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Abstract

In this paper, we present an open-source code for the first-order and higher-order nonlocal operator method (NOM)
including a detailed description of the implementation. The NOM is based on so-called support, dual-support,
nonlocal operators, and an operate energy functional ensuring stability. The nonlocal operator is a generalization of
the conventional differential operators. Combined with the method of weighed residuals and variational principles,
NOM establishes the residual and tangent stiffness matrix of operate energy functional through some simple matrix
without the need of shape functions as in other classical computational methods such as FEM. NOM only requires
the definition of the energy drastically simplifying its implementation. The implementation in this paper is focused
on linear elastic solids for sake of conciseness through the NOM can handle more complex nonlinear problems. The
NOM can be very flexible and efficient to solve partial differential equations (PDEs), it’s also quite easy for readers
to use the NOM and extend it to solve other complicated physical phenomena described by one or a set of PDEs.
Finally, we present some classical benchmark problems including the classical cantilever beam and plate-with-a-
hole problem, and we also make an extension of this method to solve complicated problems including phase-field
fracture modeling and gradient elasticity material.

Keywords Nonlocal operator method - Operator energy functional - Implicit - Dual-support - Variational principle - Taylor
series expansion - Stiffness matrix

1 Introduction

The nonlocal theory of elasticity [1-5] primarily consid-
ers distant action forces between objects. Different from the
concept of local theory, an object can interact without physi-
cal interaction with a different object. The theory is of great
significance to solve many physical problems, such as the
law of universal gravitation. Some notable nonlocal numeri-
cal methods were proposed according to nonlocal interaction
in nonlocal continuum field theories.

Peridynamics (PD) [6-8] is a formulation of continuum
mechanics on the basis of the concept of nonlocal integra-
tion, PD avoids the singularity of the traditional local dif-
ferential equations when solving discontinuous problems.
One key application of PD is fracture. It shares the same
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advantages as the Cracking Particles Method (CPM) pre-
sented in [9-11]. In contrast to many other discrete crack
approaches as presented in [12-20], PD does not require the
representation of the discrete crack surface and associated
crack tracking algorithms. PD also has been successfully
applied to rock fracture and soil damage analysis, such as
impact fracture [21, 22], composite material separation [23,
24]and beam and plate structures [25]. However, to elimi-
nate erroneous wave reflection and ghost force among parti-
cles, all traditional PD formulas must use the same horizon
size. In many applications, to enhance calculating perfor-
mance, its necessary to use different horizon sizes for the
calculation of particles with non-uniform spatial distribu-
tion, such as adaptive encryption, multi-scale simulation,
and multi-body analysis. In other words, in order to balance
the calculation efficiency and calculation accuracy, we hope
that PD can be based on the distribution characteristics of
the particles, but if the size of the near field is used, it will
result in the generation of false stress waves and the problem
cannot be solved correctly. To address the aforementioned
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issue, dual-horizon PD [26, 27] was developed to improve
computing efficiency and to allow for varying horizon sizes.
The dual-horizon is the dual term of the horizon when vari-
able horizons are used in the inhomogeneous discretization.
It separates the horizon that exerts forces and counter forces
between the particles, thereby solving the problem of false
stress caused by the horizons. In addition, other nonlocal
models mainly include nonlocal linear elasticity [28-30],
dynamics of nonlocal fluid [31, 32], electromagnetic nonlo-
cal theory [33, 34], nonlocal damage model [35-37] and
nonlocal calculus [38-41].

In most of the current nonlocal numerical methods, the
governing equation is generally solved by the explicit time
integration method [25, 42]. The explicit algorithm [43-47]
is based on dynamic equations, without iteration and has
good stability. However, the mass matrix is required to be a
diagonal matrix in the explicit solution and the speed advan-
tage can be exerted only when the unit-level calculation is as
small as possible. Therefore, the reduced integration method
is often used, which is easy to excite the hourglass mode and
affect the stress and strain calculation accuracy. To ensure
its conditional convergence, the integration step must be
less than the minimum value of the free vibration period of
all elements. The integration time step is generally 1/1000
to 1/100 of the implicit step, which is suitable for solving
instant or short-time loading problems. For the quasi-static
(quasi-static) problem, when the total load is fixed, the
calculation takes a long time, which seriously affects the
calculation efficiency. Compared with the explicit method,
implicit method [48—50] has advantages for fast convergence
and lower computational cost.

In recent years, several numerical approaches based on
peridynamics operators have been proposed, see e.g. the
contributions in [51-53]. A new computational method
based on nonlocal operators is the NOM first proposed
in [54] for electromagnetic problems. The approach has
been later on extended to mechanical problems in [55,
56]. The NOM can be considered as a generalization of
non-ordinary state-based PD. It has been applied to numer-
ous challenging problems in solid mechanics and can be a
viable alternative to FEM or meshless methods. In order to
acquire the differential operators, FEM and meshless meth-
ods are required to establish the shape functions as well
as compute their derivatives, however, NOM can acquire
the differential operators easily without the use of shape
functions. The tangent stiffness is obtained naturally by
simply defining an energy function thus drastically simpli-
fying its implementation. In combination with the weighted
residual method and variational principle, the residual and
the tangent stiffness matrix can be established by NOM
with ease. NOM is enhanced here also with operator energy
functional to achieve the linear consistency of the field and
avoid instabilities. Although the theoretical framework of
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the NOM has been proposed, other benefits of this numeri-
cal method have not been thoroughly discussed. Further-
more, the details of the derivation of the first-order and
higher-order nonlocal differential operators, construction
of the first-order and higher-order operator energy func-
tional, the derivation of the residual and tangent stiffness
matrix of operate energy functional and the detailed imple-
mentation procedure of first-order and higher-order NOM
has not been shown before. The purpose of this paper is
to describe in detail the method of implicitly implement-
ing for first-order and higher-order NOM, which mainly
including the derivation of the first-order and higher-order
nonlocal differential operates, the detailed form of first-
order and higher-order tangent stiffness matrix for oper-
ate energy functional and elastic material constitutions in
different conditions. The Mathematica code of first-order
and higher-order NOM is presented and explained in detail,
and it will be an effective tool for studying complicated
physical problems.

The remainder of the paper is outlined as follows: In
Section 2, we briefly reviewed the NOM and elaborated
on the fundamental concept of support and dual-support.
In Section 3, we derived the first and higher-order implicit
nonlocal differential operators based on the Taylor series
expansion. Then the elastic material constitutions are also
derived. Hereafter, to remove the zero-energy mode, the first
and higher-order operator energy functional by the nonlo-
cal operator is constructed, combined with the method of
weighed residuals and variational principles, residual and
tangent stiffness matrix of operate energy functional are
established. Finally, we present the detailed steps of the
first-order and higher-order NOM implementation process.
To demonstrate the capabilities of NOM, four numerical
examples are presented in section 4. Finally, we conclude
in section 5.

2 Nonlocal operator method (NOM)

Consider the initial and present configurations of a solid,
as depicted in Fig. la, let x; be spatial coordinates in the
domain Q; Zjﬁ =X X is a spatial vector starts from X; to
X;; u; 1= u(x;, 1) and u; 1= u(x;, 7) are the field value for x;
and X;, respectively; u; = -, is the relative field vector
for spatial vector §;.

Support S; of point x; is the domain where any spatial
point x; forms spatial vector ;(=x; —x,) from x; to x;.
The support serves as the basis for the nonlocal operators.
It should be noted there is no restriction on the support
shapes(such as spherical, cube and so on). Dual-support is
defined as a union of the points whose supports include x,
indicated by
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Fig. 1 a The deformed body

configuration. b Support and (a)
dual-support schematic dia- Q
gram, 8, = {X,, X3, X5, X6, X7 },

S = {X3, X4, X7}

8= {xlx € §). (1)

Point x] forms dual-vector {f (— x; —X; = —=&;)in S’ In addi-
tion, lj is the spatial vector estabhshed inS;. Flgure 1b illus-
trates the concept of support and dual- support

In calculus calculations, the NOM replaces the local
operator with the fundamental nonlocal operators. By sub-
stituting the local differential operator with the correspond-
ing nonlocal operator, the functional defined by the local
differential operator can be utilized to establish the residual
or tangent stiffness matrix.

The nonlocal gradient operator for a vector field u and
scalar field u at point x; in support S; are defined as [55]

~ ~ -1
YoV @ uy) = /S w(u; ® &,V - /S w(E)E, ® E,dV,)
2

. -1
Vi, := / W(gu)”,/&jdvj : (/ ‘W(‘fu)'f,j ® é[jd‘/j> > (3)
S, S,

where w(;) is the weight function for vector £;; in support
S;.

By nodal integration, the nonlocal gradient operator and
its variation for a vector field u in discrete form can be writ-

ten as

-1

vui = Z W(‘fg)uij ® §ijAVj : ( z ‘W(gl,)fl] ® é:yAV]> s

JES; JES;
“
. -1
Vou, = Y w(g;)ou; ® £;AV, < 2 WENE ® 'fUA"j)
JES; =
&)

The operator energy functional for vector field at a point X;
is defined as

i — ) - (Vo - & —u)dv,
(6)

i

(b)

where £ 2— is a coefficient for the operator energy functional,

p8is the penalty coefficient, my (= tr[K,]) is the normaliza-
tion coefficient, K is a shape tensor and it can be defined as

= /8 w(ENE; ® &;dV; (7

3 Implementation

3.1 Derivation of the first-order implicit nonlocal
differential operators

The displacement field at any point in the elastic body can
be represented by three displacement components u, v, w
along the rectangular coordinate axis, and it’s three dimen-
sion vector form is

u=(uv, w)T. (8)

The first-order Taylor series expansion at point (0,0) for a
displacement field u is given as

v =u+Vu &+ 0(52), )

where V : (OX av P ) £ :=(x,v,2)" denotes the initial

bond vector, O(&?) represents higher-order terms, and for
linear field O(&%) = 0

(u’ - u) ® & can be obtained from Eq. 9 and can be
shown as

(W-u)@&E=Vu-£QE.

