String] :=
Module[{i, j, kR, node, element, setList, oneSet, starlList, starLine, tlineStart, tlineEnd, tline,
strings, String2list, il, i2, len, pair, ei, j1},
If [FileExtension[file] # "inp", Print["Error,the file should be Abaqus keyword file .inp"]; Return[];];
strings = ReadList[ file, String];
If[strings == $Failed, Print["Error, file not found"];
Return[]];
1 = Dimensions[strings][[1]1];
node = {};
element = {};
setlist = {};
starlList = {};
Do[If [StringStartsQ[strings[[j]], "+"] & ! StringStartsQ[strings[[j]1]1, {"*#", "$"}], AppendTo[starList, j11,
{7, i}1;
String2List[str_String] := Module[{sl, s2}, s2 = StringReplace[str, {"E", "e"} —» "#+""];
sl =StringSplit[s2, {",", " "}1;
DeleteCases [ToExpression[slL], Null]l];
Do[starLine = ToLowerCase[strings[[starList[[71]111];
tlineStart = starList[[j]] +1; tlineEnd = starList[[j +1]1] -1;
Which[StringStartsQ[starline, "xnode"], Do[tline = strings[[k]];
If[StringStartsQ[tline, "+"], AppendTo[node, String2List[tline]]]l;, {k, tlineStart, tlineEnd}]
(##), StringStartsQ[starLine, "+element"], Do[tline = strings[[k]];
If[!StringStartsQ[tline, "+"], AppendTo[element, String2List[tline]]];, {R, tlineStart, tlineEnd}]
(##), StringStartsQ[starlLine, "xset"], oneSet = {};
Do[tline = strings[[k]];
If[StringStartsQ[tline, "+"], AppendTo[oneSet, String2lList[tline]]];, {k, tlineStart, tlineEnd}];
AppendTo[setList, Flatten[oneSet]] (#+)1;, {j, 1, Length[starList] -1}1;
Len = Length[nodel; 11 = node[[1, 1]1]; 12 =node[[Llen, 111;
If[i1 =1 && 12 == Len, Return[{node[ [ALL, 2 ;; -1]], element[[ALL, 2 ;; =111, setlList}]];
pair = ConstantArray([0, 12];
Do[pair[[node[[i, 11111 =i, {i, Len}];
Len = Length[element];
Do[ei =element[[1]];
Do[j1 =ei[[]]1;
ei[[71]1 = pair[[j111;, {J, 2, Length[ei]}]1;
element[[1]] =ei;, {1, Len}];
{node[ [ALL, 2 ;; -1]11, element[[ALL, 2 ;; -1]], setlList}];

Step 2. Definition of the problem and solution domain.

Determine the overall attributes and geometric boundary conditions of the solution do-
main based on the real case, and assign values to the corresponding parameters.

Step 3. Specify and search for the number of neighbors for each point in
support and build index numbers for the specified neighbors.
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In this step, a user-defined subroutine NetList is customized by the built-in command
Nearest of Mathematica to find the required number of neighbors, and the process of
building index number for the specified neighbor points can be achieved by the user-
defined subroutine NetIIndex. The Mathematica code for finding the specified area
points and specified number neighbor points in the solution domain is shown below,
where coord is the coordinate of the points, numNei represents the number of specified
neighbors and ndim denotes the dimension of coordinate.

Neilist = Nearest[coord - Automatic, coord, numNei +1];

NeilIndex[Neilist_, ndim_] := Module[{n2, n3}, n2 = ConstantArray[@, ndim Length[Neilist]];
n3 = ndim (Neilist -1);
Do[n2[[1i;; -1;; ndim]] =n3 +1i, {1, ndim}];
n2il;

Step 4. Establish the nonlocal operator coefficient matrix, hourglass tangent
stiffness matrix, and the summation of global tangent stiffness matrix and
hourglass tangent stiffness matrix in first/higher-order form.

D First-order nonlocal operator method.

As shown in below Mathematica code, three user-defined subroutines BHgmatriz,
Dmatriz and Kmatrixz are customized to calculate the nonlocal operator coefficient

hg
matrix 4, hourglass tangent stiffness matrix _# , elastic material constitution matrix
2 and the summation of hourglass tangent stiffness matrix and tangent stiffness ma-

trix K. In the user-defined subroutine BHgmatrix, initially the basic forms %;, %g/i
and shape tensor K, at point x; are constructed, which are named as bmatrixz, hg-
matriz and kmatrixz, respectively. Subsequently by Eq.2.6, shape tensor can be cal-
culated; by the equation I; = w(&;)V;(1,1,1) ® (1,1,1)" and Eq.2.55, the matrix
I; can be calculated and the % matrix can be assembled. Similarly, by equation
R, = w (&) SZVJ : [Zje& w (&) €y ® €UAV}-] 1 and Eq.2.14, the intermediate vari-
ables R; can be obtained and the %; matrix is assembled. In the user-defined subroutine
Dmatrix, by Eqs.2.42, 2.43 and 2.44, the linear elastic solid elastic matrix & for plane
stress, plane strain and 3D conditions can be obtained. Where type=1,2,3 represent the
three constitutive models mentioned above. In the user-defined subroutine Kmatrix, by
Eq.2.66, the summation of global tangent stiffness matrix and hourglass tangent stiffness
matrix K can be established. In the below Mathematica code, where WeiF' represents
the weight function, volz represents the volume of each point, Es, mu represents the
Young’s Modulus and Poisson’s ratio, respectively.
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BHgmatrix [coord_List, WeiF_, voli_List] :=BlocR[{num = Length[coord],

ndim = Length[coord[[1]1]1], bmatrix, kmatrix, hgmatrix, invk, xi, vw, ri, Rj, i1, i2, I1, 12},

bmatrix = ConstantArray[0., {ndim ndim, ndim num}];

hgmatrix = ConstantArray[9., {ndim num, ndim num}];

rmatrix = ConstantArray[0., {ndim, ndim}];

I2 = ConstantArray[©., {ndim ndim, ndim ndim}1];

Do[xi = coord[[j]] -coord[[1]];
ri=Sgrt[xi.xi];
vw =voli[[J]] ~WeiF[ri];
kmatrix += vw TensorProduct[xi, xi];

il =ndim (F -1) +1; 12 = ndim j;

I1 = vw IdentityMatrix [ndim];
hgmatrix[[1 ;; ndim, 1 ;; ndim]] +=I1; hgmatrix|[[1 ;; ndim, i1 ;; i2]] = -I1;
hgmatrix[[i1;; i2, 1 ;; ndim]] = -I1;
hgmatrix[[il ;; i2, 11 ;; 1211 =I1, {j, 2, num}];

invk = Inverse[kmatrix];

Do[xi =coord[[j]] -coord[[1]]; ri =Sgrt[xi.xi]; Rj =voli[[j]] ~WeiF[ri] invk.xi;
Do[bmatrix [ [ndim (kR -1) +1 ;; kndim, R]] -=Rj;
bmatrix[ [ndim (R -1) +1 ;; kRndim, ndim (j -1) +R]1] =Rj, {k, ndim}];

» {3, 2, num}1;

Do[I2[[jndim+1;; (J+1) ndim, jndim +1 ;; (J+1) ndim]] = kmatrix, {j, 6, ndim -1}1;

hgmatrix -= bmatrix".I2.bmatrix;

hgmatrix /= Tr[kmatrix];

{bmatrix, hgmatrix}

1;
Dmatrix[Es_, mu_, type : 3] :=
Block [ {DMatrix, ndim, L1, L2},
If [type =1,
Return[Es/ (2. -muz) {{1.,@., 0., mu}, {0., (1. -mu) /2, (1. -mu) /2, 0.}, {0., (1. -mu) /2, |
{mu, @., 0., 1.}}]];
If[type =2,
Return[Es/ (1. -2mu) / (1. +mu) {{1. -mu, ©., 0., mu}, {6., .5 -mu, 8.5 -mu, 6.}, {0., .5 -mu
{mu, ., 0., 1. -mu}}11;

L1 =Esmu/ ((1. +mu) (1. -2mu)); L2 =Es/2./ (1. +mu);

{{L1+2!.2,0.,0.,0., L1,0.,0.,0., L1}, {0., L2, 0., L2,0.,0.,0.,0.,0.}, {6.,0., [2,0.,0
{e., L2, 0., L2, 6., 0., 0., 0., 0.}, {L1,0.,0.,0., L1+2L2, 0., 0., 0., L1}, {0.,0.,0.,0.,0
{e., 0., L2,0.,0.,0., L2,0.,0.}, {0.,0.,0.,0.,0., L2,0., L2,0.}, {lL1,0.,0.,0., L1, 0.,

I
Kmatrix [voli_, bmatrix_, hgmatrix_, Es_, mu_, etype_: 3, pen_:0.2] :=
voli (pen Es hgmatrix +bmatrix™.Dmatrix[Es, mu, etype].bmatrix);

@ Higher order nonlocal operator method.

The main codes for higher-order NOM are presented in AppendixA, which includes con-

structing the global higher-order nonlocal operator coefficient matrix B, global hourglass
hg
tangent stiffness matrix .#, and the summation of global tangent stiffness matrix and

hourglass tangent stiffness matrix K, . Initially, a user-defined subroutine MultiIndex is
customized to construct multi-index notation in Eq.2.20. where d denotes the dimension,
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sum denotes the maximal order of derivatives. Then, the customized user-defined sub-
routine GFDOCoeffHalf can obtain the factors of multi-index, polynomials and partial
derivatives in designated dimensions with maximal higher-order derivatives in Eq.2.22.
For constructing the elastic material constitution matrix, according to Eqs.2.35-2.37, the

user-defined subroutine FuncRK is compiled to obtain elastic matrix &. For higher-
hg
order global hourglass tangent stiffness matrix %, and the summation of global tangent

stiffness matrix and hourglass tangent stiffness matrix K,, according to Eqs.2.32, 2.33 and

2.66, two main user-defined subroutines NOMPwKhg and NOMRK are customized
to achieve the establishment of corresponding matrix.

Step 5. Search boundary points in discrete domain and impose corresponding
boundary conditions based on actual problems.

A user-defined subroutine FindPoints is customize for searching boundary points.
When using user-defined subroutine FindPoints, it’s need to call another customized
subroutine LessThancoord at the same time. Subsequently, to employ Dirichlet and
Neumann boundary conditions to the boundary points, two user-defined subroutines
DirichletBoundaryApply and NeumannBoundaryApply are customized. Where
the penalty method is used in the user-defined subroutine DirichletBoundaryApply.
The related Mathematica codes are shown as below, where Ksp represents the sum-
mation of global tangent stiffness matrix and hourglass tangent stiffness matrix K, Rsp
represents the global internal residual, pd represents the index of the points of applica-
tion of specified displacement, pc represents the penalty coefficient and pf represents the
index of the points of application of specified force.

FindPoints[coord_List, xmin_List, xmax_List, show_: False] :=
Module[ {ilist = {}, y, r, ndim = Length[coord[[1]]], Len = Length[coord]},
Do [If[LessThancoord[coord[[1]], xmax] && LessThancoord[xmin, coord[[1]]], AppendTo[ilist, 111, {1i, Len}];

If[show, If[ Length[coord[[1]]] = 2, Print[ListPlot[coord[[ilist]], DataRange - Automatic]]];
If[ Length[coord[[1]]] == 3, Print[ListPointPlot3D[coord[[ilist]]], DataRange - Full]]];
ilist];

LessThancoord[coordl_List, coord2_List] := Module[{p = True}, Do[If[coordl[[i]] > coord2[[i]], p = False;
Break[]]1, {i, Length[coord]}];

Return[p]ll;
DirichletBoundaryApply[Ksp_, Rsp_, pd_, pc_, scale_: 1.0] :=Module[{pi, tk, tk2}, tk = Diagonal [Ksp] // Noermal;
tk2 = tk;
tR2[[pd[[11]]] #= (pc +1.);
tk2 -= tk;

Ksp += SparseDiag[tk2];

Do[pi = pd[[1, il; Rsplpill = th2[[pi]] pd([2, i] scale, {1, Length[pd[1]1]1}1;1;
SparseDiag[a_List] :=SparseArray[{{i_, i_} +»a[[1]11}, Length[al]l;
NeumannBoundaryApply [Rsp_, pf , scale_:1.0] :=Module[{}, Rsp[pf 101 += pfI2] scale;];

Step 6. Solve the global displacement in the discrete domain.

According to step 1 to step 5, the summation of global tangent stiffness matrix and
hourglass tangent stiffness matrix K and global residual vector # can be calculated. And
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the global displacement matrix can be calculated by solving the following linear algebra
Eq.2.67.

h
(H + H)u=Ku=% (2.67)

we employ the built-in command LinearSolve of Mathematica to solve the global dis-
placement vector, then we use the user-defined subroutine UMatrixz convert displace-
ment vector into displacement matrix form. The related Mathematica codes are shown
below.

u = LinearSolve [Ksp, Rsp];
um = UMatrix [u, ndim];
UMatrix[u_List, udim_Integer] :=Module[{m}, If[udim =1, m = u;
Return[m]];
m = ConstantArray[0., {Length[u] / udim, udim}];
Do[m[[i]] =u[[udim (i -1) +1 ;; udimil], {i, Length[m]}]1; m];

2.4 Numerical examples

Several numerical examples in 2D or 3D are presented to validate the first/higher-order
NOM in this section. The numerical results are compared with the analytical solution or
that by FEM software to verify the feasibility.

2.4.1 A cantilever beam under shear load

In this section, a 2D cantilever beam loaded at the end with shear load is considered.
The beam with H = 3m in height, £ = 8m in length. The cantilever beam parameters
are: E = 6 x 103MPa, v = 0.33. The shear load is parabolic distributed. The beam
is discretized into 308,1155,2511,4428,6885 points respectively, which corresponding to
Ax € {H/10,H/20,H/30,H/40,H/50}. Where Az denotes the spacing of the points.
Plane stress conditions are considered in this section. The analytical solution refers to
literature [Timoshenko and Goodier, 1970, Zhuang and Augarde, 2010].
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"y — %6_T?/2) [(6£ — 32)a + (2 + 1)((y — H/2)? — HT)} (2.68)

uy = —6% Buly — H/2%(C — ) + (4 + 5@% + (3L — 2)a?] (2.69)
rustiy) = PEZI I o o) = 0ty =~ (5 - mpp),

(2.70)

where z € [0,L],y € [0,H], P=-5 kN, Z = 71{—; The discretized cantilever beam on
displacement boundary are constrained using the accurate displacements according to
Eqgs.2.68 and 2.69, as well as the force boundary according to Eq.2.70.

To obtain the displacement of each point, we need to solve the Eq.2.67, which can be
shown in detail as Eq.2.71. In this work, we use the penalty approach to apply Dirichlet
boundary conditions. This method can be achieved through the following steps:

TR T T U Ry

kop koo o oo oo ko U2 )

| 07
kiv ki oo ki oo ki U R; ( 7 )
kot Kng o e o K ] R,

When the displacement of point i u; = u;, we modify the i-th equation as follows, multiply
it’s diagonal element K;; by a penalty factor  (In computations, 1 is set to 10*°) and
replace R; with nk;;u; to obtain:

(ki kg oor e e k] | R,
kop koy oc oo oo ko, 16'2 1?2
LS AR I B B
The modified i-th equation can be expressed as:
kiur + Kigug + - - - + nkyu; + - - - + kinun = nkyt; (2.73)

Since nk; > kij(i # j), the nk;u; term at the left end of the equation is much larger
than the other terms, so it can be approximated nk;u; ~ nk;u;. Then we can obtain
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u; &~ u;. According to the Eq.2.72, we can obtain the displacement of each point. It
should be noted that this method is suitable for any given displacement of points, as the
order of the formula and the displacement order of the points remain unchanged during
the solution process.

The number of target point’s neighbors and the radius of support size in NOM can be
very flexible and unlimited. However, a large number of neighbors is expensive in the k-
nearest neighbor’s search. Based on our numerical experience, eight points closest to the
target point are selected to construct the target point’s support domain. The difference
between the numerical result and analytical solution is measured by the L2-norm, which
is calculated by

(. _ugxact - (u; _ugaract AV

exact | yyexact .
Zj us st AY;

Table.2.1 shows the statistical results of the L2-norm for displacement at various dis-
cretizations, Fig.2.3 depicts the displacement for discretization at Az = H/50. The
displacement cloud diagram of the cantilever beam for discretization at Az = H /50 us-
ing first-order NOM numerical results and analytical results can be seen in Fig.2.4. As
shown in Table 2.1, Figs.2.3 and 2.4, good agreements can be seen between the first-order
NOM numerical results and analytical results. It shows very close variations in L2-norm
and the displacement errors in different directions.

Table 2.1: The statistical results of L2-norm and error for w;,,,, and w,,  at different
discretizations.

