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Abstract

In recent years, substantial attention has been devoted to thermoelastic multifield prob-
lems and their numerical analysis. Thermoelasticity is one of the important categories of
multifield problems which deals with the effect of mechanical and thermal disturbances on
an elastic body. In other words, thermoelasticity encompasses the phenomena that describe
the elastic and thermal behavior of solids and their interactions under thermo-mechanical
loadings. Since providing an analytical solution for general coupled thermoelasticity problems
is mathematically complicated, the development of alternative numerical solution techniques
seems essential.

Due to the nature of numerical analysis methods, presence of error in results is inevitable,
therefore in any numerical simulation, the main concern is the accuracy of the approximation.
There are different error estimation (EE) methods to assess the overall quality of numerical
approximation. In many real-life numerical simulations, not only the overall error, but also the
local error or error in a particular quantity of interest is of main interest. The error estimation
techniques which are developed to evaluate the error in the quantity of interest are known as
“goal-oriented” error estimation (GOEE) methods.

This project, for the first time, investigates the classical a posteriori error estimation
and goal-oriented a posteriori error estimation in 2D/3D thermoelasticity problems. Gener-
ally, the a posteriori error estimation techniques can be categorized into two major branches
of recovery-based and residual-based error estimators. In this research, application of both
recovery- and residual-based error estimators in thermoelasticity are studied. Moreover, in
order to reduce the error in the quantity of interest efficiently and optimally in 2D and 3D
thermoelastic problems, goal-oriented adaptive mesh refinement is performed.

As the first application category, the error estimation in classical Thermoelasticity (CTE)
is investigated. In the first step, a rh-adaptive thermo-mechanical formulation based on
goal-oriented error estimation is proposed.The developed goal-oriented error estimation relies
on different stress recovery techniques, i.e., the superconvergent patch recovery (SPR), L2-
projection patch recovery (L2-PR), and weighted superconvergent patch recovery (WSPR).
Moreover, a new adaptive refinement strategy (ARS) is presented that minimizes the error in
a quantity of interest and refines the discretization such that the error is equally distributed
in the refined mesh. The method is validated by numerous numerical examples where an
analytical solution or reference solution is available.

After investigating error estimation in classical thermoelasticity and evaluating the qual-
ity of presented error estimators, we extended the application of the developed goal-oriented
error estimation and the associated adaptive refinement technique to the classical fully cou-
pled dynamic thermoelasticity. In this part, we present an adaptive method for coupled
dynamic thermoelasticity problems based on goal-oriented error estimation. We use dimen-
sionless variables in the finite element formulation and for the time integration we employ
the acceleration-based Newmark-β method. In this part, the SPR, L2-PR, and WSPR recov-
ery methods are exploited to estimate the error in the quantity of interest (QoI). By using
adaptive refinement in space, the error in the quantity of interest is minimized. Therefore,



the discretization is refined such that the error is equally distributed in the refined mesh. We
demonstrate the efficiency of this method by numerous numerical examples.

After studying the recovery-based error estimators, we investigated the residual-based er-
ror estimation in thermoelasticity. In the last part of this research, we present a 3D adaptive
method for thermoelastic problems based on goal-oriented error estimation where the error is
measured with respect to a pointwise quantity of interest. We developed a method for a pos-
teriori error estimation and mesh adaptation based on dual weighted residual (DWR) method
relying on the duality principles and consisting of an adjoint problem solution. Here, we con-
sider the application of the derived estimator and mesh refinement to two-/three-dimensional
(2D/3D) thermo-mechanical multifield problems. In this study, the goal is considered to be
given by singular pointwise functions, such as the point value or point value derivative at a
specific point of interest (PoI). An adaptive algorithm has been adopted to refine the mesh to
minimize the goal in the quantity of interest.

The mesh adaptivity procedure based on the DWR method is performed by adaptive
local h-refinement/coarsening with allowed hanging nodes. According to the proposed DWR
method, the error contribution of each element is evaluated. In the refinement process, the
contribution of each element to the goal error is considered as the mesh refinement criterion.