Integrate (u’ - u) ® & in the domain S, one will obtain
/ w(&) (v —u) @ &dV = Vu/ w(&)E R &dV. (10)
S; S;

The gradient operate Vu can be expressed as
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-1
Vu= / w(&)(u' —u) @ &V - [ / W(é)é@édV] :
S S,
(1

The discrete form of Eq. 11 at point X, can be shown as

Vu, —ZW U

JES;

) ® E;AV; - [Z, w(&;)&; ® 51’1“’1‘]71
(12)

3.2 Derivation of the higher-order implicit nonlocal
differential operators

The higher-order NOM is based on higher-order Taylor series
expansion of a multi-variable function. Consider a vector field
u at point X; (Xj € §,). For convenience, we shorthand u(x_i) by
u;, which can be estimated via a Taylor expansion based on
u, in r dimensions with the highest order of derivatives as n:

To simplify the equation more conveniently, letting ]il‘ e 41
Si: [l ]1’.]2’]35“',] ] l u,=ul+( Z) JIll’]n ' i,]rll...lll[v+0(§ )’ (17)
- np,...,n, Ea;‘
R = (&), | Dies, w(6,)E, ® £,0V)] = (:x,.,:_\.j,ézj). 1
The nonlocal gradient operator Vu at point X, can be rewrit- ~ Where
ten as
i = (X1 = Xipo o0 Xy — Xg) (18)
ij y ]
Vu, = u —u; [5,5 é]
; ZS, (u; 0608 (13) N
. ) ) ui,mlmm,,. = axml axmn (19)
According to Eq. 13, the matrix form of nonlocal gradient il = %
operator Vu at point x; for vector field can be expressed as
ou; Ou; Ou; wov.ow |a| = max (ml + e+ mrr)s (20)
e R R 3 e N | I o :
u = | oo —Y s b & g, Uy vy Wi where r represents the dimension and n denotes the highest
S A A 1 3 ZJ 5 ¢ 4 c o c R | R order of derivatives. a™ is a compilation of multi-indexes that
ox oy 9z V€S G g1 G L Vin Wy have been flattened and it can be written as
(14) )
For the convenience of calculations, we transform the matrix 42 = {(ny,....,n)|1 < Z n;, <m, n; € N 1<i<r),
~ r - - - -
form of nonlocal gradient operator Vu, for vector field into i=1
vector form and it can be rewritten as (21
S = |24 du v v ov ow dw ow]”
u; ox’ dy’ 9z’ ox’ dy’ a9z’ ox’ dy’ oz
= éx/_ 0 0 éle o 0 - fxl_” 0 0 u;
0 - ZjESI- é}'j 0 0 5yjl 0 -0 §Y,'n 0 Vi
0 0 - Zjesi élf 00 ézfl ~ 0.0 é:Zjn ':V '
JES; ng 0 0 fxl o 0 - fxl_“ 0 O v./] (15)
= 0 = Zjes, &y 0 06, 004 0 wjl1 = BU;.
0 0 - Zjesi éz, 0 O gz,»l = 0.0 ézj,l j
JES; ng 0 0 éle 0 0 - é:)‘f“ 00 Ujn
0 - Zje s, éyj 0 0 §yﬂ 0 - 0 gy/_n 0 Vin
i 0 0 - Zje s, §Zf 0 0 §Zﬂ -0 0 ézjn | Wi
Similarly, the nonlocal gradient operator Vu at point x, for ~ where N = {0, 1,2, ...}.

scalar field is written as

du;

1 u'
= | Des & Sy, o & ||
i

Vu; = ? - Z/es ‘fy, éy,l ‘fy,-n = BU;. (16)
0_"; sum,egf éﬂj] égzj,, W,

The 2D form of the first-order nonlocal gradient operators
is given in Appendix A.
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To eliminate the round-off error in Eq. 17, we here
include the characteristic length scale I; of support S; at u;,
and the modified Taylor series expansion may be rewritten
as
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n, n, ny+ee+m,
g T

o, ) + OE™)

wou+ Y u
J i ny+---+m | |
(my,....n, )Ea? Hi R R
il fm’
— 1 " °r 1 n+1
=u+ )+, ui,m]mml + 0(5 )-
my,...n)€a %
(22)
For any multi-index (my,...,n) €al ,
H{uﬁ---ﬂxF
1 — n 1
inm = ml!mmgui’ml'_'mn‘,V(]nl, - 1y) € al. We let p,

aflui and d,u, denotes the flattened polynomials, scaled par-
tial derivatives, partial derivatives, respectively, according
to multi-index notation &' and they can be shown as

T m, n T
(& G 5_1
b= 1777 [m++m, > n

T 23
0ﬂu.=<u].1’ ...,u]1 ...,u]1 ) 23)

in;...n,’ in...0

ou = (ui,O..Al’ L u ’ui,n..O)T'

> Hmy Lm0ttt

The I in the Eq. 23 allows the terms of the same characteris-
tic scale for length thereby eliminating computational round-
off error. The current partial derivatives can be recovered by

ng+---+m, n

1 AT (24)

)
n!...n.! n!

o,u; = diag [Ili, s

In which diag [X, ..., X, ] signifies a diagonal matrix of
X, ..., X,, whose diagonal entries begin from the upper left

n’

corner. Hence, the expansion of the Taylor series with u; to
the left of the Eq. 22 can be rewritten as

u; = (aiu,-)Tp},Vj €S, (25)

where u; = u; —u,
Integrate u; with weighted coefficient \W(él-j)(p})T in sup-
port S;, we obtain

/5 w(&uy@)’dV; = (Gu)’ /5 w(&;)p; ® @)'dV,

= (0,u)" L; / W(gij)p} ® (P}I)Tdv-,
S;
(26)
where

ny+--+n, =
i i

L, = diag [L,..., —

T s e
n!...n.! n!

| 27)

Therefore, the nonlocal operator d,u; and its variation can
be obtained as

gaui = Kai : / ‘W('fU)P}u,jdV]
S; ’

(28)
o,6u, =K, - / w(&;p;(6u; — su)dV;
S; ) ’ ’
where
1 1 T -!
Ky =1; </ w(&p; ® ) de) (29)
Si

In this paper, points of the domain Q in S, be symbolized as
S = sdiseeodn (30)

where j,, ..., ... ,J, denote the global indices of neighbors
for point x;, and n denotes the quantity of i’s neighbors in S;.
The discrete form of Eq. 28 can be shown as

3 — 1 — 1
o, =K, - ZS‘ ww(E)p, AV, =K,p Au, G1)
JES;

3,00, =K, - Y su;w&,)piAV, = K, pl 5Auy,

P (32)
where
-1
K, =1 Y wp e ehav)
JEs;
33
Pl = (W&, LAY, ..o, ! AV, ) G

u u, )’

Au; = (uij],..., s o Wi

The nonlocal operator gives all partial derivatives with the
highest order up to m. In PDEs, the group of derivatives is
a subgroup of the nonlocal operator. Each term in d,u; cor-
responds to a row of Kaipzm multiplied by Au,. Equation 31
can be used to substitute the differential operators in PDEs
to generate a strong form of algebraic equations. Meanwhile,
we can solve the linear (nonlinear) weak formulations using
the weighted residual methodology and the variational prin-
ciple, hence the variation of d,u; in Eq. 32 is required in
these circumstances. Equation 31 can also be shown more
succinctly as

u;
= 1 1 1 i
daui = KarpwiAui = [_(1’ ) l)nKm'pW," Km’pwi uj2 = BaiUi
W,
(34)

where B, is the nonlocal operator coefficient matrix of point
X, (1, 1), K,;pl is the column sum of K ,;p!, . Using the
P
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nodal values in support, the operator matrix generates all
partial derivatives of maximal order smaller than |a| + 1.

3.3 Elastic material constitution

For elastic material, the strain energy functional y is a func-
tion of the deformation gradient F. According to the princi-
ples of traditional solid mechanics, the deformation gradient
F in 3D form expressed as

ou o
Bxd 7} o SZ
v v 1
F =Vu + I3><3 = g_x ga_'- 1 ) ()_Z (35)
w w w
v o 1
0x dy 0z +

where I, ; denotes the identity tensor.

The first Piola—Kirchhoff stress P can be derived from
the directly derivative of strain energy y (F) in the context
of total Lagrangian formulation, and it can be derived as

P, P, P
al//(F) 11 12 13
P= oF - Py Py Py (36)
Ps3; P3 Ps3

In addition, the 4th order elastic tensor D, can be obtained
using derivation of the first Piola—Kirchhoff stress

Py(F
D, = & = 2 G7)
oF  oF"oF

To obtain the elasticity matrix, based on the Voigt notation,
D, can be written as a matrix form Zg,q

P, oP, 0P, Py Pw® . PwE)
oF,, oF,, o33 a[F]2] oFy, oF;, oF, oFs;
0Py Py P Py Py(F) . w®)
ggxg =| dF, OJF, 0F; | = | 9F 20, ‘szz 0Fy; oFs3 s
Py Py .. Py Py®) Py o PyE)
oF;  oF, 0Fs3 0F;;0F,,  0F;; dF;, oF2,
(38)
_ _ ow® @) oy (F)
where F(=F,Fy, -, F3),P(= )

oF, > oF, 7 oFy
donates the flattened deformation gradient and flattened first

Piola—Kirchhoff stress.

In particular, for isotropic linear elastic material, regard-
ing infinitesimal deformations of a continuous linear elastic
material with a tiny displacement gradient relative to unity
(i.e. Vu < 1), any of the strain tensors utilized in finite
strain theory (such as the Lagrangian strain tensor) may be
geometrically linearized. The non-linear or second-order
elements of the finite strain tensor are ignored in this lineari-
zation. Hence, we can obtain the Lagrangian strain tensor
£ = %(F +FT) —TIand stresstensoroc =D : €.
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The internal functional energy for 3D linear elastic mate-
rial can be expressed as
1

1 1
y(e)s, ==-0 €= 3" D:e= Ed%gd.@g,dd%d (39)

2

Likewise, the internal energy functional for plane stress and
plane strain conditions can be shown as follows

1
I//(‘g)pleme stress — E d%—d ‘@plane stressd%Zd

" (40)
W(‘?)plane strain — Ed%—d-@planestraind%w
where
du ou dv ov !
AUy == = =, = 41
2d <dx dy o0x dy) @0

T
ou du du dv dv dv ow aw’fig> “2)

d%d= S 53 23 23 2323 0453 25
dx dy 0z 0x dy 0z O0x dy 0z

For linear elastic material, the elastic matrix & in plane
stress, plane strain and 3D conditions can be expressed as

1 0 0 v
()
@planestress= 1_EV2 0 lzé % ol 43)
v 0 01
1-v 0 0 v
2 B E 0 1/2-v1/2-v 0
planesirain = (DT + )| 0 1/2—v1/2—v 0 [
Y 0 0 1-v
(44)
[A+24000 4 000 A4 ]
0 uOu 0 000 O
0 0u0 0 0u0O O
0 uOu 0 000 O
Dp=| A 000A+24000 i |, (45)
0 000 0 wOu O
0 0u0 0 0u0O O
0 000 O wuOu O
| 4 000 A4 000 A+2u |

where 4, u represent the Lamé constants, which are related
to the Young’s modulus E and Poisson’s ratio v:

1= Ev
T (14 v)(1-2v)

E . (46)
H=50+v)
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3.4 Construction of the first-order and higher-order
operator energy functional

As a particle-based method, when using node integration the
first-order and higher-order NOM suffer from a zero-energy
mode [57, 58], which results in numerical instability. To
eliminate the effect of the zero-energy mode, traditional PD
and SPH introduce a penalty term to the force state [51].
Nevertheless, the approach described above is only appli-
cable in the explicit time integration formulation. NOM
employs operator energy functional for nonlocal gradients

i Juy 0y

5%k

9wy 0wy Juiar =& & 2

where —[ 6y’dz]’ Veuw =3 " 5|

dwi i oWy

ox dy 0z
ki kip ki
K =kiz kap ko
ki3 ko3 ka3

It should be noted that the shape tensor K is involved in
V®u, : V®u, - K, and the operator energy functional is
valid in any dimension.

For convemenzce we let g) = —V ®u; : VRu-K;,
Y3d—-[( )"+ (v, —v) +(wj—w)].
ou; Ou; Ju; oJu; Ou; OJu;
ox 9y oz ox oy oz ||l kiy kip k
9_1&%ﬁ &%ﬁ k11k12k13
3d _5 l;)x ady 061 aax d@){ d@z 21 ™22 ™23
oAl A Do v 0w || sy Ky ks
ox a9y 0z ox dy 0z
_1 Ju; 0ui+k dui+k dui]+dui[k dui+k dui+k aui]+
2\ ox Mox T gy T Baz T oy T Pox T 2oy T Pz
ov; 0v; V; 0v;
[k13 6 kzz a k33 a Ty a[kng"‘kua—y +k13a—z]+ (48)
’[ Vi 2k i]+ kst 4 kg 4k avi]+
ady 12°0x 2 oy B0z oz Box 2 oy 30z
dwi[k ow; Tk ow; Tk dwi]+6wi[ ow; Pk ow; ik 0W~]+
ox Wox T T12gy Tz T oy W 2ox 25y T B g
ow ow; ow ow;
[kl% ox + ky3— 0 + k33— oz —1

to achieve the linear field of the field and avoid numerical
instabilities.