NOM w, NOM

Npoint Az  L2-norm % -1 % -1
max

308 H/10  0.0118 -0.2738 -0.2679
1155 H/20  0.0096 -0.0731 -0.0779

2511 H/30  0.0082 -0.0289 -0.0308
4428 H/40  0.0073 -0.0209 -0.0245
6885 H/50  0.0068 0.0150 0.0128

2.4.2 Problem of an infinite plate with a hole in tension

Consider a 2D infinite plate with a circular hole, as shown in Fig.2.5. The plate’s length
is £ and there is a small circular hole with a radius of p = a in the plate. Because the
plate’s thickness is substantially smaller than its length, it can be considered a plane
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Figure 2.3: The displacement and stress for discretization at Az = H/50. (a) Displace-

ment of points y=H/2 in the x direction; (b) Displacement of points x=£L/2 in the y
direction; (c) Stress of points x=L/2 in the y direction; (d) Stress of points x=£L/2 in the

y direction.
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Figure 2.4: The displacement cloud diagram of the cantilever beam for discretization at
Az = H/50. (a) Displacement in y direction by first-order NOM numerical results;(b)
Displacement in y direction analytical results;(c) Displacement in x direction by first-

order NOM numerical results;(d) Displacement in x direction analytical results.
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stress problem. The force boundary condition of P =1 MPa. Based on the symmetry of
the structure and load, one-quarter of the model is used for analysis.

-
-
- g
-« —»
- —»
-« —>»
-<— —
- —»
- —
- —>»
- >

Figure 2.5: Setup of infinite plate with a circular hole.

When the plate’s width is substantially more than the radius of the small hole, we can
obtain the stresses analytical solution [Boresi et al., 2010] in polar coordinate system
according to classical elasticity theory, and it can be expressed as

P a2 P a2 a2

n? P al
1+ —= ) — —cos20( 1 — 2.
( +p2) 2 ( +3P4) 279

2 2
Too = Top = —g sin 20 (1 = %) (1 + 3%)

The highest hoop normal stress is achieved at the hole’s edge, as illustrated in Fig.2.5.

b Y o

Oy =

When p = a, 0 = g(%’r) oy attains the maximum value of three times the uniformly
distributed stress P, (0g)max = 3P, and oy sharply approaches to P as it moves away
to the edge. We characterize the stress concentration phenomena using the stress con-
centration factor K in this case. We solve stress concentration problems by the first-
order NOM, plane stress condition is considered. The numerical results were compared
with ABAQUS standard and analytical solutions. The parameters for the plate include
E = 3x10"MPa, v = 0.3, and the radius of the hole is p=1m. To facilitate the application

of force boundary conditions, we converted the Eq.2.75 from polar coordinate system to
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Cartesian coordinate system, it can be shown as

a? [ 3cos 26 3a’
—p_pL 4 o2 054

0.2(p,0) =P Pp2 < 5 tcos 9) +P2,04 cos 46

a2 [ cos20 3a’

0) =—-P— —cos46 | — P—: cos 46

oyy(p, 0) PpQ ( cos ) 772)04 cos

a? (sin20 | 3at |
Tuy(p, 0) = —77? ( 5 + sin 49> + P2_p4 sin 460 (2.76)

To validate the feasibility of the first-order NOM, we compare the numerical simulation
results with the analytical solutions. The analytical solution of the displacement under
plane stress conditions can be expressed as

2 2a3
uz(p,0) = Pa (£<I€ +1)cosf + ;a((l + k) cosf + cos 30) — i 00836)

8 \a p P
Pa (p _ 2a . _ 2a°
0)=— | =(k—3 0+ —((1— 0 30) — ——sin 30 2.77
uy(p,0) 3 (a<I€ )sinf + ; ((1 — k) sin @ + sin 30) e sin ) (2.77)
where = ﬁ, and Kk = ?II—Z

For the displacement boundary conditions, we set u, = 0,u, = 0 at left and bottom
boundaries by penalty method, meanwhile, for the force boundary conditions, we applied
the traction force at right and top boundaries computed by Eq.2.76.

To obtain a good discrete result, initially, we build the model and meshes in ABAQUS,
then export it as an “model.inp” file, which includes the element and point coordinate
information. We read the exported “model.inp” file in the environment of Mathematica.
We can calculate the coordinates of each point in the model, the area of each element, and
assign parameters such as area and force to the relevant points of the element according
to the core principle. So as to realize the discreteness of the unit in the environment
of Mathematica. It should be noted that only the nodes are used and no interaction
between elements. The Mathematica software reads the “model.inp” model (L/a = 5)
and discretization of the model as shown in Fig.2.6. In this study, we use the built-in
command Nearest of Mathematica to find the required number of neighbor points, and
eight neighbors are selected.

We fix the diameter of the hole to 2m and change the £. Four cases of relative size of plate
width and hole radius with £/2=5,7,9,11 and four cases with total 525,2050,4575,8100
nodes are investigated. The plate is discretized according to ABAQUS mesh elements and
CPS3 elements are adopted in ABAQUS[Hibbett et al., 1998] to calculate the reference
results. At first we test the maximum value of stress in the x-direction (0, )maz, according
(022 ) maz

to the formulation K = =7 we can obtain the corresponding K and compared it
to the analytic solutions. According to the first-order NOM, ABAQUS standard, and
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Figure 2.6: (a) The “model.inp” model shown in Mathematica;(b) Discretization of the
model.

Table 2.2: The statistical results of the stress concentration factor K at different £/a
ratios, where 525 and 2050 denotes the total number of points in the model.

L/a  Analytical solution ABAQUS(525) NOM (525) ABAQUS(2050) NOM(2050)

5 3.000 3.330 3.361 3.350 3.371
7 3.000 3.164 3.176 3.178 3.203
9 3.000 3.100 3.109 3.115 3.126
11 3.000 3.064 3.078 3.087 3.096

analytical solution, the statistical results of the stress concentration factor /', as shown
in Table 2.2,

The displacement and stress distribution of the model(£/a = 5) on polar coordinate
system p = 2 at the case of with total 4575 and 8100 nodes using first-order NOM are
compared to the analytic solutions, as seen in Figs.2.7 and 2.8. The displacement’s L2
norm computed by Eq.2.74 and stress field at four different discretization cases are shown
in Table 2.3. These characteristics agree well with the theoretical analysis of this problem
mentioned above, and it proved that the first-order NOM established in this chapter has
good applicability.
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Figure 2.7: Analytical and numerical results of the stress and displacement. (a) The
results of the stress (Nnodes=4575);(b) The results of the displacement (Nnodes=4575).
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Figure 2.8: Analytical and numerical results of the stress and displacement.
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results of the stress (Nnodes=8100);(b) The results of the displacement (Nnodes=8100).
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Table 2.3: The L2 norm of the displacement and stress at four different discretization
cases.

Nnodes L2 norm of displacement L2 norm of stress

925 0.0581 0.0908
2050 0.0276 0.0478
4575 0.0163 0.0428
8100 0.0118 0.0376

2.4.3 3D gradient elasticity cantilever beam under shear load

To illustrate the feasibility of higher-order NOM, we expand it to handle the gradient
elasticity beam issue. A 3D gradient elasticity cantilever beam under uniform shear load
is considered. The cantilever beam with dimensions of 25 x 10 x 3 m3. The mate-
rial parameters are considered: £ = 6 x 10* MPa, v = 0.33. The uniform shear force
P, = —1.0 x 107® MPa. The higher-order NOM based on numerical integration [Ren
et al., 2020c] is employed to investigate the effectiveness of the current method for gra-
dient elasticity cantilever beam. The cantilever beam is discretized into 3744 points and
hexahedral background meshes are generated for the numerical integration. We employ
40 Gauss neighbor points in the numerical test. For separate variables (u,v,w) in 3D
cantilever beam, the isotropic elasticity gradient material’s energy functional include the
differential operators Vu, Vou,Vw, V?u, Vv, V2w, V3u, V30, V3w. The maximal order
of partial derivatives is three, hence we select the third order of nonlocal operators in
Eq.2.30. In addition, various gradient coefficients ¢ = 0,1.5,3.0,4.5 are studied by cur-
rent method and the displacement field for various gradient coefficients is given in Fig.2.9.
Fig.2.10 presents the displacement for points on the line (y = 10,z = 0). The results
obtained by higher-order NOM correspond well with those obtained by ABAQUS and
with the gradient coefficient raising, the deform of the beam become more uniformly.

2.5 Conclusions

In this chapter, we presented the implementation procedure of first/higher-order NOM,
and an open-source Mathematica code is presented and explained in detail. The per-
formance of first-order NOM and higher-order NOM results are demonstrated compared
with the corresponding analytical solutions or the results of the FEM commercial soft-
ware. Concluding remarks can be stated as follows:

Similar to the FEM and meshless method, NOM can establish the operator energy func-
tional and tangent stiffness matrix by some matrix multiplications. However, unlike FEM
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Figure 2.9: Displacement for various different gradient coefficients.
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and the meshless method, NOM can derive differential operators directly without employ-
ing shape functions. Hence, the complexity of the NOM is significantly reduced. The
NOM requires only the definition of the energy, for a given energy functional, the nonlo-
cal operators can be established automatically by the highest order of partial derivative
and dimensions. Support, dual-support, nonlocal differential operators, and operator en-
ergy functional are the fundamental components of NOM. Several numerical examples
illustrate the method’s high performance and capabilities. In conclusion, NOM is an
easy-to-use, flexible, and efficient numerical method.
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Chapter 3

Explicit implementation of the
nonlocal operator method

This chapter is based on the journal paper 'Explicit implementation of the nonlocal oper-
ator method: A nonlocal dynamic formulation for elasticity solid’ published in IJHM by
my first author. The contribution of this paper is summarized as follows:

Yongzheng Zhang

e Conceptualization

e Research state of the art

e [nvestigation

e Formal analysis

e Methodology

e Software/Programming

e Data curation

e Data analysis

e Validation

e Visualization

e Writing original manuscript draft
Huilong Ren

e Conceptualization

e Methodology
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Timon Rabczuk

e Conceptualization

e Mentoring the research progress

3.1 General

The purpose of this chapter is to describe the method of explicitly implementing NOM for
elasticity solid in detail and develop a nonlocal dynamic formulation for linear elasticity
solid by using the explicit NOM. The remainder of the chapter is arranged as follows: In
Section 3.2, based on the variational principle, the nonlocal dynamic governing equation
of linear elasticity solid is derived. In Section 3.3, the operator energy functional of linear
elasticity solid has been derived. Section 3.4 presents the numerical implementation of the
explicit NOM. In Section 3.5, several numerical examples are presented to demonstrate
the capabilities of this method. Finally, conclusions are drawn in Section 3.6.

3.2 Nonlocal dynamic governing equation of linear
elasticity solid by NOM

AN

Figure 3.1: Domain and notation

Consider a solid occupying a domain €2 consisting of material points that with mass
and volume, as shown in Fig.3.1, let x; represent spatial coordinates in the domain €2;
gij = X; — X; is a relative position vector starts from x; to x;; v; = v(x;,t) and
v; 1= v(X;,t) are the displacement value for x; and x;, respectively; v;; := v; — v; is the
corresponding displacement field vector for spatial vector ;.

The nonlocal gradient for vector field v at point x; is defined in the support S; as

Vi = /5 w(&;)vij ® €;dV - ( /S w(&i)vy @ %‘dvj) N (3.1)

7
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The nonlocal gradient operator and it’s variation at point x; in discrete form are

o, = 3 w(ey vy © 6,07 (Y w(g, )6 ©6,A7) (32
JES; JES;
Vv, = 3 w(E, oo, @ €AV, (Y wlE)E, 2 €,01,) (33)
JES; JES;

For vector field v with nonlocal gradient defined by Eq.3.1, we formulate a quadratic

functional to eliminated the inconsistency between the v;; and @vié and the operator

YR
energy functional for vector field v at a point can be shown as

Fho — P / w(& )(@U-E —fv~)T(@v--E — v,;)dV; (3.4)
i T ok, Js, ij i " Sij ij i Sij ij )4V :
K; = / W(éij)gij ® £z‘jdvj (3.5)

S;

It should be noted that the NOM can construct the nonlocal strong form by employing
the energy functional in the traditional local manner.

The total Lagrange energy functional for linear elastic solid of the overall system can be
expressed as

L(i),'v):/%pi)-i)dV—/w(a,e(Vv))dV+/b-vdV+/ £.vdS  (3.6)
Q Q Q o0

%, (o,e(Vv)) denotes strain energy density, p denotes the density of the

solid, b denotes the body force density and f denotes the external traction force.

with v =

Replacing the local gradient operator Vo with the nonlocal gradient operator Vv in
Eq.3.6, we obtain

L) = [ Goo-odv — [ wioe(@opav + [

b-vdV + / f-wvdS (3.7)
Q G9)

The external work in time [t;,,] can be shown as W = :12 Jo0 £ - vdSdt. The integral

of the Lagrangian L between two instants of time ¢; and 5 is £ = fttf L(v,v)dt. Applying
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the variation principle, we have

to
3L = / / pir- 51— 2 ";E(v”)) Vév + bov]dVdt + / / £ JvdSdt
oN

to
:/ /[—Pi’iii - 6v; — oy : Vv, + bdv;|dVidt + / / £ . Sv,dS;dt
h @ t1 [2/9)
t2
:/ / < ~ pili - 0V — 0y ; (/ w(&,;)0vy; ®E&;; + bié'vi) dvidt
31 Q S;
to
t1 [2}9)
t2
to
t1 [2}9)
t2
:/t /Q < ~ pidi 0v - (/5/ w(&;i)o K g - dvidV — /5 w(€;)o K g, - dvidVj)
to
+ bi5vi> dVidt + / / f - dw;dSdt
t1 o0

with o is the Cauchy stress, and the boundary condition dv(t;) = 0, dv(tz) = 0 is
considered in the above derivation.

For any dv, the first-order variation £ = 0 leads to

/ w(gij)aiKglsijdvj — / w(gﬂ.)ajK;lgﬁdvj +b; = pi; Va; €Q (3.8)
S; S!

For linear elastic solid, the relationship between nonlocal and local form can be shown as

Local - Nonlocal _ _
V.o W(fij)‘fiKi 1€zjdv} - / W(Eji)o-jKj lgjidv; (3-9)
S; S

Nonlocal - Local

The nonlocal dynamic formulation for linear elasticity solid is expressed in Eq.3.8. The
nonlocal formulation is variationally consistent, and dual-support follows naturally from
the variational principle. Nevertheless, Eq.3.8 suffers from the zero energy mode [Pian
and Chen, 1983, Vignjevic et al., 2000, Yaghoobi and Chorzepa, 2017], we introduce
the so-called operator energy functional to achieve the linear field of the field and avoid
numerical instabilities, which is described in the next section.
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3.3 Operator energy functional of linear elasticity
solid

The operator energy functional can be construct according to the nonlocal gradient op-
erator Vo, it can be expressed as

hg 5 B
Fo) = [ Foravi= L2 [ wie,)(Fuig, - o) (Tuig, -~ vp)aVidli - (310
Q mK; JaJs;

i

The first-order variation of F(v) leads to

hg
p ~ ~
5f<v) - E /Q [g W(&])(szﬁw - 'Uij)T(V(S’UZij — 5’(]1])(1‘6(31‘/;
hg ~ ~ .
=2 / / (W(fij)(vm&j —v;;) ' Vovi€,; — w(€,;)(Vvi€,; — vl-j)T(Svij>dvjdv;
hg B B )
hg 5 i
p" - .
omk, /Q /5 w(&;)(Vvigy; — vy;) dvydVidV;
P N .
- / / w(&;)(vij — Vvi€,;;)" (6v; — dv;)dV;dV;
Q Sz{ ij 7 J MY J s, mg, i J ij j

(3.11)

Hence, the bond internal force caused by operator energy functional can be shown as

hg hg

(€ (0 = Vo,V — [ Lwley)(wy = Fug )y, (312)

mk,

p
s MK;

where T%g_w(éij)(vij — @viéij) is the zero energy internal force for vector &;;.

For linear elastic solid, the nonlocal form and local form enhanced by operator functional
can be rewritten as

Local - Nonlocal hg

Si m

Nonlocal - Local ; W<€Z]) <vij o v’vlé‘w))d%
hg

- /,(W(ﬁji)"'j : Kj_léji + rjer

H J

W(ﬁji)('vjz‘ - @’Ujgji))dv} (3.13)
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3.4 Numerical implementation

The solid domain 2 is discretized into N points occupying a volume AV;:

N
0= Z AV, (3.14)
=1

where N denotes the number of points, AV; is the volume associated with point x;.

For each point, the support is denoted by

8@': {iajlaj%'“ajni}? (315)

where j1, ..., Jk, ---, Jn, are the global indexes of neighbors of point x;, n; is the number of
neighbors in support S;. The bond force between points are computed by

hg

Q. = [w(t,)o: K '€, + :;—Kw(gij)(vij — Vg, )JAVAV,
hg 5
Qi = (&) K& - —w(€) (0~ Vos )JAVAY; - (3.16)

with w(&,;;) = 1/1€;]>-

Finally, we get the force of point x; as

Pi=> Q,-).Q; (3.17)

JES; jes;
In discrete form, Newton’s equation of motion is expressed as
F, — P, = M@, (1), (3.18)

where ¢ denotes the time, v;(t) denotes the ensemble of the position vector of point x;,
F; is the external force vector and P; denotes the internal force vector; M; refers to the
mass of the point.