In this study, we substantiate the accuracy and performance of this method by several
numerical examples with available analytical solutions. Here, 2D and 3D problems under
thermo-mechanical loadings are considered as benchmark problems. To show how accurately
the derived estimator captures the exact error in the evaluation of the pointwise quantity of
interest, in all examples, considering the analytical solutions, the goal error effectivity index
as a standard measure of the quality of an estimator is calculated. Moreover, in order to
demonstrate the efficiency of the proposed method and show the optimal behavior of the em-
ployed refinement method, the results of different conventional error estimators and refinement
techniques (e.g., global uniform refinement, Kelly, and weighted Kelly techniques) are used
for comparison.
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Chapter 1

Introduction

1.1. Motivation
In recent years, substantial attention has been devoted to multifield problems and their
numerical analysis. Many realistic engineering problems are categorized as multifield
problems which involve the interaction among diverse fields. One important category
of multifield problems is thermoelasticity, where in addition to the mechanical field,
the thermal field and their effects on each other are considered.

Thermoelasticity theory which relates two separate and independently developed
theories of elasticity and heat conduction, deals with the effect of mechanical and
thermal disturbances on an elastic body. Based on the relation between mechanical and
thermal fields, the thermoelasticity theories can be divided into two major categories
of coupled and uncoupled theories.

In the uncoupled theory, although the displacement and consequently strain/stress
fields are affected by both mechanical and thermal loadings, the temperature field is
not influenced by mechanical forces and boundary conditions. The influence of the
temperature field in the governing equations of thermoelasticity is only through the
constitutive law.

Although uncoupled theory of thermoelasticity describes the behavior of a thermoe-
lastic material under steady-state conditions, when a structure is exposed to high-speed
thermo-mechanical loads, the theories of uncoupled thermoelasticity may not provide
entirely true physical behaviors. In these cases the coupled theories of thermoelastic-
ity should be considered to model the problems. In the coupled thermoelasticity, the
time derivatives of strain appear in the energy balance equation so as to lead to the
coupling between elasticity and energy equations.

Recently, the applications of the coupled thermoelasticity in advanced structural
design problems have attracted the attention of many researchers. Due to the mathe-
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matical complexities encountered in analytical treatment of coupled thermoelasticity
problems, the finite element method is often preferred. In this group of problems, as
a consequence of the strong coupling between governing equations, to find the solu-
tion for temperature and displacement fields, the coupled equations must be solved
concurrently.

Due to the nature of numerical analysis methods, presence of error in results is
inevitable, therefore in any numerical simulation, the main concern is the accuracy of
the approximation. Although, many investigations have been devoted to the numerical
simulation of thermo-mechanical problems, fewer attempts have been directed toward
analyzing the error and error estimation (EE) in thermoelastic applications.

In many engineering applications, instead of the entire solution some certain as-
pects of it may be of the main interest. This is the main idea of applying the goal-
oriented error estimation (GOEE). The GOEE has been developed in order to estimate
the error in a quantity of interest (QoI) directly from the solutions of the primal and
auxiliary problems. Although the GOEE techniques have been implemented in a vast
variety of the elastic problems, they are not implemented in thermoelasticity before
this project.

In numerical simulations, increasing the calculation accuracy is the main objec-
tive of the process, therefore, after error estimation, a mesh refinement procedure is
applied to reduce the error. The simplest refinement method is the global uniform
mesh refinement. By employing the uniform refinement method, the computational
cost increases enormously. This problems is solved by introducing adaptive mesh re-
finement (AMR) techniques. The conventional AMR methods are developed to adapt
the overall accuracy of the solution and are not efficient to enhance the goal accuracy.
By introducing the GOEE methods, some AMR methods are optimized to reduce the
error in the quantity of interest.

The GOEE and the associated AMR techniques are the challenging topics in nu-
merical analysis of thermoelasticity problems which have not been studied previously.