In first-order NOM, the operator energy functional at
point x; can be construct according to the first-order nonlocal
operator V ® u,, it can be expressed in discretization form as

hg
P

1

[(wj —w-) = Vw, - &)V,

ij
jES

[(wj - wl-) —Vw, - £,7)aV,

JES;

To facilitate numerical implementation, we transform Eq. 47
into a detailed form and the point x; displacement vector and
first-order differential of displacement vector in 3D can be
shown as

< u;— ui) - Vu, - 5,]-]2 + [(vj — vi) - Vy; - §ij]2+

2y, / (511)< (= ;) = Vi - &1 + [(v; = vi) = Vv, - € PP+

(47)

<ZW(§U)( u; —u)2+(vj—vi)2+(wj—w,-)2>AVj—V®ui : V®ui-Ki>
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_ T
U = Ui, Vi Wi W15 Vit Wig o Wiy Vs W)

A% = (=2, =&, & 0 0 o T T ) (49)

In this paper, the special variation §F , 6> and 6.F , 6>F
are defined as

gf = ad”/f’ 5_2.7 = ada;/dn;/./f (50)

8F 1= 0, F,8°F 1= 0y F (51)

Hence, the following relationships can be derived as

5®3d =ad”2/3d 03,

du; du; odu; odu; i ou; u; ; :
v v v Vi i Vi Vi i i
= [klla +k126_y +kl30_z] [kIZE +k225 +k230_z] [kBE +k230_+k33_,

ow; ow; ow; ; ;
ko ks3] Tk 50 + ks 50+ sy 52

ow; ow; ow; ow;
i ki, —L kia—1 [kiH —
+ 127 + 1301] [ g T

(ki 5

1
630 = Oy, Yaa = 9, (5105 = )+ (v =)+ (w = wi) 1)

= [(ui —up), (v; = vp), (w; = wp), (—u; + 1), (=v; +v)), (=w; + Wj)]

(54)
6 Y34 =042, V3a
= a%d{(ui - uj)v (Vi - Vj), (Wi - Wj)9 (—ui + uj)a
(=v; + vj), (=w; + wj)}
[1 0 0 -1 0 0]
o 1 0 0 -10
10 0o 1 0 0 -1
-1 0 0 1 0 0
0O -1 0 0 1 O
| o 0 -1 0 O 1 ] (55)
ou av
2.0 (52

52@3d zad%dd%d@Sd
=6d%d6®3d
_kll ki k3 0 0 0 O
kip kyy k)3 O 0 0 O
kiz ky3 k33 0 0 0 O
0
0
0

0 0 0 ky ki kys (53)
=10 0 0 ky ky ky

0 0 0 ki3 kys kss 0 0

0 0 0 0 0 0 kyykyp ki3

0 0 0 0 0 0 kyyky ky

0 0 0 0 0 0 kpjky ks

According to Egs. 53 and 55, Eq. 47 can be rewritten as

P
f?g = e < Z\W(éij)((uj — ui)2 + (vj - vi)2 + (wj — wi)2>AVj -VQu,: Vu,- Kl->

JES;
. Yies i —Li - -1 K.
e s I R PR DA )
2mK l . 0 . 0 1 1 0
| _Ijn 0 0 Ijn |
\ ies I — 1L - I
_ )4 8 <%T _Ijl Ijl 0 0 02/ _ %T%T
ZmKl l 0 0 1 l 1
-, 0 0y |
Yjes i =Ly = =T K 0
phe -I, L 0 0 i
- .T( i -3 0 K,
2mKi ! 0 O | ! 0 0'
N 0 0 Ijn

(56)
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where I = w(&)AV/(1,1,1) ® (1,1, DT

ZJES" Ij _Ijl
h;

A8 = Oy Fe = ﬁ( -I; L, 0
i LU i mK, 0
| L, 00

K, 0 0

-2"[0 K, 0 %z)
0 0 K,

The global tangent stiffness matrix of operate energy func-
tional, internal residual and tangent stiffness matrix of physi-
cal energy functional in support S; can be obtained by

Hi= Y0y Fiav,= Y AV,

The derivation of the first-order hourglass tangent stiffness
matrix and the global tangent stiffness matrix in 2D form is

-, given in Appendix B.
0 The operator energy functional for higher-order NOM at
0 point X; can be construct according to the higher-order non-
1

local operator dgui, it can be expressed as

hg
g _ P INT S0, )2
I Mu.. — @HT0 u. ) AV.
“ mez‘ j;Si W(‘:U)(uu (pj) “u’) !
(57) hg
_ P 2 1..7,1 INT 51
= > w(&,)(w} +lup @ (b)) oLy,

i JES;
- Zuij(p}l)Taiui)AVj

hg
p
- 2—( Y wE AV, +dlul Y w(g,p!
MK, = JES;

‘ A (58)
es jes ® (P AV, olu, — 28up] oL,
_ _ T . hg ~
A= 2oy @AY = Y AT T MUAY,(sg) = L (5 g uiay, + 0L, Y we )
JES; JES; mei jes, / = !
A=Y 0, %0V, =Y BT 7 BAV ® ()" AV, Ld,u, 2000}, )"L.d,0,)
i—gs,%,. i j_é i L ARY; (60) (62)
JEO; JE€O;
By submitting the Eq. 34 into the below Eq. 62 and it can
be rewritten as
hg
p -1
it = ( X wE Ay, - aul), )" (3 wigp) ® @) AV;) 5l Au;)
K; " jes, JES;
hg
p .
= (] ding [s(&, AV, ... ox(8; DAV, | A - w0 K L A,
e L 00 (63)
=3 Au?( 0 - 0]- (pgm)TKm[L,-p&m)Aui
K 00 Ijn_
he [1, 0 0
p —1p1 T . 1 N\T 1 —11
= —(K;'P, B U (| 0~ 0|l KLp, K, P, B,U,
o [0 0 T
Finally, thé summation .of 3D form for the 1”1rst—order.glob21l where I; = w(£;)AV, (1,1, D ® (1, 1, DT
tangent stiffness matrix and hourglass tangent stiffness / ey
matrix in support S; can be obtained
hg
K, = J +
ZjeS,- IJ _Ijl IJ}, K 0 0
ol L, L, 0 0 |
=Y av(2" -2 %,+p—< gL ~#"[0 K, 0 @,.)
= A A 00K
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n n (61)
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Fig.2 NOM implementation
procedure

Initial model information

Discretization of the
solution domain

FEM software
(Eg.ABAQUS)

A

User-defined subroutine
GridDomain

Assign values to the
corresponding parameters

According to the user-defined subroutines
NeiList and Neillndex, obtain the number of neighbors numNei
and build index number for the neighbors.

i

According to the user-defined subroutines
Bhgmatrix, Dmatrix and Kmatrix, calculate the nonlocal operator coefficient
matrix 3, elastic material constitution matrix?D and the summation of
global tangent stiffness matrix and hourglass tangent stiffness matrix K.

i

According to the user-defined subroutine
FindPoints search for boundary particles in discrete domain, and according to the user-defined subroutines
DirichletBoundaryApply and NeumannBoundary Apply
impose corresponding boundary conditions for specified boundary points.

Usin& the built-in command LinearSolve of Mathematica to solve the linear algebra equation
(K +K)u =Ku =R and obtain the global displacement vector, then we use the user-defined
subroutine UMatrix convert displacement vector into displacement matrix form.

The first and second derivative ]:z f yield the higher-order ~ The higher-order global tangent stiffness matrix of operator
residual and the tangent stiffness matrix of operator energy  energy functional in support S; can be computed by
functional and can be expressed as

oF"e

8 — at
e I, 0 0 (64)
—1p1 . 1 1 ~1.1
= m_(Kail pWiBai)T< 0 . 0 - (pwi)TKaiﬂ‘ip\wi>Kail pwiBaiUi
K; 0 01
@ ar i
N = —m— = — — 8 — 8
@ =~ U ouaUT Hai = Y Ouu, T AV, = Y HEAY, (66)
! ! J€S; JES;
hg Ijl 00 . . .
- Z_(K‘;’l P‘]}N,-Bm»)r< 0 -~ 0]|— (Pi,,,-)TKai[L,P‘]}N,-)K;I p. B,  Finally, the summation of the higher-order global tangent
K, 001 stiffness matrix and hourglass tangent stiffness matrix in

(65) support S; can be obtained

@ Springer



Engineering with Computers

hg

Ky = Ky + Ky
I, 0 0

hg 1
=y <Bmf 9B, + p—(K;i‘pﬁmBm)T( 0 - 0
jes, K, 001,
1 \T 1 “1.1
- (pwi) K(lil]_ipwi>Kai pwiB(li>AVj
(67)

3.5 Numerical implementation with an open-source
code

The numerical implementation of the first-order and
higher-order NOM are summarized as the following steps,
and a flow chart of the NOM implementation procedure is
depicted in Fig. 2.
Step 1. Discretization of the solution domain.
Consider the solution domain to be a discrete domain
consisting of discrete points of varying sizes and shapes

that are linked to one another. There are two methods to
achieve the discretization of the solution domain. For the
first method, a user-defined subroutine GridDomain is cus-
tomized, which can discretize the solution domain evenly.
This method is mainly used for the discretization of the rule
solution domain. The second method can be achieved as
follows: initially, the model is created using finite element
software (such as ABAQUS), then the model is divided
into grids of different sizes according to the characteristics
of the model and export the model information into a inp
format file. The model mesh and node information can be
read through a user-defined subroutine ParseAbaqusFile,
therefore the discrete solution domain with different densi-
ties can be achieved.