In this chapter, the velocity and displacement is updated via the Verlet-Velocity scheme
[Verlet, 1967]and can be shown as follows

vi(t + At) = v;(t) + v;(t) At + Qiﬂ' [Fi(t) — Pi(t)] At
6i(t+ A1) = (1) + o (IR~ PO+ R+ A — Pt + A (319)

The main implementation process of explicit NOM for the dynamic analysis of liner
elasticity solid can be summarized as follows:
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1. Discretization of the solution domain and initialization
(i) Create geometry and discrete the solution domain.
(ii) Initialize the bond force of P; = 0 and assign values to the corresponding
parameters: Young’s modulus E, Poisson’s ratio v, Density p , Number of neighbors
for each point etc.

2. Calculate shape tensor
(i) For each point, calculate first-order shape tensor K;.
(i) For each point, calculate the inverse of the shape tensor K;° L

3. Calculate deformation tensor
For each point, calculate deformation tensor F; = [ w(€,,)Yi(€;) ® €,dV; - K; .
with Y;(§,;) := v(x;,t) — v(x;,t) is the current bond vector for bond §;;.

4. Calculate the linear elasticity solid constitutive model
(i) For each point, calculate the linear elasticity solid strain e; by solving &; =
1 gr—— _T
s(Fi+F;)—L
(ii) For each point, calculate the Cauchy stress tensor o; in terms of the linear strain
tensor assuming Hooke’s law at different conditions by solving follow equations:

D. o= T (y tre; Inwo + (1 — V)&?i) Plane stress
FE
@. o;= 050 —20) (1/ tre; Iogo + (1 — 2y)€i) Plane strain  (3.20)
E
. o= vire; Isys + (1 — 2v)g; 3D
(@ (1+y)(1—2y)( oxa )<i)

5. Calculate the elasticity solid internal bond force between points
For each neighbor point j € §;, calculate the nonlocal operate Vv;, calculate inter-
nal bond forces between points Q,;, Q;; by solving Eq.3.16 and add Q,; to P; and
add —Q;; to P;.

6. Applying the boundary conditions to solution
(i) Apply the external force F; and displacement boundary conditions to the spec-
ified points, according to Newton’s second law F; — P, = M;%;(t), calculate each
point’s acceleration v;.
(ii) Update each point’s velocity and displacement through the Verlet-Velocity
scheme.

3.5 Numerical examples

In this section, we explore the application of explicit NOM to solve dynamic elasticity
solid problems. The implementation of explicit NOM has been carried out using the
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environment of Mathematica [Wolfram, 1999]. Several numerical examples are provided
to show the explicit NOM’s capabilities.

3.5.1 Convergence of explicit NOM: free vibration of slender
beam

To demonstrate the convergence of explicit NOM, we consider the slender beam-free
vibration problem in this section. The slender beam with dimensions of 1 x 0.1m?. The
parameters for slender beam are F = 30GPa, v = 0, p = 3000 kg/m3. Plane stress
conditions are assumed in this test. The slender beam is discretized into 1111, 1764, and
4221 points with Az=0.01, 0.008, and 0.005 m, respective, where Az denotes the spacing
of the points. Based on our numerical experience, eight points closest to the target point
are selected to construct the target point’s support.

The initial displacement field applied to the slender beam is mathematical described by
the follows

w(z,y) = 0.001el710@=0% (3 ) =0, 2 €0,1],y € [0,0.1] (3.21)

where u and v denote the displacement in the x and y directions, respectively.

As shown in Fig.3.2 and 3.3, the displacement field evolves in the same way under different
discretizations. With the evolution of time, good agreements can be seen between the
different discretizations. The displacement is independent of the discretizations in explicit
NOM.

3.5.2 Cantilever beam under shear load

In order to demonstrate the correctness of explicit NOM, we consider a 2D cantilever
beam with pure shear traction force. Geometry and boundary conditions are shown in
Fig.3.4(a). The problem is solved by the explicit NOM and Abaqus standard. Plane
stress conditions are assumed in this test. The beam is discretized into 3131 points
with Az = 0.01m, as shown in Fig.3.4(b). Eight points closest to the target point are
selected to construct the target point’s support domain. The parameters for material are
E = 30GPa, v = 0.33, p = 2400 kg/m3. The shear traction force F' = 1 x 1073MPa.
In order to obtain the static solution, a damping coefficient « is adopted. The damping
glamy _

force for point x; is calculated by —Q;.

As shown in Fig.3.5, good agreements can be seen between the explicit NOM method
numerical results and ABAQUS results.
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Figure 3.2: Displacement field in x direction evolution process of free vibration of slender
beam test at different discretizations and times.
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Figure 3.3: Displacement field for points in y=0.05 at different discretizations and times.
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Figure 3.4: (a). Set up of the cantilever beam; (b) The discretization of cantilever
beam(Az = 0.01m).
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Figure 3.5: Displacement fields of the cantilever beam: (a) u, of the ABAQUS model;

(b) u, of the NOM explicit model; (c)u, of the ABAQUS model; (d) u, of the NOM
explicit model.
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3.5.3 2D plate with holes subjected to uniform load

Consider a 2D plate with five holes subjected to the uniform load, as shown in Fig.3.6(a).
The material parameters are: E = 45GPa, v = 0.33 and p = 3000 kg/m?>. The problem
is solved by the explicit NOM and Abaqus standard. Plane strain conditions are assumed
in this test. The plate is discretized into 15249 points with Az = 1/150m, as shown in
Fig.3.6(b). Eight points closest to the target point are selected to construct the target
point’s support domain. The upper boundary of the plate is subjected to a vertical load
of P = 1MPa, while the bottom boundary remains stationary.

-

[025m | 025m [0.25m [0.25m |

[025m [0.25m [0.25m |0.25m_|
| e 1 I | 1
(a) (b)

Figure 3.6: (a). Set up of the plate with holes; (b) The discretization of plate with holes
(Az = 1/150m).

As shown in Fig.3.7, good agreements can be seen between the explicit nonlocal operator
method numerical results and ABAQUS results.

3.5.4 Large deformation of 3D solid subjected to rectangle line
load

In the last example, we present the capability of explicit NOM to model 3D large defor-
mation problems. The solid with dimensions of 1 x 0.1 x 0.1m? is discretized into 12221
points. The support of each point consists of 16 nearest neighbor points. A rectangle
line load P = 1MPa is applied to the right boundary of the solid while the left boundary
is total fixed. The solid material parameters are £ = 30GPa, v = 0.33 and p = 3000
kg/m3. The deformation of 3D solid at different times in a cycle is depicted in Fig.3.8.
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Figure 3.7: Displacement fields of the plate with holes; (a) u, of the ABAQUS model; (b)

u, of the NOM explicit model; (c)u,, of the ABAQUS model; (d) u, of the NOM explicit
model.
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Figure 3.8: Displacement field in x and y directions evolution process of 3D solid at
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3.6 Conclusions

In this chapter, we elaborated on the implementation progress of explicit NOM and a
nonlocal dynamic elasticity solid formulation based on explicit NOM is also proposed.
The nonlocal dynamic governing equation for elasticity solid is derived. The nonlocal
operator energy functional is also derived and the relationship between local and nonlocal
formulations is interpreted. Based on the dual property of the dual-support in NOM, the
nonlocal dynamic governing equation is obtained with ease. We start from the energy
form of the problem, by inserting the nonlocal expression of the gradient operator into
the energy form. In the numerical simulation part, several numerical cases are presented
to verify the accurateness of the nonlocal dynamic elasticity solid formulation in different
conditions, and good agreement is observed between numerical simulation results and
ABAQUS results.
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Chapter 4

Nonlocal dynamic Kirchhoff plate
formulation based on nonlocal
operator method

This chapter is based on the journal paper Nonlocal dynamic Kirchhoff plate formula-
tion based on nonlocal operator method’ published in EWCO by my first author. The
contribution of this paper is summarized as follows:

Yongzheng Zhang

e Conceptualization

e Research state of the art

e Investigation

e Formal analysis

e Methodology

e Software/Programming

e Data curation

e Data analysis

e Validation

e Visualization

e Writing original manuscript draft
Huilong Ren

e Conceptualization
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e Writing review and editing
Timon Rabczuk

e Conceptualization

e Mentoring the research progress

e Writing review and editing

4.1 General

As a common engineering structure, plate/shell is widely used in civil engineering,
aerospace and other fields. The mechanical analysis of rectangular thin plates has al-
ways been one of the research focuses of scholars and engineers. The governing equation
of the Kirchhoff plate bending problem is a fourth-order partial differential equation
whose deflection is an independent variable. The numerical method for developing this
problem has a wide scientific significance for solving plate/shell problems.

The analysis of Kirchhoff plate bending problems poses challenges to ’classical’ finite
element formulations [Areias and Rabczuk, 2013, Amiri et al., 2014, Nguyen-Thanh et al.,
2015, Areias et al., 2016b, Nguyen-Thanh et al., 2017], which are only C° continuous.
However, the Kirchhoff plate problem is a fourth-order partial differential equation which
requires a C! formulation if weak form based methods such as FEM are employed. An
efficient alternative are so-called meshless methods as many of them are higher-order
continuous. The approximation function of the meshless method [CA, 1978, Zhang et al.,
2001, Chen et al., 2004, Roque et al., 2015, Roque and Martins, 2015, Greco et al., 2017]
represented by the Element-free Galerkin method EFG [Krysl and Belytschko, 1995, 1996,
Noguchi et al., 2000, Ivannikov et al., 2014] is highly smooth, that is, and the high-order
continuity is satisfied, meantime the meshless method is easy to form high-order. The
approximate function has significant advantages to the numerical solutions for higher-
order partial-differential equations.

Rabczuk [Rabczuk et al., 2007b] devised a meshfree method for thin shell analysis for
finite strains and arbitrary evolving cracks exploiting the higher-order continuity of the
EFG shape functions and avoiding any rotational degrees of freedom. Mohammed et
al.[Al-Tholaia and Al-Gahtani, 2015, Hussein Al-Tholaia and Al-Gahtani, 2016] presented
a meshless method to analyze the mechanical response of elastic thin plates. However,
since meshless shape functions are commonly rational functions, more integration points
are needed to evaluate the weak form. For example, Brebbia [CA, 1978 employed 6 X 6
quadrature points, which significantly reduces the computational efficiency. An interest-
ing alternative to meshless methods is isogeometric analysis (IGA) [Hughes et al., 2005,
Cottrell et al., 2009], which also fulfills the higher-order continuity requirement needed for
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thin plate analysis. This method takes advantage of NURBS/B-Spline basis functions,
which are commonly used in computer-aided-design (CAD) to describe the geometries.
IGA has been successfully applied to the analysis of plates and shells for instance in
[Kiendl et al., 2009, Benson et al., 2010, Thai et al., 2015, Riffnaller-Schiefer et al., 2016,
Li et al., 2019]. As CAD geometries are surface representations, they are particularly
suited for plates and shells. One difficulty occurs for multi-patch geometries, which are
still difficult to deal with.

In this chapter, we take advantage of nonlocal theories as suggested for instance in non-
local continuum field theories with various physical fields [Eringen, 2002], peridynam-
ics (PD) [Silling, 2000], nonlocal plasticity, (nonlocal) damage mechanics [Bazant and
Jirdsek, 2002] and nonlocal vector calculus [Gunzburger and Lehoucq, 2010]. Nonlocal
operator method (NOM) [Rabczuk et al., 2019, Ren et al., 2020b] is a nonlocal numerical
method for solving partial differential equations. The method is based on so-called differ-
ential operators. In contrast to finite elements, the NOM only needs neighboring points
to develop nonlocal derivatives. Similar to the machine learning approach [Samaniego
et al., 2020], it can solve PDEs directly instead of the need of shape functions, which
plays an equivalent role as the derivatives of the shape functions in the meshless methods
or the FEM. And therefore the complexity of the nonlocal operator method is signifi-
cantly reduced. The nonlocal strong form can be derived by a variational derivation on
the functional defined by nonlocal operators. This chapter presents a nonlocal operator
method to predict the dynamic response of Kirchhoff plates exploiting the higher-order
continuity of the NOM.

The remainder of this chapter is organized as follows: We derive the nonlocal Hessian op-
erator for Kirchhoff plates in Section 4.2. In Section 4.3, we derive the nonlocal dynamic
Kirchhoff plate formulation by a variational formulation. Section 4.4 presents details
about the numerical implementation before we demonstrate the performance of the for-
mulation through several benchmark problems in Section 4.5. We conclude the chapter
in Section 4.6.

4.2 Derivation of nonlocal Hessian operator for
Kirchhoff plate

We consider a Kirchhoff plate occupying a domain €2 as illustrated in Fig.4.1. Let us

denote the spatial coordinates with x;, §;; := x; — Xx; is relative position vector from

]
x; to xj; w; = w(x;,t) and w; = w(x;,t) are the displacement value for x; and x;,

respectively; the relative displacement area for the spatial vector §;; is w;; 1= w; — w;.

The higher-order nonlocal operator d,w; for the scalar field w in support S; can be
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AN

Figure 4.1: Domain and notation

expressed as [Ren et al., 2020a]
~ T -1
8Q?Ui —[S gb(gm)wmstjd% . (/S gb(gtj)sljstjd]/ﬂ) (41)

where gb(gtj) represents the weight function, &,. represents relative position vector.

ij
s;; represent the list of polynomials. For example, the polynomials and the higher-
order nonlocal operator in 2D with maximal second order derivatives are s;; =

T a _ (Ow; dw; 62wi 62wi 62wi T
(i, Yij, Tag/Q TijlYij, yzj/z) and Jyw; = (ﬁ: By 922 Fay 0 O )

Using nodal integration, the higher-order nonlocal operator and it’s variation for a vector
field w in discrete forms are

. -1
Opw; = Zﬁb(gij)?ﬂijsijAV} . (Z Qb(fzg)szjsg/—\%) (4.2)
jes; jes:
- -1
Opbw; = Zgb &) (Ow; — dw;)§;;AV; - (Zgb £ii)si;s TAV) (4.3)
JES; JES:

We use a penalty energy functional to obtain the linear field of the scalar field to eliminate
zero energy modes. The higher-order operator energy functional for a scalar field w at a
point x; is defined as

(! Gy A
Fir gt | o€) (0~ wi)"a; (44)

where m;(= [5 ¢(€;;)€; ® &,;dV;) is the normalization coefficient and a,, is the penalty
coefficient. The nonuniform aspect of the deformation is defined as sgéawi — w;j, and
the stability of the NOM is greatly enhanced while s; aawl w;; 1s enforced explicitly.

To devise the nonlocal Hessian operator in 2D, let us define first the vector §,; =
(@i, vi;)7. It can be shown that the second order shape tensor for point x; is computed
by [Ren et al., 2020b

]
f T T
= . ﬁb(fag)gzg ® £1~jdV3 = /S ¢(£1g) { 2 ] dV; (4.5)

TijYij Y
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and the third order shape tensor for point x; by
Ky = [ (€, )65V

2
LijYij LTij  LijlYij
€m0 v [ oty | 71 T av)
/ ] i TijYij ?J?J ’ S; ( j) ! LijYig yfj ’
2 2
. $i'yij TiiYis TijYis _ x y
= (] ¢, { ; ]dV-,/¢£i-{] J}dV)—Ki,Ki 46
([ ot |zn o avs, [ o) |7 “tb | av,) = (<5, K4) (469
with £ :=§; ® §; ®--- ® &

NV
n terms

which finally leads to

K31 211£ZJ (ng 2215237 ng 27,1£ZJ) (47)
The fourth-order shape tensor for point x; is computed by

Ky = /Sz qb(él])&ijd‘/.]

2 2
2 2 1] J] 2 1] J]

2
TijYij yz’j:| de

W s 2
_/ ¢(&i)) e B
- ij 2 s 2 vy
S; Vit { Lij wwg/w} 2, { Lij xwg/w}
ij
| LijYii  Yij LijYi;  Yij

{ x?j -T?jyij] F?jyzj 9512;.%2]}
2,2 2,2 T Z
_ o(&) x?jyij TiiYsj xijyij l’ijyf’j AV, — K7 Kj/ (4.8)
- ij 3., 2,2 3 J K% K% :
S; {Izij Iijyij:| [ ljylj xqu} 4i 4i
xz?jyv?j %yf} %yf} ?J?j

The second-order Taylor series extension for a scalar field w is given as
1
wj = w; + Vw; - §;; + 5VTV’LU¢ 1€, @&, +0( ) (4.9)

so that we obtain
1
which finally results in the following Hessian nonlocal operator

(4.11)

ij

1
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and
SV [oteeiav = [ o€, o8, - Voo gy, @1
The weighted tensor 1V7Vw : Ky; can be simplified to
—vvaz Ky = / D(€,;) (wi;€; @ &y — Vw; - €)dV;
-/ € gy © €Y, — Vi / e
— [ o€ @ 6gav; = [ ot wngsav;- ([ otene, o €5av;) K
-/ €y gy Y, - / & iy K5 'K

= [ o€ty © & — KaT3 6,0V (4.13)

Note that the rank of K,; is 3 and the 2D nonlocal Hessian operator has only three
A2ow; _ 96w,
oxdy ~  Oydx’

independent variables where let K. as the pseudo-inverse of Ky; in this

study.