1.2. Introduction and Literature Review
Thermoelasticity describes the behavior of elastic materials under the influence of
nonuniform temperature distribution. Thermoelasticity which describes a broad range
of phenomena, is a domain of science dealing with the mutual interaction of the dis-
placement and temperature fields. In other words, in thermoelasticity in addition to
the mechanical field (displacement, stress, strain), the thermal field and their effects
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on each other are considered; this theory is the generalization of the classical theo-
ries of elasticity and thermal conductivity [1, 2]. Based on the assumptions made for
the interaction between mechanical and thermal fields, the thermoelasticity theories
can be divided into two major categories of the classical thermoelasticity (CTE) and
classical coupled thermoelasticity (CCTE).

In the classical theory of thermoelasticity, the temperature distribution is described
by the conventional parabolic type Fourier heat diffusion equation. This theory pre-
dicts two phenomena not compatible with physical observations.

The first shortcoming is ignoring the influence of elastic changes on the temperature
distribution. The heat conduction equation in this theory does not contain any elastic
terms, therefore, this theory predicts the temperature field being independent of the
elastic changes.

The second unrealistic assumption, originated from the parabolic nature of the
Fourier energy equation, is the infinite propagation speed for the heat waves. Due
to the mathematical properties of the parabolic equation, the effect produced by an
external is felt immediately at all points of the body. In other words, if an isotropic
homogeneous elastic body is exposed to a thermal loading, the effects reach instan-
taneously to all points from the point of application. Physically, it means assuming
infinite speed for the thermal disturbance propagation [3]. Although, the infinite
speed assumption for the thermal wave propagation is appropriate for most of the
engineering applications, it is physically unacceptable, especially for extremely short
time responses like thermal shock or at very low, near absolute zero, temperatures [4].

The first and second imperfections of the classic thermoelasticity theory have been
overcome by introducing the coupled thermoelasticity and non-classical theories, re-
spectively. In order to overcome the first deficiency, in 1956, Biot introduced the theory
of coupled thermoelasticity [5]. Since the heat equation in this theory has parabolic
type, Biot’s theory also suffers from infinite heat propagation speed. To remove the
second paradox of the classical theory, several generalizations for the coupled theory
were introduced [6, 7]. Theses generalizations which use wave type of heat equation,
are referred as generalized or non-classical theories of thermoelasticity. Other related
works and developments have been done by Müller [8], Green and Laws [9], Şuhubi [10]
and Nowacki [11].

In literature, considerable effort has been focused on the study of thermoelastic
problems. In 1950, Mindlin and Cheng provided an investigation on steady-state
thermal stresses in a half-space [12]; then in 1957, a detailed analysis of steady-state
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problem for half-space was published by Sternberg and McDowell [13]. Publishing the
first thermoelasticity book by Melan and Parkus in 1953, about the steady-state ther-
moelasticity [14], was the important development in this field. In 1957, Nowacki [11]
investigated a half-space domain with discontinuous temperature boundary conditions
on its surface and a few years later, in 1960, a half-space and a layer under steady-state
thermoelastic conditions have been considered by Sneddon and Lockett [15]. Further
references to the previous studies in thermoelasticity can be found in [16, 17] and in
the books of Boley and Weiner [18], Nowacki [19, 20] and Parkus [21].

Although, many investigations focus on the steady-state or transient uncoupled
thermoelasticity problems [12–15], fewer attempts have been directed toward coupled
thermoelasticity problems. In 1950, Danilovskaya [22], obtained an analytical solu-
tion for one-dimensional problem of stress in a half-space subjected to a thermal shock,
which is considered as the pioneering work on dynamic thermoelasticity. Similar prob-
lems were subsequently considered by Mura in 1952 [23], Ignaczak in 1957 [24], and
Strengberg and Chakravorty in 1959 [25].