The Mathematica code for discretization of the solu-
tion domain is shown below. In the user-defined subrou-
tine GridDomain, where xmin, xmax are the minimum and
maximum values of solution domain and dx is the spacing
between points.
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GridDomain[xmin_, xmax_, dx_] :=Block[{ndim = Length[xmin], nx = Ceiling[ (xmax - xmin) /dx], dx2, res},

dx2 = (xmax - xmin) / nx;

If [ndim == 2, res = Table[{i, j}, {1, @, nx[[1]11}, {J, @, nx[[2]1}11;
If [ndim == 3, res = Table[{1, j, k}, {1, @, nx[[1]1}, {J, @, nx[[2]11}, {k, @, nx[[311}11;

res = Flatten[res];
res = ArrayReshape[res, {Length[res] / ndim, ndim}];

Do[res[[ALL, i]] #=dx2[[1]], {1, ndim}]; Do[res[[1]] += xmin, {i, Length[res]}]; res];

ParseAbaqusFile[file_String] :=

Module[{i, j, R, node, element, setList, oneSet, starlList, starLine, tlineStart, tlineEnd, tline,

strings, String2lList, i1, i2, len, pair, ei, ji},

If [FileExtension[file] # "inp", Print["Error,the file should be Abaqus keyword file .inp"]; Return[];];

strings = ReadlList[file, String];

If [strings == $Failed, Print["Error, file not found"];
Return[1];

i = Dimensions[strings] [[1]];

node = {};

element = {};

setlist = {};

starList = {};

Do[If [StringStartsQ[strings[[j]], "+"] & ! StringStartsQ[strings[[j]1], {"#+", "$"}], AppendTo[starList, j11,

{J, 1}15

String2List[str_String] :=Module[{sl, s2}, s2 = StringReplace[str, {"E", "e"} -» "+""];

sl = StringSplit([s2, {",", " "}1;
DeleteCases [ToExpression[slL], Nulll];

Do[starLine = ToLowerCase[strings|[[starList[[711]111;

tlineStart = starlist[[j]] +1; tlineEnd = starlist[[j +1]] -1;

Which[StringStartsQ[starlLine, "xnode"], Do[tline = strings[[R]];
If[!StringStartsQ[tline, "+"], AppendTo[node, String2List[tline]]];, {k, tlineStart, tlineEnd}]
(##), StringStartsQ[starLine, "xelement"], Do[tline = strings[[k]];
If[/StringStartsQ[tlLine, "+"], AppendTo[element, String2List[tline]]];, {k, tlineStart, tlLineEnd}]

(##), StringStartsQ[starLine, "xset"], oneSet = {};

Do[tline = strings[[R]];

If[/StringStartsQ[tline, "+"], AppendTo[oneSet, String2List[tline]l]];, {k, tlineStart, tlineEnd}];
AppendTo[setList, Flatten[oneSet]] (##)1;, {J, 1, Length[starList] -1}];
Len = Length[node]; i1 =node[[1, 1]1]; 12 =node[[len, 1]1];
If[i1 ==1 && i2 == Len, Return[{node[ [ALL, 2 ;; -1]]1, element[[ALL, 2 ;; -1]], setList}]];

pair = ConstantArray[0, 12];
Do[pair[[node[[i, 111]1] =1, {i, Len}];
Len = Length[element];
Dolei =element[[1]];
Do[j1 =ei[[j]1;
ei[[F1] = pair[[j1]11;, {J, 2, Length[ei]}];
element[[1]] =ei;, {1, Len}];

{node[ [ALL, 2 ;; -1]1], element[[ALL, 2 ;; -1]], setList}];

Step 2. Definition of the problem and solution domain.

Determine the overall attributes and geometric boundary
conditions of the solution domain based on the real case, and
assign values to the corresponding parameters.

Step 3. Specify and search for the number of neigh-
bors for each point in support and build index numbers
for the specified neighbors.

In this step, a user-defined subroutine NeiList is custom-
ized by the built-in command Nearest of Mathematica to
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find the required number of neighbors, and the process of
building index number for the specified neighbor points can
be achieved by the user-defined subroutine Neillndex. The
Mathematica code for finding the specified area points and
specified number neighbor points in the solution domain is
shown below, where coord is the coordinate of the points,
numNei represents the number of specified neighbors and
ndim denotes the dimension of coordinate.
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Neilist = Nearest[coord -» Automatic, coord, numNei +1];
NeiIIndex [Neilist_, ndim_] := Module[{n2, n3}, n2 = ConstantArray [0, ndim Length[NeilList]];

n3 = ndim (Neilist -1);

Do[n2[[1i;; -1;; ndim]] =n3 +1, {i, ndim}];

n2l;

Step 4. Establish the nonlocal operator coefficient
matrix, hourglass tangent stiffness matrix, and the sum-
mation of global tangent stiffness matrix and hourglass
tangent stiffness matrix in first-order and higher-order
form.

D First-order nonlocal operator method.

As shown in below Mathematica code, three user-defined
subroutines BHgmatrix, Dmatrix and Kmatrix are custom-
ized to calculate the nonlocal opeggtor coefficient matrix %,
hourglass tangent stiffness matrix 7", elastic material consti-
tution matrix 2 and the summation of hourglass tangent stiff-
ness matrix and tangent stiffness matrix K. In the user-dgfined
subroutine BHgmatrix, initially the basic forms %;, /¢, and
shape tensor K at point x; are constructed, which are named
as bmatrix, hgmatrix and kmatrix, respectively. Subsequently
by Eq. 7, shape tensor can be calculated; by the equation

L=w()V(1,1,1) (1,1, 1)T and Eq. 56, the matrix I; can
be calculated and the .7, matrix can be assembled. Sin}illarly,
by equation R; = w(&;)&;V; - [Zjes, w(&;)E;® ‘ff/AVj] and
Eq. 15, the intermediate variables Rj can be obtained and the
2B, matrix is assembled. In the user-defined subroutine Dma-
trix, by Eqgs. 43, 44 and 45, the linear elastic solid elastic
matrix & for plane stress, plane strain and 3D conditions can
be obtained. Where type=1,2,3 represent the three constitutive
models mentioned above. In the user-defined subroutine Kma-
trix, by Eq. 67, the summation of global tangent stiffness
matrix and hourglass tangent stiffness matrix K can be estab-
lished. In the below Mathematica code, where WeiF repre-
sents the weight function, voli represents the volume of each
point, Es, mu represents the Young’s Modulus and Poisson’s
ratio, respectively.
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Fig.3 a Set up of the cantilever beam; b the discretization of the cantilever beam(Ax=7/20)

BHgmatrix [coord_List, WeiF_, voli_List] :=BlocR[{num = Length[coord],

ndim = Length[coord[[1]]1], bmatrix, kRmatrix, hgmatrix, invk, xi, vw, ri, Rj, i1, 12, I1, 12},

bmatrix = ConstantArray[@., {ndim ndim, ndim num}];

hgmatrix = ConstantArray[0., {ndim num, ndim num}];

kmatrix = ConstantArray[0., {ndim, ndim}];

I2 = ConstantArray[@., {ndim ndim, ndim ndim}];

Do[xi =coord[[j]] -coord[[1]];
ri=8qrt[xi.xi];
vw =voli[[j]] xWeiF[ri];
kmatrix += vw TensorProduct[xi, xi];

11 =ndim (j -1) +1; i2 = ndim j;

I1 = vw IdentityMatrix [ndim];
hgmatrix[[1 ;; ndim, 1 ;; ndim]] += I1; hgmatrix[[1 ;; ndim, i1 ;; 12]] = -I1;
hgmatrix[[i1 ;; 12, 1 ;; ndim]] = -I1;
hgmatrix[[i1 ;; 12, 11 ;; 12]] =11, {j, 2, num}];

invk = Inverse[kmatrix];

Do[xi =coord[[j]] -coord[[1]]; ri =Sqrt[xi.xi]; Rj =voli[[j]] xWeiF[ri] invk.xi;

Do [bmatrix|[ [ndim (R -1) +1 ;; kRndim, R]] -=Rj;
bmatrix [ [ndim (R -1) +1 ;; Rndim, ndim (j -1) +R]1] =Rj, {k, ndim}];

» {3, 2, num}];

Do[I2[[jndim+1;; (J +1) ndim, jndim +1 ;; (J +1) ndim]] = kmatrix, {j, 6, ndim -1}];

hgmatrix -= bmatrix™.I2.bmatrix;

hgmatrix /= Tr[kmatrix];

{bmatrix, hgmatrix}

15
Dmatrix[Es_, mu_, type_: 3] :=
Block[ {DMatrix, ndim, L1, L2},
If [type =1,
Return[Es/ (2. -mu’) {{1., 0., 0., mu}, {6., (1. -mu) /2, (1. -mu) /2, 0.}, {0., (1. -mu) /2, |
{mu, 0., 0., 1.}}]];
If [type =2,
Return[Es / (1. -2mu) / (1. +mu) {{1. -mu, O., 0., mu}, {0., 6.5 -mu, 6.5 -mu, 0.}, {0., 0.5 -mu
{mu, @., 0., 1. -mu}}11;

L1 =Esmu/ ((1. +mu) (1. -2mu)); L2 =Es/2./ (1. +mu);

{{t1+212, 0.,0., 0., L1,0.,0., 0., L1}, {0., L2, 0., L2,0.,0.,0.,0.,0.}, {0.,0., .2,0.,0
{e., .2, 0., L2, 0.,0.,0.,0.,0.}, {L1,0.,0.,0.,l1+2L.2,0.,0.,0., L1}, {0.,0.,0.,0.,0
{e., 0., L2, 0., 0., 0., L2, 0., 0.}, {0.,0.,0.,0.,0., L2,0., L2, 0.}, {L1, 0., 0., 0., L1, 0.,

1
Kmatrix[voli_, bmatrix_, hgmatrix_, Es_, mu_, etype_: 3, pen_:0.2] :=
voli (pen Es hgmatrix +bmatrix”.Dmatrix [Es, mu, etype].bmatrix) ;
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Table 1 The statistical results of L2-norm and error for u,, . and
u,, . atdifferent discretizations

Npoint Ax L2-norm  uho¥ 1 upr 1
308 ‘H/10 0.0118 -0.2738 -0.2679
1155 ‘HI20 0.0096 -0.0731 -0.0779
2511 ‘H/30 0.0082 -0.0289 -0.0308
4428 ‘H/40 0.0073 -0.0209 -0.0245
6885 ‘H/50 0.0068 0.0150 0.0128

@ Higher-order nonlocal operator method.

The main codes for higher-order NOM are presented in
Appendix C, which includes constructing the global higher-
order nonlocal operator coefficiept matrix B,, global hour-
glass tangent stiffness matrix %, and the summation of
global tangent stiffness matrix and hourglass tangent stiff-
ness matrix [K,. Initially, a user-defined subroutine Multi-
Index is customized to construct multi-index notation in

Step 5. Search boundary points in discrete domain
and impose corresponding boundary conditions based
on actual problems.

A user-defined subroutine FindPoints is customize for
searching boundary points. When using user-defined sub-
routine FindPoints, it’s need to call another customized
subroutine LessThancoord at the same time. Subsequently,
to employ Dirichlet and Neumann boundary conditions to
the boundary points, two user-defined subroutines Dirichlet-
BoundaryApply and NeumannBoundaryApply are custom-
ized. Where the penalty method is used in the user-defined
subroutine DirichletBoundaryApply. The related Mathe-
matica codes are shown as below, where Ksp represents the
summation of global tangent stiffness matrix and hourglass
tangent stiffness matrix K, Rsp represents the global internal
residual, pd represents the index of the points of application
of specified displacement, pc represents the penalty coeffi-
cient and pf represents the index of the points of application
of specified force.

FindPoints[coord_List, xmin_List, xmax_List, show_: False] :=
Module[{ilist = {}, y, r, ndim = Length[coord[[1]]], Len = Length[coord]},
Do[If [LessThancoord[coord[[i]], xmax] && LessThancoord[xmin, coord[[1]]], AppendTo[ilist, 1]1], {i, Len}];
If[show, If[ Length[coord[[1]]] =2, Print[ListPlot[coord[[ilist]], DataRange - Automatic]]];
If[ Length[coord[[1]]] == 3, Print[ListPointPlot3D[coord[[ilist]]], DataRange - Full]]];

ilist];

LessThancoord[coordl_List, coord2_List] := Module[{p = True}, Do[If[coordl[[i]] > coord2[[i]], p = False;

Break[]]1, {1, Length[coord]}];
Return[pl];

DirichletBoundaryApply [Ksp_, Rsp_, pd_, pc_, scale_: 1.0] :=Module[{pi, tk, tk2}, tk = Diagonal [Ksp] // Normal;

th2 = tk;

tR2[[pd[[1]1]11] #= (pc +1.);
th2 -= tk;

Ksp += SparseDiag[tk2];

Do[pi = pd[1, il; RspIpil = tk2[[pil] pdl[2, il scale, {i, Length[pd[111}1;1;
SparseDiag[a_List] :=SparseArray[{{i_, i_} =»a[[1]]1}, Length[al];
NeumannBoundaryApply [Rsp_, pf_, scale_: 1.0] :=Module[{}, Rsp[pf 111 += pf[2] scale;]1;

Eq. 21. where d denotes the dimension, sum denotes the
maximal order of derivatives. Then, the customized user-
defined subroutine GFD0CoeffHalf can obtain the factors
of multi-index, polynomials and partial derivatives in des-
ignated dimensions with maximal higher-order derivatives
in Eq. 23. For constructing the elastic material constitution
matrix, according to Eqs. 3638, the user-defined subrou-
tine FuncRK is compiled to obtain elastic matrix 7. Fgr
higher-order global hourglass tangent stiffness matrix 7,
and the summation of global tangent stiffness matrix and
hourglass tangent stiffness matrix K, according to Eqgs. 33,
34 and 67, two main user-defined subroutines NOMPwKhg
and NOMRK are customized to achieve the establishment
of corresponding matrix.