For the scalar field w, the 2D nonlocal Hessian operator for point x; can be written in
matrix form as

2, 200,
2 2
0“w J“w
—T'x7,, _ | 0x2 Oxdy
V sz - | 9%2w; 82w; (414)
Oydxr  Oy? -

We let K& K5;', K4 K5 and the pseudo-inverse of Ky; be explicitly written as

_ @11 a2 -1 b1y bi2
K3 Ky = { } Ky Ky, = { } 4.15
s a2 G22 s bia  bao ( )
o
K l= |2 @l 18 a (4.16)
4 Cy C3 C3 (4 ’
C3 C4 C4 Cs
To facilitate the calculation Kéfil , we convert Ky; to a 3 X 3 matrix yielding
€1 C2 zgy 'Tz]yz]
Cy C3 / ?(&;;) Zij x?jyfj xiji/?j dv; (4.17)
C3 C4 jym xijyisj Yi;
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Since &;; ® §;; — KgiKQ_iléij is a matrix Qaxo with the terms Q12 = Q2. Remove the
repeated terms in matrix Q, and the remain terms )1, Q12, @22 in matrix Q can be
reconstituted a vector Lsy; = (Q11, Q12, @22)T. Then Eq.4.13 can be rewritten as

4 3 2,2 P*w;
Lij LY XY 882:c2Z
3 2.2 3 wi | _
/Sgb(fz]) TiiYis  TilYi;  TijYij dV; 8"53; _/Sgb(gij)wijLidv} (4.18)
i 2,2 3 4 0w, i
TiYi TigYioo Yij 5y

Finally, (éw ®&;; — K3iK2_il£ij) : K;! can be obtained by reconstituting terms in Eq.4.18
and can be expressed as

- _ €; €;
(&, ®&; — K3 Ky'E) Ky = [ 1 12} (4.19)

€i21 €422

where

2 2
€i11 = Cl<xz‘j —anij — a12Yij) + C2(TijYi; — @1aTij — agayij) + C3<yz‘j — b1axj — baayij)
_ _ 2 2 _p b
€i12 = €21 = Cz(l’ij — 11Ty — Q12Yi;) + c3(—aaxi; — agoyij + TiYij) + 04(%]' — D125 — baoyij)

€i22 = 03(33% — a1y — 12Yi5) + ca(—a12%i5 — a9y + Tijyiz) + 05(%2]' — biaij — baayij)-
The explicit form of the nonlocal Hessian operator in 2D can finally be expressed by

VIV, = 2 / B(E, )iy [6“1 6“1 qv; (4.20)
S;

€i21 €22
Note that e;i1, €j12, €i22 are calculated for each neighbor in the support domain. As a

result, the variation of nonlocal Hessian operator can be obtained in explicit form as

€21 €422

VIVéw; =2 / 3(&,;) (Sw; — 6wy) F“l 6“2} dv. (4.21)
Si

4.3 Derivation of nonlocal dynamic Kirchhoff plate
formulation

4.3.1 Classical elastic plate theory

Kirchhoff plate theory assumes that the normal stress in the thickness direction can be
ignored and the normal of the midplane of the plate remains normal after deformation.
Hence, all stresses and strains can be expressed by the deflection w of the midplane of
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Undeformed

u=-z0W/0x

Figure 4.2: Deformed configuration of a Kirchhoff plate in bending.

the plate. Considering the plate element shown in Fig.4.2, the in-plane displacements
and v can, therefore, be expressed in terms of the first derivatives of w, i.e.

Oy 2) = 200 (e y.2) = ey, 0) 2 wlay). (422
xr

u(xr,y,z) =—=z :
(2,9, 2) 9y

The strain resultant x can be obtained by

T 2 2 2 T
K = e, iy Fay] = [—?971;,_?971;,_?935;] (4.23)

where x, and k, indicates the curvature of the midplane of the plate in the x- and y-
direction while k,, refers to the torsion, respectively.

The stress resultants of the Kirchhoft plate are given by
M = [M,, M,, M,,]" (4.24)

where M, and M, are the bending moment per unit length around the y- and negative
x-axes, respectively, while M,, (= M,,) is the torque per unit length.

With a linear stress distribution in the z-direction and assuming a thickness of ¢, the
stresses can be computed by
12M, _12M, 12M,,

Z'O'y —t3 Z;Tﬂ:y :Tyﬂ: = t3

Rt z (4.25)

Tp =

The Cauchy stress tensor can also be expressed in terms of the linear strain tensor as-
suming Hooke’s law:

g =

s (vtrelyes + (1 —v)e) (4.26)
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with
{511 512}
E =
€21 €22

Finally, the constitutive model can be formulated in terms of the stress and strain resul-
tants by

M = D,jarck (4.27)

where Dyyq is the constitutive matrix defined as

I 1 v 0 1 v O
Dytwe = 37—y | ¥ L 0 | = Dof v 1 0 (4.28)
—v
00 i 00 i
where Dy = % is the Kirchhoff plate’s bending stiffness, such that Eq.(4.27) can be

rewritten as

M= L\]ZZ ]ﬁy} = Dy(vtrk Lz + (1 — v)R) (4.29)
o Puw

R=VIVw=|% 9 (4.30)
oydx  Oy*

4.3.2 Nonlocal dynamic Kirchhoff plate formulation

The total Lagrange energy functional for the Kirchhoff plate can be expressed as

1 1— —OJw
L(u = [ —pui?dQ — M : K — qw)d) — M,—dS
1 1— —0
= / —p?dQ) — /(—M VIV — quw)dQ — | M, 22ds (4.31)
Q 2 Q 2 90 on
with w = %—;”; p is the density of the plate and ¢, a distributed load in the z-direction.
Replacing the local Hessian VI Vw with the nonlocal Hessian VI'Vw in Eq.4.31, we
obtain
1 l— 7= —0
L(w,w) = / —pi*d§) — /(—M VIV — qw)dQ — Mn—wdS (4.32)
Q 2 Q 2 a0 8n

The integral of the Lagrangian L between two time steps t; and to is F = fttf L(w,w)dt.
According to the principle of least action, we can write
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/ / —p?dQdt — / / M : V'V — qw)dQdt — / M—ndet
t1 o0

(4.33)

Omitting the external work term j;tf Joq M, %2dSdt, the first variation of 6/ leads to

to o
or —/ /(,ow 26 — M : VIVSw + ¢.6w)dQdt
t Jo

to ~ ~
—/ /<_pz’wi - Sw; — M : VIVw; + ¢.6w;)dQ;dt
t1 Q
to _
:/ / (= puti - 0w =M. [2/5 $(€55) (0w (€5 ® &5 — KKy €)dV; K|
t1 .
+ qzéwz)dQ dt
to L
t1 S;
+ qzéwz)dQ dt
to
:/ / ( PiW; - dw; — 2{/ M, 6( €)owi(§;; @& — K, Ko ) Ky, Yav,—
t1
/s- [Mi¢(£z‘j)5wi(€ij ®E&; — K3JK§j Mk KZj 1dV;} + qzéwi)indt

where the boundary condition dw(t;) = 0, dw(ty) = 0 is considered in the above deriva-
tion. According to Hamilton’s principle, for any dw;, the first variation of the functional
F should be zero, which leads to

2 / MLo(E,) (€, &, — KaK'€,) - Kil'dVi—
S;
2 /S/ M]QS(S]Z)(S]Z ® sz' - K3jK2_j1€ji) : Kljlde +q. = piw; Vx; € Q (4.34)

The nonlocal form is correlated to the local form by

—— Local—Nonlocal _— _ _
VIV M, Sy [ N(E)(€ © 6 — KaKGl ) KV -

Nonlocal—Local

2 /S, E¢(£]z)(€ﬂ ®E&; — Kstz_leji) : KljldV} (4.35)

According to Eq.4.20, we devise the explicit form of ARV

M| O o [ o [0 Oy a3
s,

€21 €422 €521 €522

VIV M, =2 i
/sfb(éf)

68



CHAPTER 4. NONLOCAL DYNAMIC KIRCHHOFF PLATE FORMULATION
BASED ON NONLOCAL OPERATOR METHOD

As Eq.4.34 suffers from zero energy modes, we introduce the so-called nonlocal operator
energy functional, which is described in the next section.

4.3.3 Operator energy functional

For the Kirchhoff plate, the maximal order of partial derivatives in Eq.4.34 is two, hence
we select the second order of nonlocal operators in Eq.4.4. The operator energy functional
for second order nonlocal operators of a scalar field w for point x; can be expressed as

/¢ ij) S'éawi—wij)2dv} (4.37)

2mZ

_ 2 2 T 3 _
where s;; = (T35, Yij, ¥35/2, Ti¥i, Yi5/2)" 5 OaWi = (G, 5oy Tat's Gans 3y

The first variation of ]-"ihg

ol L /S 0(€) (50w — i) (Bubois]y — i)V,
Oy ~ ~ gy ~
= / 0(&,;) (850awi — wyy) ' DadwishdV; — == / 6(&.,) (T daw; — w) " SwiydV,
1 JS; m; Js,
y - _ oy 3 .
:E/ B(&;) (8),0aw; — wij)sLdV; - Dadw; — —/ $(&;) (s50aw; — wyy)” Swy;dV;

:&%(a wZ/ O(&,;)si;55dV; — /¢ y wwsde) D0 —

%/ 0(&)) (5T 0atwi — wi5) SwydV;
:::Z </S O(&;;)wigsi;dV; — /S ¢(£ij)wijsz;d‘/j> - Dy bw;—
e /3 ) (s = ) B,
:% /S O(&:;) (wiy — s0aws) " (Ow; — dw,)dV, (4.38)

Taking the variation of [, F; F9qv; vields

/ FMav; = / / O(&:;) (wiy — SL0aw;) " (Bw; — dw,)dV;dV,

_ /Q ( . Egﬁ(gﬂ)(wﬂ Botw;sT)dV; — / % 5(€3,) (w5 — DaawisTy)AV; ) GV,
(4.39)

69



4.3. DERIVATION OF NONLOCAL DYNAMIC KIRCHHOFF PLATE
FORMULATION

For the scalar field w, the internal force due to the operator energy functional is given by
| tavi= [ g0 (1.40)
S/ S

_ w S A Ty . : o . . i
where f;; = Te¢(&;;)(wiy; — daw;sj;) indicates the zero energy internal force. Finally,
the correspondence between local and nonlocal formulation and the operator functional
enhanced governing equation of Kirchhoff plate can be expressed as

Ve M, Lacal—Nonlocal /S (QQb(Sij)ﬁi' {62‘11 6i12:| i fij)d‘/}*

Nonlocal—Local Ci21 €422
/ (2€b(£;,z)MJ ’ [ 7 312} + sz)dV? (4-41)
s! €j21 €522

(2¢(§ij)Mi . {em em] + a—mﬁb(ﬁi;j)(?“ij — Jaw; s}}))de—

€21 €422 my;

(%(éﬁ)ﬁj- [ejll em} + “_wgb(gji)(wji — 5asz;ﬂ))dvj +q. = pib; Vx; € Q

(ijgl (ijgg mj
(4.42)

4.3.4 Kirchhoff plate boundary conditions

Let us consider the boundary conditions shown in Fig.4.3, which can be classified into:

Clamped conditions 0

Yy Simply supported conditions

Figure 4.3: The Kirchhoff plate bending problem’s boundary conditions.

1. Clamped boundary conditions, where the deflection and the slope of the mid-plane is
zero. The positioning shift @ and the section rotation @ are both zero. The boundary
conditions are in the direction parallel to the y-axes (as 2 = 0 clamped boundary):
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Wp—o = |x =0 (4.43)

Parallel to the x-axes (as y = 0 clamped boundary), the Kirchhoff plate boundary con-
ditions is

Wly—o = 0; =—|y=0 = 0 (4.44)

2. Simply supported Kirchhoff plate boundary conditions where the plate is free to rotate
about a line but prevented from deflecting. The positioning shift @ and moment M,, value
is zero: parallel to the y— axes (as x = a simply supported boundary), the boundary
conditions is

O*w 0w
w|m:a = 0, M:c|x:a = —D()(w + Va—?ﬁ)m:a = 0 (445)
and Eq.4.45 can be written as
0w
w|z:a = 0; Mxlgc:a = _Dow‘x:a =0 (446)

Similarly, parallel to the z— axes (as y = b simply supported boundary), the boundary
conditions is

Pw 0w 0*w
w|y:b = 0; Myly:b - DO(V_ + _) = - 08—y2|

5 T 3 vt =0 (4.47)

4.4 Numerical implementation

The domain €2 is decomposed into N points occupying a volume AV;:

N
Q=Y AV, (4.48)
i=1
For each point, the support is denoted by
Si = {i7j17j27"‘7jni}7 (449)

where 71, ..., jk, ..., Jn, are the global indices of the neighbors of point x; and n; represents
the number of neighbors in support domain §;. The out-of-plane transversal force between
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points are computed by

- ( z] 51] ® 51] ngK;Zlg”) : KZZI + fz])A‘/ZAVj
€; €; Oy
=<2¢ -L; ] 4 Bt o~ B
= (2M[o(€;,) (€ @ &5 — Koy K5 €,0) : Ko + f:) AVIAY,
€11 €j12 Ay x T
= (2 T =o€ (wyi — Dawyss;) | AVAV 4.50
( P50 |:ej21 €j22} m; O&51)(ws W% >> J (4.50)

Finally, we get the internal force P;; between points as

P;=> T;—Y T (4.51)

JES; JES]

So that in discrete form, Newton’s equation of motion is expressed as

where ¢ is the time, w;(t) = (w1(t),...,wy(t)) is the ensemble of the position vector of N
points, Fj is the external force vector and P; denotes the internal force vector; M; refers
to the mass of the point. In this chapter, the velocity and displacement is updated via
the Verlet-Velocity scheme [Verlet, 1967]:

1 2
i 1) = (o)A

(m@) — P1)] + [Pt + At — Pt + At ) At (453)

1

it + A) = wi(t) + 5

For reasons of stability, we applied a damping term to each point

F$ = —cu (4.54)

7

F; representing the damping force for each point, w; represents the velocity (vector) of
the point, and c¢ is a damping coefficient.

The main implementation process of higher-order explicit NOM for the dynamic analysis
of Kirchhoff plate can be summarized as follows :

1. Discretization of the solution domain and initialization
(i) Create geometry and discretize the solution domain.
(i) Initialize the bond force of P; = 0 and assign values to the corresponding
parameters: Young’s modulus E, Poisson’s ratio v, Density p , Number of neighbors
for each point etc.
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2. Calculate shape tensor
(i) For each point, calculate second, third and forth order shape tensor Ko;, Ks;, Ky;
by solving problem Eqs.4.5-4.8.

(ii) Calculate the inverse (pseudo-inverse) of the shape tensor Kj;', K%K/,

Yy —1 —1
K3iK2i ’K4z‘ :

3. Calculate the nonlocal Hessian operator
For each point, calculate the nonlocal Hessian operator VI Vw; by solving Eqs.4.14-
4.20.

4. Calculate the Kirchhoff plate constitutive model
(i) Calculate Kirchhoff plate’s bending stiffness and strain resultant Dy, K by solving
Eq.4.28 and Eq.4.30.
(ii) Calculate Kirchhoff plate constitutive model by solving Eq.4.29.

5. Calculate the Kirchhoff plate internal bond force between points
For each neighbor point j € S, calculate T';;, T;;, P;; by solving Eqs.4.50 - 4.51
and add P;; to P; and add —P;; to P;.

6. Applying the boundary conditions to solution
(i) Apply the external force F;, damping force F'; and displacement boundary con-
ditions to the specified points, according to Newton’s second law F; — P; + F; =
M;w;(t), calculate each point’s acceleration ;.
(ii) Update each point’s velocity and displacement through the Verlet-Velocity
scheme.

4.5 Numerical examples

The proposed nonlocal dynamic Kirchhoff plate formulation is implemented in Wolfram
Mathematica. After verifying the accuracy of the nonlocal Hessian operator, several
benchmark problems are studied and compared to results obtained by ABAQUS using
the S4R plate/shell element [Hibbett et al., 1998].

4.5.1 Verification of nonlocal Hessian operator

Let us consider a simply supported square Kirchhoff plate with a width of ag = 10m
and thickness t=0.01m. The plate is subjected to a uniform pressure of ¢, = 100N/m?.
Young’s modulus and Poisson’s ratio are E=30GPa and v=0.3, respectively. The number
of neighbors of each point is set to n = 24. To test the accuracy of the nonlocal Hessian
operator, we assume Y = 1,3 (see Eq.4.55). The analytical solution of this problem is
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given in [Timoshenko and Woinowsky-Krieger, 1959], i.e.