Step 6. Solve the global displacement in the discrete
domain.

According to step 1 to step 5, the summation of global
tangent stiffness matrix and hourglass tangent stiffness
matrix K and global residual vector Z can be calculated.
And the global displacement matrix can be calculated by
solving the following linear algebra Eq. 68.

h
(F+ J%’)u:l]*&u:%’ (68)

we employ the built-in command LinearSolve of Mathemat-
ica to solve the global displacement vector, then we use the
user-defined subroutine UMatrix convert displacement vec-
tor into displacement matrix form. The related Mathematica
codes are shown below.
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u = LinearSolve[Ksp, Rsp];
um = UMatrix[u, ndim];

UMatrix[u_List, udim_Integer] := Module[{m}, If [udim ==1, m = u;

Return[m]1];

m = ConstantArray[0., {Length[u] / udim, udim}];
Do[m[[1]] =u[[udim (i -1) +1 ;; udimi]]l, {i, Length[m]}1; m];

4 Numerical examples

Four numerical examples in 2D or 3D are presented to vali-
date the first-order and higher-order NOM in this section.
The numerical results are compared with the analytical solu-
tion or that by FEM software to verify the feasibility.

4.1 A cantilever beam under shear load

In this section, a 2D cantilever beam loaded at the end with
shear load is considered. Figure 3a depicts geometry and
boundary conditions of the cantilever beam. The beam
with H = 3m in height, £ = 8m in length. The cantilever
beam parameters are: E = 6 X 10°MPa, v = 0.33. The shear
load is parabolic distributed. The beam is discretized into
308,1155,2511,4428,6885 points respectively, which cor-
responding to Ax € {H/10,H/20,H/30,H/40,H/50}.
Where Ax denotes the spacing of the points, the discretiza-
tion of Ax = 20 is shown in Fig. 3b. Plane stress conditions
are considered in this section. The analytical solution refers
to literature [59, 60].

PGy —H/2) H?
= —— (6L = 30)x+ 2+ V(v — H/2)* — T)]
(69)
u, = —%[3\/(}/ —H/2AL - x) + (4 + 5v)Hsz + (3L — 0]
(70)
PL = x)(y = H/2
6 y) = 20 x)(Iy 12 5 = 0,7, )
__PH >
=57 =127, 1)

where x € [0, £1.y € [0, H], P=-5 kN, T="2. The dis-
cretized cantilever beam on displacement boundary are
constrained using the accurate displacements according to
Egs. 69 and 70, as well as the force boundary according to
Eq. 71.

To obtain the displacement of each point, we need to
solve the Eq. 68, which can be shown in detail as Eq. 72.
In this work, we use the penalty approach to apply Dirichlet
boundary conditions. This method can be achieved through
the following steps:
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k” k12 ......... kln u Rl
k2l k22 ......... an Uy R2
kiy kiy kip e ki || B R; (72)
_knl kn2 """"" knn_ _un_ _Rn_

When the displacement of point i u; = u;, we modify the i-th
equation as follows, multiply it’s diagonal element K;; by a
penalty factor #(In computations, 7 is set to 10'°.) and replace
R; with nk;;u; to obtain:

-

kyy ki ek [ R,

Koy kyy oo e e kg, u‘z R'2

e [ R I
b ke e o k) | R,
The modified i-th equation can be expressed as:
kiyuy + kigtty + <+ + nkgu; + -+ + ki, = nk; (74)

Since nk; > ki]-(i # J), the nk;u; term at the left end of the

mn-t
equation is much larger than the other terms, so it can be

approximated nk;u; = nk;u;. Then we can obtain u; = u;.
According to the Eq. 73, we can obtain the displacement of
each point. It should be noted that this method is suitable for
any given displacement of points, as the order of the formula
and the displacement order of the points remain unchanged
during the solution process.

The number of target point’s neighbors and the radius
of support size in NOM can be very flexible and unlimited.
However, a large number of neighbors is expensive in the
k-nearest neighbor’s search. Based on our numerical experi-
ence, eight points closest to the target point are selected to
construct the target point’s support domain. The difference
between the numerical result and analytical solution is meas-
ured by the L2-norm, which is calculated by

Zj(uj _ u;xact) . (uj _ u;xact)A‘/j

”u”LZ = exact exact
2 upt - wreAy;

(75)
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Table.l shows the statistical results of the L2-norm for
displacement at various discretizations, Fig. 4 depicts the
displacement for discretization at Ax = H /50. The displace-
ment cloud diagram of the cantilever beam for discretization
at Ax = H /50 using first-order NOM numerical results and
analytical results can be seen in Fig. 5. As shown in Table 1,
Figs. 4 and 5, good agreements can be seen between the first-
order NOM numerical results and analytical results. It shows
very close variations in L2-norm and the displacement errors
in different directions.

4.2 Problem of an infinite plate with a hole
in tension

Consider a 2D infinite plate with a circular hole, as shown
in Fig. 6. The plate’s length is £ and there is a small circular
hole with a radius of p = a in the plate. Because the plate’s
thickness is substantially smaller than its length, it can be
considered a plane stress problem. The force boundary con-
dition of P = 1 MPa. Based on the symmetry of the structure
and load, one-quarter of the model is used for analysis.

When the plate’s width is substantially more than the
radius of the small hole, we can obtain the stresses analytical
solution [61] in polar coordinate system according to classi-
cal elasticity theory, and it can be expressed as

(@ vm

0.00000 fom
~0.00001

—-0.00002
—— NOM

Exact

-0.00003
-0.00004
-0.00005

-0.00006

n
'S
[
[e0]

(c)

oyx(Pa)

10000

5000
—— NOM

Exact

-5000

-10000

Y(m)
0.5 1.0 15 2.0 25 3.0

(76)
The highest hoop normal stress is achieved at the hole’s
edge, as illustrated in Fig. 6. When p = a, 6 = %(37”), oy
attains the maximum value of three times the uniformly dis-
tributed stress P, (6)max = 3P, and o, sharply approaches
to P as it moves away to the edge. We characterize the stress
concentration phenomena using the stress concentration fac-
tor K in this case. We solve stress concentration problems
by the first-order NOM, plane stress condition is considered.
The numerical results were compared with ABAQUS stand-
ard and analytical solutions. The parameters for the plate
include E = 3 x 10*MPa, v = 0.3, and the radius of the hole
is p = 1 m. To facilitate the application of force boundary
conditions, we converted the Eq. 76 from polar coordinate
system to Cartesian coordinate system, it can be shown as

(b)

Ux(m)
0.00001
5.x1078 A"
n —— NOM
0.00000 . Exact
-5.x1078 -
~0.00001 =
o Y(m)
05 1.0 15 2.0 25 3.0
(d) rxy(Pa)
O‘E. ..
\’- »/
500} |, ;
-1000} ~  —— NOM
R e Exact
~1500
~2000
Engegen® Y(m)
05 1.0 15 2.0 25 3.0

Fig.4 The displacement and stress for discretization at Ax = H/50. a Displacement of points y=/2 in the x direction; b displacement of points
x=L/2 in the y direction; ¢ stress of points x=L/2 in the y direction; d stress of points x=£/2 in the y direction
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-0.0000315
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~0.0000504
-0.0000567
~0.0000630
Fig.5 The displacement cloud diagram of the cantilever beam for

discretization at Ax = H/50. a Displacement in y direction by first-
order NOM numerical results; b displacement in y direction analyti-

2 4
0,,.(p,0)=P— pL <M + cos 40) + 73’3i cos 46
p? 2p*
a? (cos26 3a’
0,,(p, 0) = —P?( 5— —cos 40) - P2_p4 cos 46
2 : 4
Ty(p,0) = —7’% ( s1n229 + sin 49) + P;% sin 46

(77)
To validate the feasibility of the first-order NOM, we com-
pare the numerical simulation results with the analytical
solutions. The analytical solution of the displacement under
plane stress conditions can be expressed as

3
u(p,0) = 783_2 <§(K + 1)cos @ + 2?a((l + k) cos @ + cos 30) — 287 cos 39)

w(p,0) = 22 L = 3)sin 0 + 22((1 = x)sin @ + sin 30) —
Y 8u \a p

0.0000128
9.6x107¢

(b)

6.4x107®
3.2x107
0
-32x1078
-6.4x107°
-9.6x1078
-0.0000128

-0.0000160

(d)

-6.3x1076
-0.0000126
-0.0000189
-0.0000252
-0.0000315
-0.0000378
-0.0000441
-0.0000504
-0.0000567

-0.0000630

cal results; ¢ displacement in x direction by first-order NOM numeri-
cal results; d displacement in x direction analytical results

information. We read the exported “model.inp” file in the
environment of Mathematica. We can calculate the coordi-
nates of each point in the model, the area of each element,
and assign parameters such as area and force to the relevant
points of the element according to the core principle. So
as to realize the discreteness of the unit in the environment
of Mathematica. It should be noted that only the nodes are
used and no interaction between elements. The Mathematica
software reads the “model.inp” model (£/a = 5) and discre-
tization of the model as shown in Fig. 7. In this study, we
use the built-in command Nearest of Mathematica to find
the required number of neighbor points, and eight neighbors

3 (78)

3
287 Gin 39)
P

where y = ﬁ, andx = T

For the displacement boundary conditions, we set
u, =0,u, =0 at left and bottom boundaries by penalty
method, meanwhile, for the force boundary conditions, we
applied the traction force at right and top boundaries com-
puted by Eq. 77.

To obtain a good discrete result, initially, we build the
model and meshes in ABAQUS, then export it as an “model.

inp” file, which includes the element and point coordinate

@ Springer

are selected.

We fix the diameter of the hole to 2m and change the L.
Four cases of relative size of plate width and hole radius
with £/a=5,7,9,11 and four cases with total
525,2050,4575,8100 nodes are investigated. The plate is
discretized according to ABAQUS mesh elements and CPS3
elements are adopted in ABAQUS [62] to calculate the refer-
ence results. At first we test the maximum value of stress in
the x-direction (o) according to the formulation

max?



Engineering with Computers

A

\

O N A A

\

Fig.6 Setup of infinite plate with a circular hole

K = % we can obtain the corresponding K and com-

pared it to the analytic solutions. According to the first-order
NOM, ABAQUS standard, and analytical solution, the sta-
tistical results of the stress concentration factor K, as shown
in Table 2.

The displacement and stress distribution of the
model(L/a = 5) on polar coordinate system p = 2 at the
case of with total 4575 and 8100 nodes using first-order

NOM are compared to the analytic solutions, as seen in
Figs. 8 and 9. The displacement’s L2 norm computed by
Eq. 75 and stress field at four different discretization cases
are shown in Table 3. These characteristics agree well with
the theoretical analysis of this problem mentioned above,
and it proved that the first-order NOM established in this
paper has good applicability.