4qoap* i 1 < oy tanh oy + 2 n 20y Yy ay 2y . n QOzTy) o Yrx
w = —(1-— cos —~sin sin
w0 Dy 53 o 2 cosh ay ao 2 cosh ay ag ao ao
(4.55)
with ay = %
We employ the quintic spline function as weight function
2 1
8(€) = aa((1 = &/h)} = 6(5 — &/h)7 +15(5 — &/h)7) (456)

with € = ||€]], h is the maximum length of support, ag= (3°/40, 377/478x, 37 /407) with
different dimensional space d and z; = max(0, ).

To accurately represent the relative error of the operator, we consider points at y =

0. Figs.4.5-4.6 show the deflection curve of the numerical simulation ( 227%’, %, ‘?92—15 )
Yy’ dy

compared to the analytical solution. We also check the error in the L2-norm given by

||w||L2 — \/Zj(wj - w;ﬁxact) . (wj — wjxa0t)A‘/}

exact , ,,,exact .
> ;WS WAV

(4.57)

which is shown in Fig.4.4.

-24

T T T T

251 —u— 820)/5)(:(110%-

26 /-
_ 27t /-
‘% 28 .
& 20l /-
o0
S a0t /-

31k

l/
32
1 1 1 1 1
1.1 1.0 0.9 0.8 07 0.6
Log, [Ax]

Figure 4.4: The L2-norm’s convergence for 227%’.

4.5.2 Nonlocal dynamic Kirchhoff plate formulation with sim-
ply supported boundary condition

We now focus on a simply supported square Kirchhoff plate with a width of ag = 1m
and thickness t=0.01m. Young’s modulus and Poisson’s ratio are E=200GPa and v=0.3,
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= Nonlocal Hessian operator:
Analytical solutions

0.10 |-

0.05

0.00

Polox’

-0.05 -
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0.15 |-

= Nonlocal Hessian operator
Analytical solutions

0.10 |-

0.05

Fwloxdy

-0.05

-0.10 -

-0.15 |-

X Position

= Nonlocal Hessian operator
Analytical solutions

Foloy

X Position

Figure 4.5: Deflection curve of analytical solutions and relative error(y=0).(a)Contour of
the deflection ‘327‘5 for T=1; (b) Contour of the deflection gj—gg/ for T=1;(c)Contour of the

deflection ‘227"“2” for T=1.
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0.020

T T T
= Nonlocal Hessian operator
—— Analytical solutions
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Figure 4.6: Deflection curve of analytical solutions and relative error(y=0).(a)Contour of
the deflection 227”“2” for T=3; (b) Contour of the deflection gj—g‘; for T=3;(c)Contour of the

deflection ‘32712” for T=3.
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respectively. The plate density p =3000 Kg/m3. A uniform pressure of ¢, = 100N/m?
is applied to the plate. The number of neighbors in the domain of influence of each
point is set to n = 24. The distance between points is selected as Ax=0.01 m leading to
10201 points. For the ABAQUS model - as a comparison - we discretized the plate into
100 x 100 elements using the same input parameters.

Simply supported boundary conditions are assumed:

w(z,0) =w(z,1) =w(0,y) =w(l,y) =0 =,y €0,1] (4.58)

Contour plots of the deflection can be found in Figs.4.7 and Fig.4.8, respectively. The
figures show good agreement between the ABAQUS results and NOM results.

-2.x107
~4.x1078
-6.x1078
-8.x107®
-0.000010
--0.000012
~0.000014
-0.000016
-0.000018
--0.000020
(b)

Figure 4.7: Comparison of the deflection contour under uniform pressure load (a)
ABAQUS (b)Nonlocal operator method.

U, U3
+0.000e+00
-1.864¢-06

-1.864e-(
-2.050e-05
-2.237¢-05

(a)

4.5.3 Nonlocal dynamic Kirchhoff plate formulation with
clamped boundary condition

Next, a plate using clamped boundary conditions is studied. The geometry and the
parameters of the previous section are adopted. The clamped boundary conditions are
given by

w(z,0) =w(z,1) =w(0,y) =w(l,y) =0

Ow(0,y) _ dw(ly) _ dw(x,0) dw(w,1)
ar oz 8y oy =0 z,y€l0,1] (4.59)

Contour plots of the deflection are illustrated in Figs.4.9 and 4.10, respectively. The
figures show good agreement between the ABAQUS results and NOM results.
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0.5 T T T T
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Figure 4.8: Comparison of the deflection for nodes in y = 0.5 under uniform pressure
load.
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Figure 4.9: Comparison of the deflection contour under uniform pressure load (a)
ABAQUS (b)nonlocal operator method.
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Abaqus

+ Nom Method

[

Displacement,w(m)

E A

1 Il 1 1
.0 0.1 0.2 0.3 0.4 0.5 0.6 07 08 0.9 1.0
Location,x(m)

ae® =

Figure 4.10: Comparison of the deflection for nodes in y = 0.5 under uniform pressure
load.

4.5.4 Transient test of nonlocal dynamic Kirchhoff plate formu-
lation with simply supported boundary condition

The last example is a simply supported plate where the damping is omitted. A uniform
pressure of ¢, = 100N/m? is applied to the plate and the neighbors assigned to each point
is set to n = 30. All other parameters are adopted from the previous example. Fig.4.11
shows the deflection field at different times. The figures show good agreement between
the ABAQUS results and NOM results. One possible reason for the slight difference is
the algorithm and nonlocal effect of the current formulation.

4.6 Conclusions

In this chapter, a nonlocal dynamic Kirchhoff plate formulation based on a nonlocal oper-
ator method is proposed. Therefore, we derived the explicit form of the nonlocal Hessian
operator taking advantage of a second order Taylor series expansion. The nonlocal op-
erator energy functional is also derived and the relationship between local and nonlocal
formulations is interpreted. In the numerical simulation section, we first verify the accu-
racy of the nonlocal Hessian operator for the Kirchhoff plate and compare it to analytical
solutions. Subsequently, the nonlocal dynamic Kirchhoft plate formulation with different
types of boundary conditions (clamped and simply supported) is studied and compared
to simulations obtained by ABAQUS.
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-180x1070
. Im‘v . |“

(a) ABAQUS t=0.0001s ) NOM t=0.0001s () ABAQUS t=0.0005s ) NOM t=0.0005s

(e) ABAQUS t=0.001s () NOM t=0.001s  (g) ABAQUS t=0.0015s  (h) NOM t=0.0015s

(i) ABAQUS at t=0.002s (j) NOM at t=0.002s (k) ABAQUS t=0.0025s (1) NOM t=0.0025s

Figure 4.11: The evolution the deflection contour using ABAQUS and nonlocal operator
method at different time
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Chapter 5

Quasi-static and dynamic fracture
modelling by the nonlocal operator
method

This chapter is based on the journal paper 'Quasi-static and dynamic fracture modeling
by the nonlocal operator method’ published in EABE by my first author. The contribution
of this paper is summarized as follows:

Yongzheng Zhang

e Conceptualization

e Research state of the art

e Investigation

e Formal analysis

e Methodology

e Software/Programming

e Data curation

e Data analysis

e Validation

e Visualization

e Writing original manuscript draft
Huilong Ren

e Conceptualization
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e Methodology

e Programming

e Writing review and editing
Pedro Areias

e Writing review and editing
Xiaoying Zhuang

e Conceptualization

o Writing review and editing
Timon Rabczuk

e Conceptualization
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5.1 General

Modeling and predicting of material failure is of major importance in engineering appli-
cations [Anderson, 2017]. Numerical methods play an important role for such problems.
They can be categorized into discrete and continuous approaches to fracture. In the
discrete approach, discontinuities in the displacement field are introduced. Among the
typical discrete approaches are the extended finite element method (XFEM) [Moés et al.,
1999, Belytschko et al., 2001], phantom node method [Song et al., 2006], cracking particles
method (CPM) [Rabczuk and Belytschko, 2004], cohesive elements [Ortiz and Pandolfi,
1999, Zhou and Molinari, 2004], peridynamics (PD) [Silling et al., 2007] or dual-horzon
peridynamics (DH-PD) [Ren et al., 2016, 2017], element erosion methods [Belytschko
and Lin, 1987, Johnson and Stryk, 1987] and certain meshless approaches such as the
weighted reproducing kernel collocation method (RKCM) [Yang et al., 2017, Yang and
Hsin, 2019]. XFEM is based on a so-called local partition of unity method and intro-
duces additional degrees of freedom in order to allow crack growth without (or minimal)
remeshing. It models the crack as continuous surface and therefore requires crack tracking
algorithms and specific criteria to introduce the discontinuity in the displacement field.
It is well suited for problems with a moderate number of cracks but becomes increasingly
tedious for applications with a large amount of cracks and complex crack patterns such
as crack interactions or crack branching. The phantom node method [Song et al., 2006]
shares some similarities with XFEM but avoids additional degrees of freedom. Instead
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it is based on overlapping elements which facilitates the implementation but narrows its
application. There are also a few discrete crack approaches which avoid a representation
of the crack surface and associated crack tracking algorithms. Classical representatives
are PD and the CPM. PD replaces the divergence term in the equation of motion with
an integral form that is related to a bond force. Hence, it can treat the continuum in
the same way as a discontinuum. One issue is the integration of complex constitutive
models, especially for coupled problems.

Continuous approaches to fracture smear the crack over a certain region without introduc-
ing strong discontinuities in the displacement field. In addition, continuous approaches
to fracture do not require complex track cracking algorithms and are much easier to
implement compared to discrete approaches. A classical representatives of continuous
approaches to fracture is the phase field approach [Karma et al., 2001, Miche et al.,
2010b]. The phase field model can be considered as an extension of the classical Griffith
fracture principle, which has meanwhile been applied to countless problems. In recent
years, many scholars have developed phase field models and successfully solve many multi-
physical field problems. Miehe et al.[Miehe et al., 2010a] developed a phase model for
structural reliability analyses of piezoelectric solids. Hesch et al.[Hesch and Weinberg,
2014] introduced a phase field method for finite deformations based on a multiplicative
split to account for the different behavior of fracture in tension and compression. Miehe
et al.[Miehe et al., 2015] presented a phase field model for finite strain thermo-plasticity.
Mauthe et al. [Mauthe and Miehe, 2017] proposed a phase field approach for fracture
in porous media. Samaniego et al. [Samaniego et al., 2021] modelled shear bands with
phase fields.

In this chapter, we present a phase field model for fracture within the NOM. We provide
two different implementations, i.e. a nonlocal implicit phase field model and nonlocal
explicit phase field model; the former is suited for static while the latter one for dynamic
fracture. A staggered algorithm is employed where the displacement field and phase field
are solved separately. Decoupling the phase field from the mechanical field guarantees
the convexity of the underlying potentials. Compared with the implicit algorithms, ex-
plicit algorithms can be easier parallelized, which has not been pursued though in this
manuscript. A sub-step scheme is employed to model dynamic fracture by an explicit
NOM, which reduces the phase field residual adaptively and achieves a rate-independent
nonlocal explicit phase field model.

The remainder of this chapter is structured as follows: In Section 5.2, we review the
NOM. Section 5.3 provides a brief overview of the phase field model. In Section 5.4, we
construct the operator energy functionals for the displacement and phase field in implicit
and explicit form. Subsequently, we describe the numerical implementation of the phase
field model using the nonlocal operator method in Section 5.5. Section 5.6 presents several
benchmark problems before we conclude the chapter in Section 5.7.
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5.2 QOutline of phase field model for fracture

Let us consider an isotropic elastic solid Q C R¥(d € {1,2, 3}) as shown in Fig.5.1, which is
subjected to body forces b(x,t) : Q2 x [0,T] — R? and traction f(z,t) : 9Q; x [0,T] — R?
with external boundary 92 C RY! and prescribed displacement boundary condition
u(zx,t) : O, x [0,T] — RY, where 0Qf, 0, denotes the traction and displacement
boundaries, respectively and with 0Q¢ C 9, 9, C 9Q, QNI = 0, 02U, = 0Q;

d represents the dimension.

90, EIoN

(a) (b)

Figure 5.1: Phase field representation of fracture modeling

5.2.1 Variational formulation and regularization of elastic brit-
tle fracture

According to Bourdin and Miehe [Bourdin et al., 2008, Miehe et al., 2010b], the energy
functional for a phase field approach to fracture can be expressed by

Mu,0.8) = [ GA@.Vo)d2+ [ vule(w). a2~ [ brud~ [ f-uds
Q Q Q 09
»* o
Ao, Vo) = -+ 5V - Vo (5.1)
a0, | 2
where G, represent critical energy release rate. The crack surface density per unit volume
of the solid is denoted by A(¢); ly is a length scale parameter that is related to the crack
width. When [y — 0, then I" approaches to a strong discontinuity. The displacement field
and elastic energy density are denoted by u and 1), respectively; ¢(x,t) € [0,1] is the
phase field which smears out the crack surface over a certain domain. In [Miehe et al.,
2010b], ¢(x,t) = 0 refers to an intact material while ¢(x,t) = 1 indicates a completely
cracked body.
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To guarantee that fracture only occurs under tension, the elastic energy is decomposed
into tensile and compressive components [Bourdin et al., 2008]. The strain tensor & can
be split by the following eigen-decomposition

b b

e =) (fa)sNa@ny e =Y (ea)-m, @M, (5.2)

a=1 a=1
where the tensile and compressive parts of the strain tensor are €, and e_, respectively.
The principal strain is €, and its direction is n,. The associated elastic energy density
e (&) is expressed as

o€, 8) = [(1 = ¢)* + rolt (€) + ¥z ()

Ui(e) = Jr(e): + pire)?

Ui (e,6) = Str(@)? + uir(e ) 5.3

where kg (kg > 0 and kg < 1) is a small positive factor that circumvents full degradation
of the positive projection of the elastic energy density, A, 4 are the Lamé parameters.

5.2.2 Governing equations

Now, the potential functional can be expressed as

o) = [ & Vo vopn -+ [ (1= 67 + mlvd e + v (e

J/

-

Wint

—/Qb-udQ—/mff-udS (5.4)

N

~\~
Wemt

where W;,; is the internal energy and W,,; the external work. The Lagrange energy
functional is written as

L= %/qu adQ) — T, ) (5.5)

According to Hamilton’s principle, the first-order variation of the energy functional L
should be zero, i.e. L = 0 yielding
V.-o+b=pu m
2lot + Glo — GliV2¢ = 2lpyt  in Q

o-nt= on 0y
Vo -n* = on 0y (5.6)
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where n* is outward pointing normal on 02y and o indicates the Cauchy stress tensor.
The strong form can then be derived easily from the weak form yielding

o = M — [(1 _ gb)2 + ’fO] a¢§_;€) + ad]gs(e)

Oe
= [(1 — @) + ko] [Mtr(e)) LT + 2uey] + Mtr(e))_I + 2ue_ (5.7)

where I is the second-order identity tensor. To ensure the phase field increases mono-
tonically [Miehe et al., 2010b], the local history field of the strain H(x,t) is employed:

H(z,t) = maxvy (e(x,s)) (5.8)

Replacing ¢ with H(x,t) in Eq.5.6 leads to

V.-o+b=pu m
2l0H + Gl — GI2V?p = 200H  in Q
o-n=Ff on 08y
Vo-n*=0 on 0Q (5.9)

5.3 Construction of the operator energy functional
in implicit form and explicit form

The nonlocal operator method (NOM) will suffer from zero energy modes when using
nodal integration. Therefore, we add a penalty energy functional.

5.3.1 Implicit form operator energy functional

Using nodal integration in Eq.3.4 results in

Ehg __H /5 w(&])([(uj —u;) — Vu; - 5@']‘]2 + [(vj — v;) — Vu; - €ij]2

+ [(w; —w;) — Vw; - €,~j]2>dvj
= 5o ( 2o wl€) (o —w)® + (0 = v + (w; ) JAV; = VoOu: Ve u K,
¢ jes;
(5.10)
% o o ku ki ki
with Vu; = [%’%’%]Tv V®u = g—; 2—; % s Ki= kg koo koz|.
% g—Z’ %—f ki3 kog ka3



CHAPTER 5. QUASI-STATIC AND DYNAMIC FRACTURE MODELLING BY
THE NONLOCAL OPERATOR METHOD

It should be noted that the shape tensor K; is involved in V ® u; : V ® u; - K; and the
zero energy functional is valid in any dimension. Denoting

a7 = (2 Qus Oui Qv Qv Qv Ow; Qwy Oy

T
Uy = (i, Vi, Wi, Uj1, Vi1, Wi -+ Wi, Vin, Win) (5.11)

Eq.5.10 can be rewritten as

]:ihg =3 K (Z w(&,;) ( (uj — Uz'>2 + (vj — Uz’)Z + (w; — wz‘)Q)AVj

M.
Ki \ jes;

—V®ulV®ulK1>

jes, i L o L, K
S P i 00
ZQL@T d | U— AT |0 K, 0 d%)
Ks : 0 0 0 K,
| -1, o o0 I, |
-ZjESi I] _Ijl T _I]n-
ool S 1, 0 o K00
= (%" | U-UB |0 K 0| AU
K; : 0 . 0 0 0 K,
| -1, o o0 I, |
> jes i I o =L
Ly Li 0 Ki 00
_ ﬁ%T< K ' ~ 2370 K, 0 95’)@/ (5.12)
K : 0 0 0 K,
| -1, 0o o0 I, |
with I = w(€,,)AV;(1,1,1) @ (1,1,1)7.
S L =Ly - —I
h h M iefjl J Iji 0 OJ T K ’
my, : o . 0 0 0 K
-, 0 o0 I, '
(5.13)
The hourglass tangent stiffness matrix can be computed accordingly by
hg
K=Y OuaFPAV; = 3 HAY, (5.14)

JES; JES;
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5.3.2 Explicit form operator energy functional

Taking advantage of the first variation fQ F2dV;, the operator energy functional in Eq.3.4
can be written as

/ 0F;'dVi = s / / w(ﬁijx@ui&ij - uz‘j)T(@(MiEij — ou,;)dV;dV;
Q mk,
K N

= Vui// w(x;)&;; © &;dV; _/ w(fz‘j)uij@ﬁijdvjdvi) OV,
mk QJs; Si

H -
- E / / w(gij)(vuigij - uij)T(SuijdV}dV;
—_ L// Zj u@] Vulfw) (511] 6ul>dv dv
/ / u]z Vujsjl)dv;dv; - me(gw)(uU — @uzgw)éuzdv}dm
/ S; K,

(5.15)

The arbitrariness of the test functions, du,, fQ OFRAV; =0, leads to

) - Fug)dV - [ e,y - Tug,)dudV; =0 va e 9
S;

Sl mK mKi

(5.16)

/, hdV; — /8 hdv; (5.17)

where b} = “L—w(&;;)(u;; — @uiﬁij) is the zero energy internal force for vector u;.

and it can be shown that

Similarly, we obtain the internal force caused by the operator energy functional for the
phase field:

/ “hdV; - /S h{dV; (5.18)

where hfj = Ew(&;;) (o — @cﬁi&j) is the zero energy internal force for ¢;.

88



CHAPTER 5. QUASI-STATIC AND DYNAMIC FRACTURE MODELLING BY
THE NONLOCAL OPERATOR METHOD

5.4 Numerical implementation of nonlocal phase
field model by using NOM

5.4.1 Implicit nonlocal phase field model
It can be shown that the weak form of Eq.5.9 is given by
/ Gc(ll¢5¢ + 1oV - Vig)dQ + / —2(1 — ¢)dpHdQL =0
Q 0 Q

/ —0o : 6edf) + / b - dudQ + f-oudS =0 (5.19)
0 Q 09

which is the basis for the implicit NOM. The continuous support S; at point ¢ is defined
by

Ni:{jla-'ajk’v"vjn} (520)

where j1, .., Jk, --, Jn are the global indices of particle i’s neighbors. The nonlocal operator
for displacement Vu,;, Vou,; and phase field V¢,;, Vig; in discrete form can be written

as
Vg, > w(y)(u; — w) @ (K€ ) AV, = B - (5.21)
Véu, :] GSZ w(&;)(0u; — ou;) ® (K'€,) AV, = B - o1, (5.22)
JES;
Vi Y w(€y)(6; = 0)(K 16 AV = B -, (5.23)
@5@ l“jeg: w(éij)(5¢j - 5¢z‘)(Kz'_1€z'j)AV} = '%7? ) 5§5i (5.24)
JES;

w;(= u;,u;,,..,u,,, .., u;, ) representing the variation of the displacement in the i’s support
Si, ¢i(= ¢is djyy - @jys -, G4,,) contains all the variations of the phase field in support S;.
AV} is the volume of neighbor point j, %;* and B refer to the coefficient matrices:
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[— 2 jes, o 0 0 ey 0 0 o &y 0 0]
0 _ZjeSi &y, 0 0 &, 0 - 0 &, O
0 0 - Zjesi §Zj 0 0 ijl T 0 0 fzjn
~Yjes: o 0 0 &y 0O 0 - &, 0 0
B = 0 — ZjeSi &y, 0 0 &, 0 - 0 &, 01,
0 0 - ZjeSi & 0 0 &, - 0 0 &,
= jes: & 0 0 §&ep 0 0 - &y, 0 0
0 _ZjeSi &y, 0 0 &, 0 - 0 &, 0
| 0 0 - Zjesi §Zj 0 0 ijl e 0 0 fzjn_
Yy G
f%);b I Z;Vﬂ Soi Sun 7 Sy (5.25)
D iTE  ST

In order to obtain the elasticity matrix, we need to transform the matrix form of o and
e into vector form. In Voigt notation, they read

011 €11
092 €22
011 012 013 ] €11 €12 €13 )
. Voigt 1033 . Voigt . £33
O;; = (021 022 023 {Uij}— o y €Kl = | €21 €22 €23 {Ekl}— 9
23 23
031 032 033 €31 €32 €33 9
031 €31
| 012 | _2512_
(5.26)
011 Dii1i Diize Diiss Dinie Diies Diiis €11
022 Dosiv Dagos Daszs Daogia Doz Doois €22
1 —D.. 033 | Ds311 Dsson Dsgss Dagin Dssas Dssig €33
{o:} = Dijuien} = | D Disss Disss Disa Disys D 9
023 1211 1222 1233 1212 1223 1213 €23
031 Dasii Dasos Dagss Dagia Dazas Dasis 2e31
1012 _D1311 Disos Diszzs Disiz Disas D1313_ _2812_
(5.27)

Ju; Ov; Jw; Ow; % ow; Ou; Ou; N ov;

{ew} = [%’G_y’g’ oy + 0z’ Ox * 0z Oy Oz
oew} = Bv - 6{u;)} (5.28)

"= B {a)
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[— Zjesi £a; 0 0 Een O 0 - &, 0 0 1
0 o ZJESi gyj 0 0 €yj1 0o - 0 gyjn 0
PBY — 0 0 B ZjGSi 521’ 0 0 fzjl - 0 0 fzm
Z 0 — ey —2jes Sy 0 & &0 00 & &
- Zjesi fzj 0 - Zjesi fzj ngl 0 fzjl cee fwjn 0 fzjn
| Zjesi fa:j - Zjesi gyj 0 6117]’1 Syﬂ 0 U fa:jn gyjn 0 A
(5.29)

such that Eq.5.19 becomes

T . . G L o1-4 o

JES;
ST 2 Dyu{e AV + Y bilAV; + Y £i1AS; =0 (5.30)
JES: jeS; jeany,

where 1 = [1,0,---,0,0]” is a (n; + 1)-dimensional column vector. Finally, we obtain the

i-th point residual of the overall systems

Ry, — Fy,eact . Fy,int

=Y firS; + ) biAV; = > (B " Diju{e AV, (5.31)
JES; JES; JES;
F;:’eact
qu _ _ng,int
- 1 -~ -
=y (Gclo[,@f’}T - B i+ [G%@ —2(1— @)H])Av; (5.32)
JES;

where F*"™ and F*“" are the internal force and external force, respectively; F"" is the

internal force corresponding to the phase field. The asscoiated tangent stiffness matrices
can be obtained from the internal forces:

aFy,int _ 5
A= 8117, - ZL@?]TDUM%TAV} (5.33)
¢ JES;
aFgS,int G
Al S Z (BT Golo B + (=< +2H)1 ® 17 | AV, (5.34)
7 &bl = 7 7 lO J

where D is the elasticity matrix obtained by an eigen-decomposition algorithm for the
fourth-order isotropic tensor [Miehe et al., 2010b]

8{0’2‘3'} . 8

Di' - =
akl 8{€kl} 8{€kl}

({(1 6P+ Rolot + a;) — [(1—6)” + oD}y + Dy
(5.35)

91



5.4. NUMERICAL IMPLEMENTATION OF NONLOCAL PHASE FIELD MODEL
BY USING NOM

The strain energy and the Cauchy stress based on this eigen-decomposition method is
expressed as

Ve (€) = Me1 + &+ €)1 /24 u((E0)E + (€)1 + (65)1) (5.36)
L Oy
7= Oe
= MEL+ €2 + €3) 1 L33 + 20((€1) 111 ® 1y + (€2) 1M ® My + (€3) £M3 @ 13)
(5.37)

where & = L(Vu + Vaul), (8)4 := (¢ £ |2|)/2, Izxs is the identity matrix, 11, 115, 133 are
eigenvectors of the principal strains €1, €, €3 of e(= Z?:1 €m; ® M;), A, pu represent the
Lamé constants, which are related to the Young’s modulus and Poisson’s ratio:

\ Ev
(1 1-2
( Zfﬂ ) (5.38)
P =50+
Finally, we can transform Eq.5.33 to
it = 1 (10 0+ sl + Dy ) A4V, (5.3)

JES;

However, Eq.5.19 suffers from zero energy modes. Therefore, a penalty force should be
added yielding

2es i L - I,
) N I, IL; 0 0
K = Z ([%?]TOO —¢)* + KO]D;';M + Dz‘jkl> B+ m,u ( N ’
= K, : 0 .
L, 0 0 I,
K, 0 0
-2 |0 K; 0 '[%”F)) AV; (5.40)
0 0 K,
Yjes i —In - =L
-1 I 0 0
K =" (1201 Gelo B! + (ﬁ + QH) 1917+ (|
JES; lo K : 0 N
=L, 0 0 L,
K, 0 0
-0 K 0 -[@?]ﬁ) AV; (5.41)
0 0 K,
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5.4.2 The staggered method

For the implicit nonlocal phase field model, a staggered update scheme is adopted [Bour-
din et al., 2000, Bourdin, 2007, Liu et al., 2016], where the displacement, strain history
functional and phase field are updated separately. We use the Newton-Raphson method
to iteratively obtain the solution between different load steps. First, the phase field is
solved for a fixed displacement field. The key steps of the staggered scheme can be
summarized as follows:

@D. Initialization

Initialize the displacement uy = 0, phase field ¢y = 0, and the local history field of strain
Hy = 0. For each field, the solution is obtained for increments of the primary fields from
the iteration number i to i + 1.

2. Calculate maximum strain-history functional.

Calculate the history field according to the maximum reference energy

. {www if vg (Vu) > H, (5.42)

H, else

3. Phase field problem: update the phase field

Calculate the phase field ¢;41 = ¢ — (K?)"'E?™ by solving Eq.5.32 and Eq.5.41.
When H%?ﬁ% < Tol (Tol = 107°), the iteration is stopped.

@. Displacement field problem: update the displacement field

(i) Calculate D;jp according to an eigen-decomposition algorithm for fourth-order
isotropic tensor by solving Eq.5.35.

(ii) Calculate the displacement field w1 = u; — (K®)"LE*™ by solving Eq.5.31 and
Eq.5.40.

(iii) When % < Tol (Tol = 1079),the iteration is stopped.
k=12

5.4.3 Explicit nonlocal phase field model for solving dynamic

problems

The explicit NOM depends on the strong form of the governing equations given by
V.o+b=pi (5.43)

¢ —2V%p =0 (5.44)

For the i-th particle’s support and dual-support, we can easily to obtain the relationships
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in discrete form

V.o;= Z w(&;;)o K €AV — Z w(fji)UijlfjiAV} (5.45)
JES; Jj€S]
V2% = > w(€;) VoK €50V — > w(€,;) Vo K '€,AV; (5.46)
JES; J€S]
@ui = Z w(fz’j)uinlgijAVj - Z w(ﬁji)quflﬁjz‘Avj (5.47)
JES; JES]
=) w(E) oK AV = > w(E;) 0 K E A (5.48)
JES; JES!

Hence, Eq.5.44 can be transformed into nonlocal form as follows

Z w(&;;)o K €AV, — Z w(fji)”ijlﬁjiAvj + b = pit; (5.49)

JES: JES!

0 = (D w(€, VoK, €,AV; + Y w(g,) VoK €,AV) =0 (5.50)
JES; JES]

As Eq.5.49 and Eq.5.50 suffer from zero energy modes, a penalty force from the nonlocal
operator functional is added leading to

D (w(E)o Ky + hEAV; = > (w(€;)o K€ + hE)AV; + by = piii;  (5.51)
JES; JES!
qsi—zg(Z( (E)VOHK €+ hOAV; + 3 (w(E;) Vo, K€, +h¢)Av) —0
JES; Jj€S!
(5.52)

Comparing Eq.5.44 with Eq.5.52, the modified correspondence between the local and
nonlocal form is

V26,

Local—Nonlocal

> (w(&)VeK €+ h{)AV + ) (w(€;,) Ve, K '€ + hi) AV,

Nonlocal—Local “
JES; JES]

(5.53)

The bond force for displacement u;;, phase field ¢;; at the i-th particle’s support and
dual-support can be calculated by follows

i = (w(fz‘j)ai K+ (1 ¢i)%w(£ij)(ulj - @ui&j»AViAVj (5.54)
15 = (w€)Vor K '€, + i}(w(@)(% Voig,;) ) AVAY; (5.55)

with o; = [(1—¢)?+rolo; +0o; , which can be calculated by €; eigenvalue decomposition,
as shown in Eq.5.37. According to Newton’s third law, f}5 has a direct action on the i’s
particle and — f; to the j’s particle, Similarly, f¢ has a direct action on the i’s particle
and —fi(é’- to theJ s particle.
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5.4.4 Sub-step phase field increment method

For the evolution of the phase field ¢(X,t), we took advantage of a generalized formula
[Miehe et al., 2015]:

H/_/ ~\~ -~ ~\~ -~
evolution driving force geometric resistance
H(X,t) = m{zgx} D(state(X,s)) (5.57)
s€[0,t

where 17 > 0 is the crack propagation viscosity. When 77 = 0, we obtain a rate inde-
pendent model. The local crack driving force is represented by H(X,t) and depends
on the complete history at 0 < & < t of the state variables (X ,t) which are correlated
to the solid’s bulk reaction. D(state(X,t)) is the crack state function, at crack state
D|unbroken — () and D|%%e" = 0. Miehe et al.[Miehe et al., 2015] suggested three failure
criteria:

(D. Strain criterion with and without threshold
24(e)
G/l
<@/)(€)
Ve

where 1(g)(= L¢?) denotes the effective part of the energy of the undamaged material,

1. denotes the specific crack energy per unit volume, ¢, = %53 with e, = 4/ Gg—go

without threshold

D= (5.58)

—1) with threshold

@). Stress criteria with and without threshold

) 212*0(/7-0*> without threshold
D={ (5.59)
<M - 1) with threshold
(O
where ¢* (o) (= %) refers to the effective energy of the undamaged material, o*(=
o /(1 — ¢)?) denotes the effective part of the Cauchy stress tensor and ¢* = % with
O, = %Esc.
@. A principal tensile stress criterion with threshold
3 *
D= (%) (5.60)

Oc

where ((( > 0,¢ # 1) is a dimensionless parameter. o, is the critical fracture stress,
§=61+6",67 =30 (0;)yn;®n,. This criterion can be applied to general nonlinear
and potentially anisotropic elasticity.
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For all criteria, we can conveniently obtain the yielding driving forces independent of the
length scale [y. However, Eq. 5.56 is associated with the material viscosity 77. A sub-step
phase field increment method is used in this analysis. The key term is to replace the
phase field rate in Eq.5.56 with a phase field increment. The modified formulation can
be written in discrete form as

B0i= n_¢>< A (5.61)

= (1= ¢i)Hs — (65 — [3V°4)
where ; is the phase field residual, ng indicates the phase field mobility to control the
increment of ¢;, A¢; is the phase field increment at each sub-step. Eq.5.61 is robust
and provides flexibility in the solution algorithm. The sub-step scheme can also reduce

adaptively the residual ;. By substituting Eq.5.53 and Eq.5.55 into Eq.5.61, the phase
field residual ; can be rewritten as

:<1—¢1>Hi—¢i+zé(2< (£,)VO:K '€, + hY)AY;

jes;
+ 5 (w(&;) Ve K + h;@)M;)
JES!
fd’
=(1—¢)H; — ¢ + 1 A%/ (5.62)

The main steps of the sub-step update scheme procedure can be summarized as follows:
@. Initialization

Initialize the bond force of the displacement field f}; = 0, the bond force of phase field
f{? = (0 and the local crack driving force Hy =0 .

2. Compute crack driving force
For each particle, compute H(X,t) by solving problem Eq.5.57 - Eq.5.60.

3. Phase field problem: update the phase field with sub-steps

(i) For each particle, compute @qf)i, phase field residual ; and phase field increment at
each sub-step A¢; by solving Eq.5.48, Eq.5.61 and Eq.5.62.

(ii) Update ¢; = ¢; + A¢; until L>°( ;) < 1.0 x 1073,

@. Displacement field problem: update the displacement field

(i) For each particle, compute Vu;, strain energy 1= and Cauchy stresses o; by solving
Eq.5.36, Eq.5.37 and Eq.5.47.