4.3 Crack propagation problem by NOM
with phase-field modeling

Phase field fracture modeling [63—68] shows great advan-
tages for modeling complex crack propagation, and its
based on the I'-convergence of the approximations of free
discontinuity problems [69]. In this section, we use NOM
to establish implicit phase field modeling and a phase field
¢(x,1) € [0, 1] is introduced to approximate the fracture
surface, I'. Where ¢(x, ) = 1 denotes the complete dam-
age of the material and ¢(x, r) = 0 denotes the material is
undamaged.

According to literature [70], the density of the crack sur-
face per unit volume y(¢) and the surface energy in the solid
due to the formation of crack can be shown as

\Y _ ¢ lov \Y
7(o, ¢)—2—lo+5 ¢ -V, (79)

Fig.7 a The “model.inp” model shown in mathematica; b discretization of the model
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Table 2 The statistical results of

. L/a Analytical ABAQUS(525) NOM (525) ABAQUS(2050) NOM(2050)
the stress concentration factor solution
K at different £ /a ratios, where
525 and 2050 denotes the total 5 3.000 3.330 3.361 3.350 3.371
number of points in the model 7 3.000 3.164 3.176 3.178 3.203
9 3.000 3.100 3.109 3.115 3.126
11 3.000 3.064 3.078 3.087 3.096
(a) % g 177}
0.50
1.2 0.0y
0 45:- 1.0 ~01
—— NOM g, 08 -02
040 = Exact ap ~— NoMig, -0.3
06 -»- Exact gg
035 04 =04 —— NOM 759
-0.5 ~=— Exact 759
0.2
0.30 -06
0 4 . 0 0
02 04 0.6 08 1.0 1.2 14 0.2 04 06 0.8 1.0 ;b g 14 05 1.0 15
(b) Up ug
1.x10-10] o
8.x107" _1x10-M
6.x10"11 —— NOMu, _2x107"
4.x107"
2.x10 1 A Seiet —o— NOM ug
: e —=— Exactug
~2x4071 -5.x10~11
6

05

Fig.8 Analytical and numerical results of the stress and displacement. a The results of the stress (Nnodes = 4575); b the results of the displace-

ment (Nnodes = 4575)

—— NOM g,

—=— Exact gy,

.x 10711

1
8
6.x1071
4.x107 1
2

o1

.« 10711

—— NOM 1,9

~=— Exact 79

%98
1.2}
1.0}
08}
— NOM 0gp
06} —=- Exact ggg
04}
02|
02 04 06 08 1.0 12 14
ug
—— NOM u,
1
= Exactu,

0.5

—— NOM ug

—=— Exactug

Fig.9 Analytical and numerical results of the stress and displacement. a The results of the stress (Nnodes=8100); b the results of the displace-

ment (Nnodes=8100)
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Table 3 The L2 norm of the displacement and stress at four different
discretization cases

Nnodes L2 norm of displacement L2 norm of stress
525 0.0581 0.0908
2050 0.0276 0.0478
4575 0.0163 0.0428
8100 0.0118 0.0376
)
GdA~ [ G| —+ =V¢ Vo |dV, (80)
r Q 2y 2

where G, represent critical energy release rate, /; is a length
scale factor that governs the phase field’s transition area,
hence it can reflect the width of the crack, When [, — 0,
the I'-limit recovers the sharp discontinuous interface of the
crack.

To guarantee that the crack is only driven by tensile
load in phase field simulation, the elastic energy must be
decomposed into tensile and compressive components [71].
The strain tensor € can be decomposed as follows by using
Eigen-decomposition

d d
£, = Z{<ea>+na ®n, e = Z_‘f<ea>_na ®n, (81)

where the tensile and compressive parts of strain tensors are
€, and &_, respectively; (x), := (x = |x])/2; the principal
strain is €,,, and the principal strain direction is n,,.

The elastic energy density y,(€) and Cauchy stress tensor
o for the tensile and compressive parts are represented by
the decomposed strain tensor as following

w6, @) = [(1 — ) + Kolw (&) + w (e)
wie) = %(l"(f»i + u(tr(e,)?) (82)

W (e.¢) = %(rr(e)ﬁ + u(tr(e )?)

The overall potential functional is calculated as the sum
of the phase field approximations for the fracture energy,
elastic energy, body energy, and potential energy caused by
the surface load, it can be shown as

Ge ¢2 2 + -
M, ) = / 4 ivp- o0+ / (1= ) + Koy () + v (€)dQ
Q Q

0

er

—/b~ud9— f-udl
Q 0%,

Wer
(84)
where b denotes the body force, # donates the displacement,
and f donates the surface loads at the boundary, W, donates
internal energy, W,,, donates external work.
The Lagrange energy functional can be expressed as

L= % / pit - 2dQ — T(u, ) 85)
Q

According to Hamilton’s principle, the first variation of the
Lagrange energy functional L should be 0, namely 6L = 0,
hence we can obtain the following phase-field governing
equations and Neumann boundary conditions

[(1-¢P+Kk))V-6+b=pii in Q
Rl +Glp -G LV =2 in Q
oc-nf=f on 0L (86)
V¢-n*=0 on 0%

where n* is the outward-pointing normal vector for bound-
ary 0€2.

To maintain the phase field that increases monotonically
[70], the local history field of strain H(x, f) is introduced and
it can be shown as

H(x,t) = srél[%ﬁ]l’/; (e(x, %)) ®7)

we use H(x, ) replace the y* in the Eq. 86, then we can
obtain

oy, (€, $) 5 oyl(e) oy (e)
°= o€ =10 =@y + ol o€ * o€ (83)
= [(1 = )* + kol A{tr(e)) I + 2ue, ]+ Atr(e))_I + 2ue_,
where k;, (x, > 0 and k, < 1) is a tiny positive factor that [(1 = ) +K,]V - 6 + b = pit,
prevents the Posmve component of the elastlc/energy density [21,H + .1 — G, l(z) V2 = 2 H,
from degrading completely, 4, 4 are the Lamé parameters. 1 h (88)
donates identity tensor. oc-n"=f,
Vp-n*=0
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Since the implicit NOM is based on the governing equations
weak form, and the weak forms of Eq. 88 are formulated as
follows

/ Gc(ll¢5¢ +1,V - Vod)dQ + / —2(1 — $)6pHIQ = 0
Q 0 Q

/—GI5£dQ+/b‘5udQ+/ Sf-éudl’ =0
Q Q Eley

The continuous support S, is expressed in NOM by

(89)

N; = {1y odis osdin} (90)

where ji, .., ;. ...j, denote the global indices of point i’s
neighbors.

The nonlocal operator for displacement V ® u; and phase
field V¢, in discrete form can be rewritten as

Ve u; ~ Z \W(f,-j)(uj -

JeS;

u)® (K,_I‘SU)AVJ = 93;‘ U 1)

Ve = 3wy — b)K'EHAY, = ] - §, ©2)
JES;

where ~ denotes discretization, #;(= u, u”,. N P ,uAH)
is all the variations of the displacement in support S;,
¢3 (= ¢,,¢j . (,b]k,. b ) represents all variations of the
phase field in support S AV is the volume of neighbor
point j, % and %¢ are the the coefﬁment matrices, as shown
in Egs. 15 and 16

The research was based on a library of linear elastic
material. According to the above expressions, Eq. 89 can
be shown as

Y (Gl BV - A - b+ [GClld;i —2(N = $)HI)AV,; =0

jes; 0
Y LB Dy le}AV, + Y bNAV+ [ fiNAS, =0
JES; Jes; *y

93)
where N = [1,0, ---,0,0]” is a (n; + 1)-dimensional column
vector.

We can obtain the point x; residual of the overall systems

R:l — F;t,ext _ F?,int
- Zf,«ASj + Z b,AV, - Z[,@;‘]Tniik,{ei}A\/j
jes, jes, jes,
e
R(b — _F¢,int

=Y (Gl - 2 - §,+1G, qs —2(N - ¢)H]) AV,
JES;

(94)
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where F ;"im, F ;"e’“ are internal force, external force, respec-
tively, which correspond to the displacement field.

Whereas F f”"" is the internal force corresponding to the
phase field. The corresponding tangent stiffness matrices can
be obtained based on the internal forces:

u, int

= a~ _Z[W]TDykl%“AV (95)
JES;

A = aFW— (Za AN 14 ey 2mN @ NT)AV

f= jg;[] 0,.+(E+)®)j

(96)

where D, is a elasticity matrix, and it can be obtained using
Eigen-decomposition algorithm for fourth-order isotropic
tensor [70]

Coley) g
W oleyt — oley)

=[(1-¢)>+ koI, + Dy,

(I(1 = ¢)* + Kolo} + ;)

o7

The stress based on the Eigen-decomposition method can
be expressed as

o* = e + &) +€3) I35 +2u(e)) .0, Qn
+(€2).1, @ ny +(€3) .13 @ 13) (98)

where A, p are the Lamé constants, /5,5 is the identity matrix,
nl,n2,n3 are Eigenvectors for principal strains €, €,, €5 of
e(= Zl | €m; ® n;) (Fig. 10).

Then Eq. 110 can be shown as

([(1 = ¢)* + kIDE, + D ) B AV,

A= N BT i+ D) ZEAV; (g0,

J=

However, Eq. 89 suffers from the zero-energy mode, the pen-
alty force from the nonlocal operator functional should be
added, then the summation of global tangent stiffness matrix
and hourglass tangent stiffness matrix in displacement and
phase field as shown in following

hg
K! = Z ([ 17 ([0 = ¢)* + Ko ID}, + Dy ) B + 7 )AV
J€s;

i

(100)

K=Y ([%ﬁ’ 17G 1y B + (l— +2H)N@N” + %’ )AV
JES;

(101)

In this case, we consider a single notched square plate
subjected to static tension loading. Figure 12 depicts the geo-
metrical and boundary conditions of the plate. We consider
the plate parameters as follows: E = 2.1 X 10 MPa ,v = 0.3
and the energy release rate g. = 2.7 x 107 kN/mm. The
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0.5mm
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Fig. 10 Geometry and boundary conditions

plane strain condition is considered in this test. We deleted
the points closest to the initial crack to produce the initial
crack and each point has eight neighbors to construct their
own support domain. The single edge notched square plate
is discretized into 40401 points. The phase-field length
scale is set to /[, = 0.015 mm. Due to the maximal order
of partial derivatives in Eq. 89 is 1, the first-order NOM
is employed. The penalty method is used to enforce the
Dirichlet boundary conditions for phase and displacement
fields. In this case, to prevent the singularity during compu-
tation, k, = 1 X 107%is chosen. Due to the mutation property
of crack propagation, in the staggered scheme, a small verti-
cal displacement increment Au = 1 X 107> mm is applied to
the upper boundary of the plate and the bottom boundary is
fixed all the time.

Figure 11 depicts the crack patterns in horizontal direc-
tion at various displacements for [, = 0.015. Figure 12
depicts the reaction force-displacement curves. As expected
in the literature [72], when adopted staggered scheme, the
rate of the crack evolves seems to be delayed in comparison
to a completely monolithic scheme. In comparison with the
results by Miehe [70, 72], the load curves obtained by the
implicit nonlocal model align well with the reference result
with the increase of the vertical displacement Au. The crack
tip still has a small bond force caused by the support and
dual-support which leads to slight differences appear at post
localization where FEM exhibits a sharper decay compared
to the NOM.