(ii) For each neighbor particle j € S;, compute fi} and add f}} to fi* and add —f} to
I
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(iii) According to Newton’s second law F; — f* = M,a;, compute each particle’s accel-
eration a;, M; being the mass of the particle 7, F; denotes the external load and f* the

internal bond force.
(iv) Update each particle’s velocity and displacement through the explicit time integra-

tion scheme [Verlet, 1967):

( At At
(a). Compute v;(t + 7) = v;(t) + W(F - f")
1
b). C te w;(t + At) = u;(t i(t+ =At)At
(b). Compute w;(t + At) = w;(t) + v;( +2 ) (5.63)
(c). Derive a;(t + At) by using u;(t + At)
(d). Compute v;(t + At) = v;(t + %Aﬂ;) + %(F‘i+1 —

where At indicates the time step, v;,u; is each particle’s velocity and displacement,

respectively.

5.5 Numerical examples

Several benchmark problems are investigated in this section to demonstrate the feasibility
of the proposed nonlocal phase field algorithm. We also studied the influence of the length
scale parameter [y, the critical energy release G. and time step At on the results.

5.5.1 Square plate with a single notched edge test

0.5mm

0.5mm

I

0.5mm 0.5mm

Figure 5.2: Geometry and boundary conditions.
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Let us consider a single notched square plate subjected to static tensile and shear loading.
Fig.5.2 depicts the setup including boundary conditions. The plate parameters are: F =
2.1 x 10°MPa ,v = 0.3, the strain energy release rate is G, = 2.7 x 1073 kN/mm and
we assume plane strain conditions. In order to produce the initial crack, we deleted the
particles closest to the initial crack and selected the eight points closest to the target point
to construct the target point’s support domain. The single-edge notched square plate is
discretized with 40401 and 10201 particles, respectively. The phase field length scale
parameter is set to [p = 0.015 mm and [y, = 0.0375 mm, respectively. In the shear test,
the single edge notched square plate is discretized into 40401 particles and the phase field
length scale parameter is set to Iy = 0.015 mm. To prevent the singularity, o = 1 x 107°
is chosen. A small vertical displacement increment Aw = 1 x 107 mm is applied to the
upper boundary of the plate while the bottom boundary is fixed.

5.40x10°6
486x1078
5

5

5

5

5
162108
1.08x108
540107

) u=>5.6x10"3mm (b) u=6.1 x 10~ 3>mm ) u=6.6x 10"3mm

0.840 090
0.756 081
0672 072
0.588 063
0.504 054
0420 045
0336 -0.36
0.252 027
0.168 018
0.084 009

) u=5.6x 10"3mm () u=6.1 x 10~3mm ) u=6.6 x 1073mm

Figure 5.3: Displacement field (a-c) and phase field (d-f) evolution process for [y = 0.0375
mm in tension test.

Fig.5.3 shows the crack patterns at various displacements for [y = 0.0375 mm and Fig.5.4
depicts the reaction force-displacement curves in tension test. Fig.5.5 shows the crack
patterns at various displacements for /; = 0.0375 mm and Fig.5.6 depicts the reaction
force-displacement curves in shear test. When using a staggered scheme, the rate at which
the crack evolves is delayed in comparison to a completely monolithic scheme, which
agrees well with the literature [Miehe et al., 2010a]. As expected, with a smaller length
scale parameter [y, the crack becomes less diffused. The load-deflection curves of the
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Figure 5.4: Reaction force-displacement curves in tension test.
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Figure 5.5: Displacement field (a-c) and phase field (d-f) evolution process for Iy = 0.015
mm in shear test.
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Figure 5.6: Reaction force-displacement curves in shear test.

implicit NOM agrees well with FEM results. Slight differences appear at postlocalization
where FEM exhibits a sharper decay compared to the NOM. In the NOM, particles near
the crack tip still have a small bond force due to their support and dual-support, which
explains the 'more ductile’ postlocaliaztion behaviour.

5.5.2 Initial crack rectangular plate of dynamic crack branching

test
o=1 MPa
N O N A O
E
§ 0.05 m
s Initial Crack
g 0.1 m
R
o=1 MPa

Figure 5.7: Geometry and boundary conditions.

We now investigate an initial crack plate subjected to dynamically uni-axial load as shown
in Fig.5.7, which is a standard benchmark test for dynamic fracture [Xu and Needleman,
1994, Belytschko et al., 2003, Rabczuk and Belytschko, 2004, 7, Ren et al., 2016]. Plane
strain conditions are assumed. The material constants are: E = 3.2 x 10'MPa, v = 0.2,
p = 2450 kg/ mm®, G, = 3 x 1076 kN/mm. The corresponding Rayleigh wave speed is
vr= 2125 m/s of this plate. The initial crack rectangular plate is discretized with 64561
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particles with Ax = 0.25 mm. Note that we received nearly indistinguishable results when
further refining the discretization. The length scale parameter is [ = 0.5mm(l = 2Ax).
We tested three different time steps 0.01 ps, 0.025 us and 0.05 ps, respectively.

) At = 0.01us ) At =0.01us ) At =0.01us

) At = 0.025us ) At = 0.025us ) At = 0.025us

) At =0.05us ) At =0.05us ) At = 0.05us

Figure 5.8: Displacement field (a,d,g), velocity field (b,e,h) and phase field (c,f,i) evolution
process of dynamic crack branching tests at 90 us for various time steps.

The displacement field, velocity field and crack propagation evolution process for different
time steps at 90 us is shown in Fig.5.8. The branching angle is in good agreement with
reported results from the literature [Borden et al., 2012, Schliiter et al., 2014, Nguyen
and Wu, 2018]. The potential reason for crack propagation doesn’t look symmetrical with
respect to the horizontal central axis is the nonlocal effect. The elastic strain energy and
phase field energy curves for various time steps are shown in Fig.5.9. The phase field
energy, strain energy and kinetic energy are computed by

B, — / (ﬁj + 2V6- V)0 (5.64)
E. - / (1= 6) + roltt (e(Vaw)) + 5 ((Vas))dQ, (5.65)
K(v) = /Q %pv - vdQ, (5.66)

where v denotes the velocity, p denotes the density.

Fig.5.10 shows the crack tip velocity for different time steps. The velocities are less than
0.6vg, which agrees well with experimental findings [Sharon and Fineberg, 1999] and
other phase field simulations [Borden et al., 2012].
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Figure 5.9: Energy of the dynamic crack branching tests for various time steps.
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Figure 5.10: Crack tip velocity of dynamic crack branching tests for various time steps.
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Let us show the effect of G, next. We adopted a time step of 0.05 us. Fig.5.11 shows that
similar crack patterns occur. For the smallest value of G, (such as G. = 5J/m?), multiple
crack branching occurs, which seems reasonable as it is known that crack starts to branch
when a certain crack speed is reached and the crack speed is inverse proportional to the
critical energy release rate, which is confirmed in Fig. 5.12.

(a) G. = 0.5J/m?, t =525us (b) G.=1.5J/m? t=0675us (c) G.=3J/m?, t=90.0us

Figure 5.11: Phase field of dynamic crack branching tests for different G..

Fig.5.13 shows the elastic strain energy and phase field energy curves of the dynamic
crack branching tests for various G.. For smaller values of G, the elastic strain energy
has a decreasing tendency as the time passes while for larger G. values, the elastic strain
energy grows more rapidly over time. The phase field energy increases more than the
elastic strain energy as time passes.
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Figure 5.12: Crack tip velocity of dynamic crack branching tests for various G..

5.5.3 Prenotched composite structure

Let us now consider a composite plate subjected to constant velocity boundary condi-
tions at the upper edge while the bottom boundary is fixed, see Fig.5.14. We randomly
generated inclusions in the matrix according to a normal distribution and avoiding over-
lapping. All inclusions have the same material parameters. For the matrix we assume
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Figure 5.13: Energy of dynamic crack branching tests for various G..
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Figure 5.14: Geometry and boundary conditions of the composites plate with inclusions.
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the following material parameters : £ = 72 x 103MPa ,v = 0.33, p = 2400 kg/mmg,
G, = 60 J/m” and for the inclusions: E = 144 x 103MPa ,v = 0.33, p = 2400 kg/mm®,
G.=12017/ m”. We assume plane stress conditions and employ 40401 material points
with point spacing of Az = 1 x 107° m to discretize the specimen; finer discretizations
yield very similar results. In order to produce the initial crack, we search the particles
closest to the initial crack and assign a value of 1 to the phase field degrees of freedom
for these particles. The phase field length scale parameter is set to Iy = 1.25Ax. Eight
neighbors are employed to construct the support domain. Four cases are studied to test
the influence of the loading velocity on the crack patterns. Therefore, three different
plates with N= 60, 90 and 120 inclusions, respectively, are tested; the distribution of the
inclusions are shown in Fig.5.15. Velocity boundary conditions are: v = 1.0 m/s for Case
I, IT and Case III — associated to the three different microstructures — and v = 3 m/s for
Case IV for the 'third” microstructure (Figure 5.15(c)), which is the same microstructure
as for Case III.

0.0020
0.0015
0.0010

0.0005

0.0000 5 0 15 0. X 0.0010 0.0015 0.0020

(b) N=90

Figure 5.15: The distribution of the inclusions of composite heterogeneous plates

The crack patterns for the four cases can be found in Fig.5.16. For cases I - I1I, the crack
patterns are quite similar. One major crack propagates mainly around the inclusions.
Crack branching is observed only for Case II. When increasing the crack speed, crack
branching becomes more pronounced which agrees well with experimental observations,
crack branching is also observed in Case IV and the crack propagates through the inclu-
sions more easier. Fig.5.17 shows the elastic strain energy, kinetic energy and phase field
energy curves of the dynamic crack branching tests for Case IV. The slope of phase field
energy at time t =1.0-1.25 us is larger than that in t = 0.75-1 s, which is consistent
with the propagation speed of the crack.
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(a) Initial crack of N=60 (b) Case I: N=60, v = 1.0 m/s

(c) Initial crack of N=90 (d) Case Il : N=90, v = 1.0 m/s

(e) Initial crack of N=120  (f) Case III : N=120, v = 1.0 (g) Case IV : N=120, v = 3.0
m/s m/s

Figure 5.16: The crack patterns in composite heterogeneous plates.
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Figure 5.17: Energy and crack tip velocity of Case [V
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Figure 5.18: Geometry and boundary conditions of the Kalthoff-Winkler plate.
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5.5.4 Kalthoff-Winkler experiment of dynamic shear loading

Finally, we apply NOM to the classical Kalthoff-Winkler experiment [Kalthoff and Win-
kler, 1988, Li et al., 2002, Belytschko et al., 2003, Song et al., 2006, Rabczuk et al.,
2007a, Nguyen and Wu, 2018]. The geometrical setup and the loading conditions are
depicted in Fig.5.18. The material parameters are: F = 1.9 x 10° MPa,v = 0.30,p =
8000 kg/mm3, G, = 2.213 x 10* J/m27 which yields a Rayleigh wave speed of vg= 2803
m/s. Kalthoff et al. [Kalthoff and Winkler, 1988] found that the failure is brittle for
low impact velocities while it turns into a ductile failure at a certain impact velocity is
exceeded. Here, we focus only on brittle fracture and low impact velocities as a more
complicated constitutive model is required to capture the failure transition from brittle-
to-ductile, which is out of the scope of this manuscript. Instead of modeling the impactor
and the associated contact, the impact is —commonly— modelled through the following
boundary conditions:

t )
—u, ift<t
Uy else

with t; = 1us. We furthermore assume the initial crack is traction-free. The plate is dis-
cretized with 321201 particles with Az=0.25 mm, and each particle has eight neighbors.
The length scale parameter is set to Iy = 0.375mm(ly = 1.5Ax). In order to model the
initial crack, the neighbor list in the support of associated particles is modified. We test
two different time steps, i.e. At = 0.02us and At = 0.04pus. Fig.5.19 and Fig.5.20 depict
the displacement field, velocity field and phase field for these cases. The crack angle with
respect to the vertical axis is around 68°, which matches well the experiments [Kalthoff,
2000]. The crack speed — illustrated in Fig. 5.21 — does not depend on the time step and
agrees well with other results from the literature [Borden et al., 2012]. The same applies
to the different energy time histories, see Figure 5.22.

We also simulated the Kalthoff Winkler experiment in 3D; the thickness of the plate is
0.02 m. For sake of reducing the computational cost, we exploited symmetry condition
as shown in Fig.5.23. The plate is discretized with 1447209 paiticles and the initial crack
is again tractionfree. The same material parameters are employed. Fig.5.24 depicts the
evolution of the crack path and displacement at an impact velocity of v = 16.5 m/s. The
agreement to the Kalthoff Winkler experiment is excellent.

5.6 Conclusions

This chapter presents an implicit and explicit phase field model within the framework
of the NOM. The coupled system for the implicit phase field model is solved using a
staggered method and the Newton Raphson method. The explicit phase field model
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) vy = 16.5m/s,t = 24us ) vy =16.5m/s,t = 24us ) vy =16.5m/s,t = 24us

= 16.5m/s,t = bdus = 16.5m/s,t = 54dus = 16.5m/s,t = 54us

=16.5m/s,t = 90us =16.5m/s,t = 90us =16.5m/s,t = Q0us

Figure 5.19: Displacement field (a,d,g), velocity field (b,e;h) and phase field (c,f,i) of
dynamic shear Kalthoff experiment for time step At = 0.04us at various time.
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Figure 5.20: Displacement field (a,d,g), velocity field (b,e;h) and phase field (c,f,i) of
dynamic shear Kalthoff experiment for time step At = 0.02us at various time.
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Figure 5.21: Crack tip velocity of the dynamic shear Kalthoff experiment for various time
steps.
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Figure 5.22: Energy of the Kalthoft experiment for various time steps.
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Figure 5.23: Geometry and boundary symmetry conditions of the Kalthoff-Winkler plate.
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Figure 5.24: Displacement, velocity and phase field of the 3D Kalthoff experiment for
v =16.5 m/s at various time.
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employs an explicit time integration algorithm for the mechanical field and an adaptive
sub-step scheme is adopted. The phase field sub-step scheme based on different damage
criteria can reduce the phase field residual adaptively and achieve a rate-independent
phase field model. The advantage of the presented approach is its ease in implementation.
Several numerical examples demonstrate the performance of the approach. They include
a prenotched specimen under shear and tensile loading and two classical dynamic fracture
benchmark problems. In the first case, we show the influence of several factors including
the critical energy release rate on the final fracture pattern. The smaller the critical
energy release rate, the more crack branches occur which agrees well with experimental
data and also intuition as the critical energy release rate is inverse proportional to the
crack speed, which in turn drives the crack branching.
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Chapter 6

Discussion and conclusions

In this chapter, we present a discussion of the results and general conclusions of this
dissertation. We also outline future research directions that continue the NOM that
developed in this dissertation.

6.1 Discussion

In the second chapter, we presented the implementation procedure of first /higher-order
implicit NOM. The performance of first /higher-order NOM results is demonstrated com-
pared with the corresponding analytical solutions or the results of the FEM commercial
software. Similar to the FEM and messless method, NOM can establish the operator
energy functional and tangent stiffness matrix by some matrix multiplications. However,
unlike FEM and the messless method, NOM can derive differential operators directly
without employing shape functions. Hence, the complexity of the NOM is significantly
reduced. The NOM requires only the definition of the energy, for a given energy func-
tional, the nonlocal operators can be established automatically by the highest order of
partial derivative and dimensions. Support, dual-support, nonlocal differential opera-
tors, and operator energy functional are the fundamental components of NOM. Several
numerical examples illustrate the method’s high performance and capabilities.

In the third chapter, we elaborated on the implementation progress of explicit NOM.
Based on the dual property of the dual-support in NOM, the nonlocal dynamic governing
equation is obtained with ease. We start from the energy form of the problem, by inserting
the nonlocal expression of the gradient operator into the energy form. In the numerical
simulation section, several numerical cases are presented to verify the accuracy of the
nonlocal dynamic elasticity solid formulation in different conditions, and good agreement
is observed between numerical simulation results and ABAQUS results.
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In the fourth chapter, we proposed a nonlocal dynamic Kirchhoff plate formulation based
on NOM. In the numerical simulation section, we first verify the accuracy of the non-
local Hessian operator for the Kirchhoff plate and compare it to analytical solutions.
Subsequently, the nonlocal dynamic Kirchhoff plate formulation with different types of
boundary conditions (clamped and simply supported) is studied and compared to simula-
tions obtained by ABAQUS. Good agreement is observed between numerical simulation
results and ABAQUS results.