4.4 3D gradient elasticity cantilever beam
under shear load

To illustrate the feasibility of higher-order NOM, we expand
it to handle the gradient elasticity beam issue. The isotropic
elasticity gradient material’s energy functional [73, 74] can
be represented as

I/pz
e+?V6'fVedQ—/b-udQ

W:/lé':
92 Q

—/ IP-udS—/ R-®* - Vu)dS
Fle) Fle)

where & represent the Cauchy-like stress tensor. £ represent
the gradient material factor, € = %(Vu + uV) represent the
infinitesimal strain tensor. b represent body force density,
whereas [P and R represent the traction force and double trac-
tion force act on on dQ. n* represents the outward-pointing
normal vector for the boundary surface.

Based on the strain gradient elasticity theory [75], the
variation of the strain energy and the external work can be
written as

5W"’=/Q(a:
=/Q(6:

SWe — /b . sudQ +/ P- 6udS+/ R - (n* - Véu)dS
Q Q 0Q
(104)

(102)

e(6u) + piVe(su))dQ

e(6u) + ﬁva:w(au))dg
2 (103)

where u denotes the third rank double stress tensor.

In Eq. 103, the Cauchy-like quantities 6, work-conjugate
to €, and the double stress u, work-conjugate to Ve, are
derived from the partial derivatives of the strain energy den-
sity with respect to € and Ve [74], respectively. Accordingly,
we can obtain & and u as shown in follows

awint
dVe

awint
oe

6= =¢°Vé

=2ue + Atr(e)l, u = (105)
where tre = V - u, Lis the symmetric second rank unit tensor.

The Cauchy-like stress tensor & and strain tensor € are
coupled typically by Hooke’s law [76], but the double stress
tensor u is expressed on the basis of the Cauchy stress ten-
sor, yielding the total stress tensor o in the form

6c=06-0’A& (106)

According to the principle of virtual work, 6.F;,, — 6 F,,, =0
is valid for du in © and on surface 0Q2, which lead to the fol-
lowing governing equation and boundary conditions in terms

of the Cauchy-like stress are written below

(1-2°A)(uAu+ A+ VYV -w)+b=0  inQ
(107a)
n*- (6 —¢°AG) — Vg - (n* - V)
+f2(VaQ~n*)n*®n* :Vo=Pon an (107b)
u=1u on d€2, (107¢)
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Fig. 11 2D single-edge-notched tension test. Crack pattern at displacement field and phase field for a length scale of /, = 0.015 mm

On*@n i Ve =R on 0Qg (107d) boundary surface is composed of disjoint and have the
follow relationships: 0Q = 0Qp U dQx U0Q, U 0L, ,
0Qp U 0Q, = 0Qr U0Q,anddQp N 0Q, = 0Qr N 0Q, =

=V on 0L, (107e)
To make the expression clearer, we simplify the Eq. 102
where @,7,[P,R represent known functions, and make some modifications to following
Vio(=V —n*@n* - V) denotes surface gradient. The

W; =/Wi(gy)wil(éauil)dg+/Wi(gy)WiZ(éauiZ)dQ_/Wi(gij)WiS(éauiS)dQ
Q Q Q

- w; (&) Wyy (5a“i4)ds - / wi(&;)Ws (5aui5)ds
0Qp 0Q, (108)

=/Wi(§ij)wi1 (BailUil)dQ"'/Wi('fij)wiz(BaizUiz)dQ_/Wi(gij)Wﬁ(BaBUﬁ)dQ
Q Q Q

- Wi(‘fij)Wm(BamUm)dS— / ‘Wi(fij)wis (BaiSUiS)dS
0Qp 0Q,

where
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w;(&;) = (1 —&;/1)" denotes the weight function
T
J =15 J = (9w 0w dv; dv; v Ow; Ow; Ow;
vvll(a l.l]) =20 & and d,u;, = (()x’ dy’ 9z’ ox’ dy’ 9z’ ox’ ay’ 01)
3 _P . 3 [ Pu; Pu; *u; *u, Pu; Py T
WiZ(?auiZ) = 2V°'i . Vei’~a“d O = (axax’ 0xdy’ dxdz” dydy’ dydz’ 0707 ) 109)
Wis(qa“i.%) = —=b;-u; and d,u;3 = (u;, v v w)! (
Wi4(aaui4) = _lpi U and aazui4 = (ul’vl’w )T
3 — ou, ou; u; w; 0w, u; u; u
Wis (0,05) = —P; - (@, = ), and d,us = (i, 52, 5. 54 S, S0, S0 S S, S0
Pu; Pu; Fu; Pu, Pu, Fu; Pu; Pu; Fu; Fu; )T
0x0x0x’ 0x0xdy’ 0x0x0z’ 0xdydy’ 0xdydz’ 0x0z07  dydydy’ dyaydz’ 0y0z0z° 020707
According to the Eq. 108, we can establish the residual and
the corresponding tangent stiffness matrix at point x; of the
overall system:
()Wl.
R =—
T ~ T
= Z‘W i) DtlelAV + ZW W) DpBupAV; + Zwi(aauﬁ) D;;B,;3AV; (110)
JES; JES; JES;
T
+ Y wi DB, AS; + Y w;(3,u;5) ' D,sB,isAS;
JES; JES;
OR;
= —
1 OF
d = T = T ~ T
=50 ( Z w;(0,u;;) DB, AV, + Z w;(0,u) DpB,p AV, + Z w;(0,u;3) Dy3B,AV;
i jes; = JES;
x T x T
+ Z w;(0,u;) DB, AS; + Z w;(0,u;5) DisB,isAS)) (111)
JES; JEeS;

= Z Wi(Baﬂ)TDilBailAVj + Z W[(BaiZ)TDiZBaiZAVj + z Wi(BaB)TDiSBaiSAVj

JjES; JjES; JES;
+ ) wi(Bgy) "D,B,AS; + > w, (Byis) DjsBisAS;
JES; JES;
A 3D gradient elasticity cantilever beam under uniform
08 [ ' ' ' ' ' ' shear load is considered. The cantilever beam with dimen-
07F a NOM I=0.015mm . sions of 25 X 10 X 3 m*. The material parameters are con-
—e— FEM 1=0.015mm sidered: E = 6 x 10* MPa, v = 0.33. The uniform shear
08r i force P, = —1.0 x 10~ MPa. The higher-order NOM based
05 . on numerical integration [77] is employed to investigate the
504 i ] effectiveness of the current method for gradient elasticity
B al % cantilever beam. The cantilever beam is discretized into
go3| ) - 3744 points and hexahedral background meshes are gen-
o2 I ] erated for the numerical integration. We employ 40 Gauss
| neighbor points in the numerical test. For separate variables
0.1} - (u, v, w) in 3D cantilever beam, Eq. 108 include the differ-
ool . . . ' . L ential operators Vu, Vv,.Vw, VZu, Vv, V2w, V3u, V3v, V3w
0.000 0.001 0.002 0.003 0.004 0.005 0.006 0.007 0.008 The maximal order of partial derivatives in Eq. 108 is

Displacement u (mm)

Fig. 12 Reaction force-displacement curves for [, = 0.015 mm

three, hence we select the third order of nonlocal opera-
tors in Eq. 31. In addition, various gradient coefficients
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Fig. 13 Displacement for various different gradient coefficients
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Fig. 14 Displacement for points on the line (y = 10,z = 0)

¢ =0,1.5,3.0,4.5 are studied by current method and the
displacement field for various gradient coefficients is given
in Fig. 13. Figure 14 presents the displacement for points on
the line (y = 10, z = 0). The results obtained by higher-order
NOM correspond well with those obtained by ABAQUS and
with the gradient coefficient raising, the deform of the beam
become more uniformly.

5 Conclusions

In this paper, we present the implementation procedure
of first-order and higher-order NOM, and an open-source
Mathematica code is presented and explained in detail. The
performance of first-order NOM and higher-order NOM
results are demonstrated compare with the corresponding
analytical solutions or the results of the FEM commercial
software. Concluding remarks can be stated as follows:

Similar to the FEM and meshless method, NOM can
establish the operator energy functional and tangent stiff-
ness matrix by some matrix multiplications. However, unlike
FEM and the meshless method, NOM can derive differen-
tial operators directly without employing shape functions.
Hence, the complexity of the NOM is significantly reduced.
The NOM requires only the definition of the energy, for a
given energy functional, the nonlocal operators can be estab-
lished automatically by the highest order of partial derivative
and dimensions. Support, dual-support, nonlocal differential
operators, and operator energy functional are the fundamen-
tal components of NOM. According to several numerical
examples, which illustrate the method’s high performance
and capabilities. In conclusion, NOM is an easy-to-use, flex-
ible, and efficient numerical method, further development of
this method will incorporate anisotropic material and elastic-
plastic material.
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Appendix A: The 2D form of the nonlocal
gradient operators for vector field Vu
and scalar field Vu

T
e ou; du; Ov; Jv;
Vu; = [ax,-’ oy, ox; y,

u;
_ZJESA fx} 0 éx/l 0 - f*f" 0 ;i
0 —Fesd 0& -~ 0¢& [|"
= L) I < V. = BU,
_Zjes, fx, 0 ngl 0 - fx,” 0 J] s
0 T Ljes; ;V/ 0 é):/l = 0 gyiﬂ Mjn
;an,
(112)
du; i
vui — _[fl — _Zjesi éxi éle o ngn u/l — f@z?/z
a_y _ZjES,- f)’j éyj] gy/n
Uy,
(113)

-1
Where(éjxi, éyj) - W('E’J)égvl ' [ZJE& W@U)éu ® gUAV]]

Appendix B: The derivation of the hourglass
tangent stiffness matrix and the global
tangent stiffness matrix in 2D form

ou; Ju; 0v; 0v;

Es 55 as a_y

— T
U = (s Vi Uy Vi + Wiy Vi)

dui 0y i 9
@ _l ox dy ox dy k]l kl2
i _2 av; 0V, dv; dv; ks k
% o - oo 12 *22
x  dy ox dy

1 dui[k dui+k 6ui]+0ui[k dui+k aui+
T2\ ox Mox 2oy oy Pox  Poy

4% = (

1

(114)

N dvl-[k ov; tk ()v,-] N 0v,-[k av; Tk 0vi]
ox Wox 12 dy dy 12 0x 2 dy

(115)
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5@,’ =ad0%®ia , ; where Ij - W(fU)AVj(I, 1) ® (1, 1)T, Kl — I:zll 212].
_ [kng +k12 a ] [kyy a”' +k22g—?] (116) he ) 12 %22
(kyy 55 + ko ay] (k15 ax, +hpn 3l H; = Oy T
i zjes; L - - T
50, =0441,0, -2 (] w i R Y
! o my w0 0 K,
_ (k1) a' + ke 3 o o1 ki ()x’ + ey 22 » o] -1, 0 I
a7, oy,
kit 52+ ki ay] [yp 5t + ey ay] (121)
ky ki, 0 0 a1 Finally, we can obtain the summation of the first-order
kiy kyy 0 0 global tangent stiffness matrix and hourglass tangent stiff-
“lo o kyy ki ness matrix in support S,
0 0 ki kp hg
K =2+ %;
0Y; =0, Y;
i U i — Z < P K 0 )93[
1 2 2 3 10 K,
=05, {50 )"+ (v =vi) 1) (118) 5 | 122)
= [(u; — ), (v; = vy), (—u; +uy), (=v; + vj)] ) ZJES ;=L o -
+ Pel -L; L; 0 0 AV
5 myg : 0 -~ 0 J
o Yi =a0ﬂ,'07/,»Yi —I/” 0 0 Ij”
=0, {(u; — u;), v; = v), (—u; + wy), (=v; + v))}
1 0 -1 0 (119)
1o 1 0 -1
-1 0 1 0
0 -1 0 1
According to Eqs. 117 and 119, Eq. 47 can be rewritten as
2 2
T = me <Zw(§,])( w—u;)" + (v, =) )AVj—V®ui : V®ui-Ki>
" Lies i —~Ip = -1,
P < 7l i L 0 0 _ a7 | %Ki O )
 2my “ : 0 - o |47 K, 4%
i -I 0 0 I |
. Ljes Xy —Li ~ -T, (120)
p'e < rl L L 0 0 gt opr |Ki O )
T 2my \ 7Y 0 -~ o |4%T | K, B,
-L, 0 0 I
e ZjeS,- L - -1,
_r .T< -, L 0 0 | r|K O ) :
me. i 0 0 ‘%l 0 Ki ‘@z %l
-I 0 0 I
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Appendix C: Mathematica code
for higher-order nonlocal operator method

FuncRK [uvw_L1ist, uvwd_List] := Block[(El = uvw[1, 1], nu = uvw(2, 1], ull = uvw[3, 2], uld = uvww[3, 3],

vol = uvw[4, 2], v10 = uvw[4, 3], $67, $92, $93, $97, $98, $99, $101, $102, $100, $103, $133, $105,
$124, $127, $128, $162, $180, $173, $174, $175, $176, $177, $178, $179, $192, $202, $203, $204, $205,
$221, $181, $182, $183, $184, $185, $206, $207, $208, $209, $210, $211, $186, $187, $188, $189, $190,
$212, $213, $214, $215, $216, $217, $223, $222, $218, $219, $220}, $67 = nu?; $92 = -$67; $93 = 1+ $92;

1
$97 = 395° $98 = —nu; $99 = 1+ $98; $101 = uld +vO1l; $102 = nu $101; $100 = $99 ul0; $103 = $100 + $102;
1 1
$133 = v $105 = $99 vOl; $124 = $105 + $102; $127 = udl + v10; $128 = $127%; $162 = 7 EL $99 $97 $127;
$99 $97 $127
$180 = —s $173 = 2$97 u10 vO1l; $174 = 2 nu $133 ul0 $103; $175 = 2 nu $133 vO1 $124;

$176 = $99 nu $133 $128; $177 = - % ($97 $128) ; $178 = $173 + $174 + $175 + $176 + $177;

$179 = slzﬂ;

$192 = $9133 5 $202 = 2 E1$99 nu $133 $127; $203 = - (E1 $97 $127) ;
E1$99 $97
" — %

$204 = $202 + $203; $205 = $221

204
$Ti $181 = $97 u10; $182 = nu $97 vO1;

$183 = $97 $103; $184 = $181 + $182 + $183; $185 = 312ﬂ; $206 = 2 E1 nu $133 u10; $207 = 2 E1 $67 $133 vO1;

$208 = 2 E1$97 vO1; $209 = 2 E1 nu $133 $103; $210 = $206 + $207 + $208 + $209; $211 =

H

$210
2

189
$186 = nu $97 ul0; $187 = $97 vOl; $188 = $97 $124; $189 = $186 + $187 + $188; $190 = $

3
$212 = 2E1 $67 $133 u10; $213 = 2 E1$97 u10; $214 = 2 E1nu $133vel; $215 = 2 E1 nu $133 $124;

$216 = $212 + $213 + $214 + $215; $217 = g; $223 = EL nu $97; $222 = E1$97; $218 = E1 $99 nu $133 $127;

$219 = —% (E1 $97 $127) ; $220 = $218 + $219;

$99 $97 $128

{{% (597 u10 $103 + $97 vO1 $124 + =

), % (z E1$97 u16 vO1 + 2 E1 nu $133 u10 $103 + 2 E1 nu $133 vO1 $124 + E1 $99 nu $133 $128 - M),
$162, % (E1 $97 u1@ + E1 nu $97 ve1 + E1 $97 $103) , % (E1 nu $97 u10 + E1 $97 vO1 + E1 $97 $124) , $162},
{(e, $179, $180, $185, $190, $180},
{$179, % (8 E1nu $133 u10 vOl + 8 E1 $67 $192 u10 $103 + 2 E1 $133 u10 $103 + 8 E1 $67 $192 vO1 $124 + 2 E1 $133 vO1 $124 + 4 E1 $99 $67 $192 $128 +
E1$99 $133 $128 - 2 E1 nu $133 $128) , $205, $211, $217, $zes}, ($180, $220, $221, 0, 0, $221}, {$185, $211, 0, $222, $223, 0},

($190, $217, 0, $223, $222, 0}, {$180, $220, $221, O, O, $221}}}]
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Ngroup [nmax_, ngroup_] := Module[{tl = {}, i1, i2, inc}, inc = Round [nmax / ngroup] ;
Do[AppendTo[tl, Range[inc (i-1) +1, inci]], {i, 1, ngroup-1}];
AppendTo[tl, Range[inc (ngroup-1) +1, nmax]]; tl];
EmptyList[n_Integer] :=Block[{el = {}}, Do[AppendTo[el, {}], {i, n}]; el];
ListMinus[vi_List, v@_List] := Module[{v2 = vi}, Do[v2[[i]] -=Vv@, {i, Length[vi]}]; v2];
PhuToPu[pw_List, iDfsum_List, iDffact_List, h_] :=Module[{p = {}, i},
P=pw;
Do[p[[i]] *= 1./ (h~iDfsum[[i]] / iDffact[[i]]), {i, Length[pw]}]; p];
Khgs[v1_List, pfun_, wfun_, vol_List, penalty_, h_] := Module][ {
len = Length[pfun[vi[[1]], 111,
num = Length[v1], k, p, trH =0, ri, pl, wl, pkp = {}, pwo, wl},
pkp = ConstantArray [0, {num, num}];
k = ConstantArray[0, {len, len}];
p = ConstantArray [0, {num, len}];
wl = Norm /@vi;
Do[wl[[i]] = wfun[wl[il, h] vol[il, {i, num}];
wl x=1.0/Total[wl];
Do[rl =Norm[vI[[i]]]swl=wl[[i]];
trH += wlrlril;
pkp[[i, 1]] =wl;
Pl = pfun[vi[[i]], h]; p[[1i]1] =wlpl;
k += wl TensorProduct [pl, p1], {i, num}];
pwo = Inverse[k].p";
pkp -= p.pw@;
pkp == penalty /trH;
{pw@, pkp}];
NOMRK [np_, nodes_L1ist, volSet_List, nonvars_List, coord_List, uvw_List, PW_List,
KHG_List, Nei_L1ist, idf_List, pfun_, WeiF_, FuncRK_, hgPen_] := Module[{tl, vtl, nvs,
ndof, Nnode, ndim, udim, kk, ksp, rsp},
{tl, vtl, nvs} = Ngroupl [nodes, volSet, nonvars, np];
kk = ParallelTable [NOMRKPartNonVars [t1[[i]], vtl[i]], nvs[i], coord,
uvw, PW, KHG, Nei, idf, pfun, WeiF, FuncRK, hgPen], {i, Length[t1l]}];
ksp = kk[[1, 1113
rsp = kk[[1, 2]];3
Do[ksp += kk[[i, 1]1];
rsp += kk[[i, 2]], {i, 2, Length[t1]}];
{ksp, rsp}
15
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NOMRKPartNonVars [nodelList_L1ist, volSet_List, nonvars_List, coord_List, uvw_L1ist,
PW_List, KHG_List, Nei_List, idf2_List, pfun_, WeiF_, FuncRK_, hgPen_] :=
Module[ {pvol, Nnode, ndim, udim, ndof, Ksp, Rsp, coordi, pw, khg, nablau,
NeiI, NeiI2, Kst, hg, HG, hi, uvwi, duvwi, Ri, Di, Rst, Rhg, k = 1, ishgPenl = True},
If[Length[nonvars] # Length[nodelList], Print["Error"]; Return[]];
Nnode = Length[coord] ;
ndim = Length[coord[1]];
udim = Length[idf2];
ndof = udim Nnode;
Ksp = SparseArray[{}, {ndof, ndof}];
Rsp = SparseArray[{}, ndof];
If[Length[hgPen] > @, ishgPenl = False];
Do[
NeiI = Nei[[i]]3;
uvwi = uvw[ [Prepend [NeiI, i]]];
{pw, khg} = (PW[il, KHG[i]};
duvwi = pw.uvwi;
PrependTo[duvwi, uvwi[[1]]]};
{Ri, Di} = FuncRK [duvwiT, nonvars[k]];
nablaU = UNablaU[idf2, pw];
Rst = Ri.nablaU;
Kst = nablaU".Di.nablaU;
If[hgPen ¢ 0O.,
hg = If[ishgPenl, hgPen KhgUdim[khg, udim], KhgUdim[khg, udim, hgPen]];
Rhg = hg.Flatten[uvwi]; Kst += hg; Rst += Rhg];
Rst »= volSet[k];
Kst x= volSet[k];
K++3
PrependTo[NeiI, i];
NeiI2 = NeiIIndex [NeiI, udim];
Rsp[[NeiI2]] +=Rst;
Ksp += SparseArray [Tuples[NeiI2, 2] » Flatten[Kst], {ndof, ndof}], {i, nodelist}
15
{Ksp, Rsp}];
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NgrouplL [nodes_L1ist, volSet_List, nonvars_List, ngroup®_] := Module[{tl = {},

vtl = {}, nv={}, i1, i2, inc, nmax, ngroup},

nmax = Length[nodes] ;

If[ngroupé < @, ngroup = Ceiling[nmax /1000], ngroup = ngroup@] ;

inc = Round [nmax / ngroup] ;

Do[il = Range[inc (i-1) +1, inci];
AppendTo[tl, nodes[il]];
AppendTo[vtl, volSet[il]];

AppendTo[nv, nonvars[il]]];, {i, 1, ngroup-1}];

il = Range[inc (ngroup-1) +1, nmax];

AppendTo[tl, nodes[il]]; AppendTo[vtl, volSet[il]];

AppendTo[nv, nonvars[il]]; {tl, vtl, nv}];

UNablaU[idf List, pw_List] := Module[{udim = Length[idf], ulen,
nNode = Length[pw[[1]]], nablaU = {}, kn=1, i, j},

ulen = Length[Flatten[idf]];

nablaU = ConstantArray [0, {ulen, udimnNode}];

Do[Do[If[j # 1, nablaU[[kn++, i 33 -1 33 udim]] =pw[[j-1]],
nablaU[ [kn++, i]1] =1], {J, 1df[[i]]1}], {i, udim}]; nablaU];
KhgNdim[khg_, ndim_] := Module[{kn}, kn = ConstantArray[0., ndim Dimensions [khg]];
Do[kn[[i33 -133 ndim, 1 33 -1 33 ndim]] = Rhg, {i, ndim}]; kn]};
KhgUdim[khg_, dim_, hgList_] := Module[{kn}, kn = ConstantArray[@., dim Dimensions[khg]];
Do[kn[[1i33 -1;3dim, 133 -133dim]] = hgList[[i]] khg, {i, dim}]; kn];
NeiIIndex [NeiI List, udim_] := Module[{n2, n3}, n2 = ConstantArray[@, udim Length[NeiI]];

n3 = udim (NeiI-1);

Do[n2[[i33 -1;; udim]] =n3+1i, {i, udim}];

n2];
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