In the last chapter, we presented a quasi-static and dynamic fracture modeling within
the framework of the NOM. The coupled system for the implicit phase field model is
solved using a staggered method and the Newton Raphson method. The explicit phase
field model employs an explicit time integration algorithm for the mechanical field and
an adaptive sub-step scheme is adopted. The phase field sub-step scheme based on
different damage criteria can reduce the phase field residual adaptively and achieve a
rate-independent phase field model. The advantage of the presented approach is its ease
in implementation as — in contrast to many other methods such as FEM — it does not
require any shape functions. Several numerical examples demonstrate the performance
of the approach. They include a pre-notched specimen under shear and tensile loading
and two classical dynamic fracture benchmark problems, i.e., a crack branching problem
and the Kalthoff-Winkler impact problem. In the first case, we show the influence of
several factors including the critical energy release rate on the final fracture pattern. The
smaller the critical energy release rate, the more crack branches occur which agrees well
with experimental data and also intuition as the critical energy release rate is inverse
proportional to the crack speed, which in turn drives the crack branching.

Nevertheless, there are still some limitations in nonlocal quasi-static and dynamic fracture
modeling. For example, this modeling might not capture local behavior detailed enough,
due to the nonlocal effects, it also makes a method computationally more expensive, and
this modeling can’t model fluid flow through the crack explicitly. These drawbacks will
be fully studied and improved in future work.

6.2 Conclusions

The primary contribution of this dissertation was devoted to the implementation, devel-
opment, and application of NOM. NOM is based on nonlocal theory and employs the
nonlocal operators of integral form to replace the local partial differential operators of
different orders. Thus nonlocal operator method applies a uniform model to the me-
chanical behaviors from continuity to non-continuity and microscopic to macroscopic.
In this disseration, NOM can be classified as first-order NOM and higher-order NOM.
The first-order NOM is based on common nonlocal operators such as gradient, curl, and
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divergence. These nonlocal operators employ the first-order of TSE and can be used
directly to solve many problems using the usual FEM. The operator energy function is
also introduced to eliminate the zero-energy model. The first-order NOM is appropri-
ate for C° continuity problems such as solid mechanics and phase-field fracture models.
The higher-order NOM generalizes the first-order NOM by employing a higher-order TSE.
Higher-order TSE can provide arbitrary order partial derivatives in any dimension. These
higher-order derivatives are appropriate for higher-order partial derivative physical issues
such as plate theory and strain gradient solid mechanics. Higher-order NOM considerably
improves NOM’s capacity to solve more complex issues.

6.3 Outlook

Although NOM has been used to solve various PDEs issues, the majority of the problems
that have been addressed are limited to continuous problems. NOM is a generic numerical
method with a robust theoretical foundation. NOM’s implementation is somewhat similar
to that of FEM. As a result, NOM has the ability to solve a wide range of engineering
problems. Other potential NOM applications still remain, future NOM applications can
be suggested as shown in Table 6.1.

Table 6.1: Outlook of NOM

Future NOM applications

e Material nonlinearities including plasticity, viscoelasticity and viscoplasticity.

e Multi-physics problems (coupled thermo-mechanical, electro-mechanical, electro-
chemical problems to name a few) exploiting the ease in implementation.

e Plate and shell problems, especially higher-order theories or theories of thin
plate/shell analysis exploiting the higher-order continuity of NOM. When NOM is
applied to a curvilinear coordinate system, it is also viable to handle shell problems.
e Higher order gradient (elastoplasticity) problems exploiting the higher-order conti-
nuity of NOM

e Finite strain and/or large deformation problems exploiting the 'meshfree character’
of NOM.

e The wave propagation analysis of gradient elasticity problems and studying — in this
context — interesting phenomena like size, surface and nonlocal effects.

e Modeling of discontinuities as they occur in fracture/crack propagation in solids,
fluid-structure interaction or fluid mechanics such as two-phase flow.

e Higher-order PDEs on stationary and evolving surface exploiting the higher-order
continuity of NOM including its ease in implementation.
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Appendix A

Mathematica code for higher-order
nonlocal operator method

FuncRK [uvw_List, uvwd_List] i= Block[{El = uvw[[1, 1], nu = uvw[2, 1], ul = uvw[3, 2], ule = uvw[3, 3],
vel = uvw[4, 2], v10 = uvw[4, 3], $67, $92, $93, $97, $98, $99, $1e1, $1e62, $1e0, $103, $133, $165,
$124, $127, $128, $162, $180, $173, $174, $175, $176, $177, $178, $179, $192, $202, $203, $204, $205,
$221, $181, $182, $183, $184, $185, $206, $207, $208, $209, $210, $211, $186, $187, $188, $189, $190,
$212, $213, $214, $215, $216, $217, $223, $222, $218, $219, $2208}, $67 = nu?; $92 - -$67; $93 = 1+ $92;

1
$97 = $93_', $98 = -nu; $99 = 1+$98; $101 = ule +vOl; $102 = nu $101; $100 = $99 ule; $103 = $100 + $102;
1 1
$133 = $932; $105 - $99 ve1; $124 - $105 + $102; $127 - ull + vie; $128 - $127%; $162 - 3 E1$99 $97 $127;
99 $97 $127
$180 = %; $173 = 2$97 u1@ vel; $174 = 2 nu$133 ule $103; $175 = 2 nu $133 vel $124;

1
$176 = $99 nu $133 $128; $177 = - 5 ($97 $128) 5 $178 = $173 + $174 + $175 + $176 + $177;

178 1
$179 - $ = $192 - $9?; $202 - 2 E1 $99 nu $133 $127; $203 - - (E1 $97 $127) ;
204 EL $99 $97
$204 - $202 + $203; $205 - $T; $221 - %; $181 - $97 ule; $182 = nu $97 vel;
$184

$183 - $97 $103; $184 - $181 + $182 + $183; $185 - = $206 - 2 E1 nu $133 u1@; $207 - 2 E1 $67 $133 vel;
$210

$208 - 2EL1$97 vol; $209 - 2 EL nu $133 $103; $210 - $206 + $207 + $208 + $209; $211 - B
$189

$186 - nu $97 ul@; $187 - $97 vel; $188 - $97 $124; $189 - $186 + $187 + $188; $190 - =3

$212 = 2 E1 $67 $133 u1@; $213 = 2 E1 $97 ul@; $214 = 2 E1 nu$133 vO1; $215 = 2 E1 nu $133 $124;
216
$216 = $212 + $213 + $214 + $215; $217 = $T; $223 = E1 nu $97; $222 = E1$97; $218 = E1 $99 nu $133 $127;

$219 = 7% (EL $97 $127) ; $220 - $218 + $219;

)

{{% ($97 ule $103 + $97 vel $124 + w) s

1 El $97 $128
3 (2 E1$97 ul0 vel + 2 E1 nu $133 u10 $103 + 2 E1 nu $133 vo1 $124 + E1 $99 nu $133 $128 - %)
1
2

1
$162, ~ (EL$97 u10 + E1 nu$97 ve1 + E1 $97 $163) , = (EL nu $97 ule + E1 $97 ve1 + E1 $97 $124) , $162},
{w, $179, $180, $185, $190, $180},
{$179, % (8 E1 nu $133 u1@ vB1 + 8 E1 $67 $192 u1@ $103 + 2 E1 $133 u10 $103 + 8 E1 $67 $192 vO1 $124 + 2 E1 $133 vo1 $124 + 4 E1 $99 $67 $192 $128 +

E19$99 $133 $128 - 2 E1 nu $133 $128) , $205, $211, $217, $205}, {$180, $220, $221, 0, @, $221}, {$185, $211, 0, $222, $223, 0},
($190, $217, @, $223, $222, 0}, ($180, $220, $221, 6, O, $221)}}]
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APPENDIX A. MATHEMATICA CODE FOR HIGHER-ORDER NONLOCAL
OPERATOR METHOD

MultiIndex[d , sum_] := Module[{a, b, ¢}, a = Subsets[Range[d + sum], {d}];
Do[c = a[[i];
b=c-1;
b2 530 -=cl1;; -20;
afi] = b, {i, Length[a]}]; a];
GFDeCoeffHalf [ndim_Integer, diffMax_Integer] := Module[{a, ai, iDf, iDffact, iDfsum, Py, xy, len, io},
If[ndim < 1, Print["Error, ndim should be positive!"]; Return[]];
Xy ={X, ¥, 2, 1, myn, 0, p, q}[1 ;3 ndim];
a = MultiIndex[ndim, diffMax][2 ;315 len = Length[a];
iDf = ConstantArray[8, len];
iDfsum = ConstantArray[@, len];
iDffact = ConstantArray[@, len];
Py = ConstantArray[@, len];
Do[ai = a[i];
iDf[i] = FromDigits[ai];
iDfsum[i] = Total[ai];
iDffact[[i] = Times @@ Factorial[ai];
Py[i] = Times @@ (xy~ai), {i, len}];
io = Ordering[iDfsum];
{iDf[[i0]], iDffact[[io]], iDfsum[[io]], Py[[i0o]1]1}1];

NOMPwKhg [np@_, coord_List, vol_, Nei_List, pfun_, WeiF_, hgPen_] :=
Module[ {tl, ndof, Nnode, ndim, udim, kk, np}, If[np8 < @, np = Ceiling[Length[coord] /1000], np = npe] ;
t1l = Ngroup [Length [coord] , np];
kk = ParallelTable [NOMPwKhgPart[tl[[i]], coord, vol, Nei, pfun, WeiF, hgPen], {i, np}];
{Flatten[kk[[All, 1]], 1], Flatten[kk[[All, 2]], 1]}1;
NOMPwKhgPart [nodelist_, coord_List, vol_, Nei_List, pfun_, WeiF_, hgPen_] :=
Module[ {pvol, Nnode, pwList, hgList, kp = 1, coordi, pw, khg, NeiI, hg, hi, voli = 0},
Nnode = Length[coord] ;
pwList = EmptyList[Length[nodelist]];
hgList = EmptyList[Length[nodelist]];
If[Length[vol] -- @, pvol = ConstantArray[vol, Nnode];]3;
If[Length[vol] == Nnode, pvol = vol];
Do [
NeiI = Nei[[i]];
coordi = ListMinus [coord [ [Neil]], coord[[i]]1];
voli = pvol[[NeiI];
hi = Norm[coordi[[-1]]];
{pw, khg} = Khgs[coordi, pfun, WeiF, voli, hgPen, hi];
pw = PhuToPu[pw, iDfsum, iDffact, hi];
pwlist[[kp]] = pw;
hgList[[kp++]] = khg}
> {i, nodelist}
15
{pwList, hgList}];
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Ngroup [nmax_, ngroup_] := Module[{tl = {}, i1, i2, inc}, inc = Round [nmax / ngroup] ;
Do [AppendTo[tl, Range[inc (i-1) +1, inci]l], {i, 1, ngroup-1}];
AppendTo[tl, Range[inc (ngroup-1) +1, nmax]]; t1];
EmptyList[n_Integer] := Block[{el = {}}, Do[AppendTo[el, {}], {i, n}]; el];
ListMinus [v1_List, v@_List] := Module[{v2 = v1}, Do[v2[[i]] -= v@, {i, Length[v1]}]; v2];
PhuToPu[pw_List, iDfsum_List, iDffact_List, h_] := Module[{p = {}, i},
p = pw;
Do[p[[i]] *#=1./ (h™iDfsum[[i]] /iDffact[[i]]), {i, Length[pw]}]; p];
Khgs[vi_List, pfun_, wfun_, vol_List, penalty , h_] := Module[{
len = Length[pfun[vi[[1]], 1]],
num = Length[v1], k, p, trH =@, ri1, pl, wi, pkp = {}, pw@, wl},
pkp = ConstantArray[©, {num, num}];
k = ConstantArray[@, {len, len}];
p = ConstantArray[©, {num, len}];
wl = Norm /@ v1;
Do[wl[[i]] = wfun[wl[ill, h] vol[ill, {i, num}]}
wl x=1.8/Total[wl];
Do[rl=Norm[vI[[i]]]swl=wl[[i]]}
trH +=wlrlrl;
pkp[[i, i]] = wl;
Pl =pfunlvi[[i]], h]1; p[[i]] = wlpl;
k += w1l TensorProduct [pl, pl], {i, num}];
pwé = Inverse[k].p's
pkp —= p.pw@;
pkp == penalty / trH;
{pwe, pkp}];
NOMRK [np_, nodes_List, volSet_List, nonvars_List, coord_List, uvw_List, PW_List,
KHG_List, Nei_List, idf_List, pfun_, WeiF_, FuncRK_, hgPen_] i= Module[{tl, vtl, nvs,
ndof, Nnode, ndim, udim, kk, ksp, rsp},
{tl, vtl, nvs} = NgrouplL [nodes, volSet, nonvars, np];
kk = ParallelTable [NOMRKPartNonVars [t1[[i]], vt1[i], nvs[i]], coord,
uvw, PW, KHG, Nei, idf, pfun, WeiF, FuncRK, hgPen], {i, Length[t1]}];
ksp = kk[[1, 1113
rsp = kk[[1, 2]];
Do[ksp += kk[[i, 11];
rsp += kk[[i, 2]], {i, 2, Length[t1]}];
{ksp, rsp}
13
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APPENDIX A. MATHEMATICA CODE FOR HIGHER-ORDER NONLOCAL
OPERATOR METHOD

NOMRKPartNonVars [nodelList_List, volSet_List, nonvars_List, coord List, uvw_List,
PW_List, KHG_List, Nei_list, idf2_List, pfun_, WeiF_, FuncRK_, hgPen_] i=
Module[ {pvol, Nnode, ndim, udim, ndof, Ksp, Rsp, coordi, pw, khg, nablau,
NeiI, NeiI2, Kst, hg, HG, hi, uvwi, duvwi, Ri, Di, Rst, Rhg, k = 1, ishgPenl = True},
If[Length[nonvars] # Length[nodelList], Print["Error™]; Return[]];
Nnode = Length[coord]
ndim = Length[coord[1]];
udim = Length[idf2];
ndof = udim Nnode;
Ksp = SparseArray[{}, {ndof, ndof}];
Rsp = SparseArray[{}, ndof];
If[Length[hgPen] > @, ishgPenl = False];
Do[
NeiI = Nei[[i]1];
uvwi = uvw[ [Prepend [Neil, i]]1;
{pw, khg} = {PW[i], KHG[i1};
duvwi = pw.uvwi;
PrependTo [duvwi, uvwi[[1]]1]3;
{Ri, Di} = FuncRK [duvwiT, nonvars[k]];
nablaU = UNablaU[1idf2, pw];
Rst = Ri.nablau;
Kst = nablaU™.Di.nablaU;
If[hgPen # 0.,
hg = If[ishgPenl, hgPen KhgUdim[khg, udim], KhgUdim[khg, udim, hgPen]];
Rhg = hg.Flatten[uvwi] ; Kst += hg; Rst += Rhg];
Rst x= volSet[k];
Kst == volSet[k];
K++3
PrependTo [NeiI, i];
NeiI2 = NeiIIndex[NeiI, udim];
Rsp[[NeiI2]] +=Rst;
Ksp += SparseArray[Tuples [Neil2, 2] » Flatten[Kst], {ndof, ndof}], {i, nodelList}
13
{Ksp, Rsp}];
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NgrouplL [nodes_L1ist, volSet_List, nonvars_List, ngroup8_] := Module[{tl = {},
vtl = {}, nv={}, il, i2, inc, nmax, ngroup},
nmax = Length [nodes];
If [ngroup@ < @, ngroup = Ceiling[nmax /1080], ngroup = ngroup@] ;
inc = Round [nmax / ngroup] ;
Do[il = Range[inc (i-1) +1, inci];
AppendTo[tl, nodes[il]];
AppendTo[vtl, volSet[i1]];
AppendTo[nv, nonvars[[il]]3, {i, 1, ngroup-1}];
il = Range[inc (ngroup -1) +1, nmax]}
AppendTo[tl, nodes[[il]]]; AppendTo[vtl, volSet[il]];
AppendTo[nv, nonvars[il]]; {tl, vtl, nv}];
UNablau[idf List, pw_List] := Module[{udim = Length[idf], ulen,
nNode = Length[pw[[1]]], nablaU = {}, kn =1, i, j},
ulen = Length[Flatten[idf]];
nablaU = ConstantArray[@, {ulen, udimnNode}];
Do[Do[If[]j #1, nablaU[[kn++, 133 -1 33 udim]] = pw[[j-111,
nablaU[ [kn++, i]] = 1], {J, 1df[[11]}], {i, udim}]; nablaU];
KhgNdim[khg_, ndim_] := Module[{kn}, kn = ConstantArray[@., ndim Dimensions[khg]];
Do[kn[[i;; -1;; ndim, i 33 -1 33 ndim]] = khg, {i, ndim}]; kn];
KhgUdim[khg_, dim_, hgList_] := Module[{kn}, kn = ConstantArray[@., dim Dimensions[khg]];
Do[kn[[i3}-1}3;dim, 133 -133dim]] = hgList[i]] khg, {i, dim}]} kn]};
NeiIIndex [NeiI List, udim_] := Module[{n2, n3}, n2 = ConstantArray[@, udim Length[NeiI]];
n3 = udim (NeiI-1);
Do[n2[[i;; -1;; udim]] =n3+1i, {i, udim}];
n2j;
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