In many dynamic thermoelastic analyses, the Laplace transform method has been
used to deal with the time derivative terms. In 1995, Chen and Dargush [26] proposed a
boundary element method (BEM) based on Laplace transform to study the transient
and dynamic coupled generalized thermoelasticity problems in half-space. Also in
1995, Chen and Lin [27] used the control volume and Laplace transform methods
to analyze the transient coupled thermoelastic problems with relaxation times. The
generalized finite element model for coupled transient thermoelasticity was proposed
by Chen and Weng [28].

Considering the fact that providing an analytical solution for general coupled ther-
moelasticity problems with more sophisticated geometries and boundary conditions
is mathematically complicated, the numerical methods have become powerful means
of analysis. Since thermoelasticity has been one of the important branches of solid
mechanics, numerous developments have been aimed towards analyzing thermoelastic
problems numerically. No matter how accurate the numerical computations are, they
do not, in most cases, provide the exact answer and the results are in error. Therefore,
computational errors are intrinsic in numerical analysis and it is not possible to avoid
numerical errors in the results. Although, many investigations have been devoted to
the numerical simulation of thermo-mechanical problems, fewer attempts have been
directed toward analyzing the error and error estimation in thermoelastic applications.
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The accuracy and reliability of the solution is one of the main concerns of each
numerical analysis, and different error estimators have been developed to evaluate
the errors. Generally, error estimation techniques can be classified as a priori or
a posteriori methods [29]. In this project, the a posteriori error estimation in which
the results of analysis are used to assess the accuracy of the solution, is considered.

Babuška and Rheinboldt, who published a paper on finite element error estimation
for two point elliptic boundary value problem in 1978 [30], were the first researchers
who investigated a posteriori error estimation method in finite element applications.
They also had a substantial contributions to the adaptive mesh refinement by relating
the error to each element. For a review of the different a posteriori error estimation
techniques we refer to Grätsch and Bathe [31], Ainsworth and Oden [29], or Ver-
fürth [32]. Traditionally, according to the procedure used to obtain the estimates, the
a posteriori error estimation techniques can be categorized into two major branches
of recovery-based and residual-based error estimators.

The recovery type a posteriori error estimators assess the error based on the dif-
ference between the (discontinuous) gradient field of the numerical results and the
relevant so-called recovered gradient field obtained by application of a recovery oper-
ator [33]. Several procedures have been proposed to calculate the recovered gradient
fields. One of the initial recovery technique, in which the recovered stresses are inter-
polated in the same manner as the displacements, was proposed by Oden and Brauchli
[34]. This method, which calculates the recovered stresses in the element field by a
global least square fitting of the stresses, is known as L2-projection (L2-PR) method.
Later in 1987, Zienkiewicz and Zhu introduced a simple recovery type error estima-
tion (known as Z-Z or Z2 error estimator), which was based on the comparison of
smoothed solution gradients with the gradients of the solution themselves [35]. Later,
in 1992, Zienkiewicz and Zhu modified and developed their error estimator by intro-
ducing so-called superconvergent patch recovery (SPR) method [36, 37].

In order to improve the error estimation and adapt the method for different appli-
cations, several modifications to the conventional SPR method have been proposed.
In 1992, Wiberg et al. [38] introduced the SPR-E1 method as an enhancement of the
original SPR method, in which equilibrium conditions are accounted for by minimiz-
ing the violations of the equilibrium condition in the sense of least squares [39]. In
both SPR and SPR-E methods, the accuracy on the solution relatively deteriorates

1 Superconvergent Patch Recovery with Equilibrium (SPR-E)
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at boundaries. In order to overcome the loss of accuracy at boundaries, Wiberg et al.
[40] proposed the SPR-EB2 technique, in which the accuracy deterioration at bound-
aries is remedied by considering the residual of the equilibrium equation at boundary
points. The SPR-EB , as an extension of the SPR and SPR-E methods, is designed
to satisfy the prescribed boundary conditions in the sense of least squares. Similar
post-processing technique that accounts for violations of the governing equations has
also independently been proposed by Blacker and Belytschko [41].

A recent modifications of the SPR method, called “Constrained SPR” (SPR-C3)
method, has been proposed by Ródenas et al. [42]. In this method, to achieve the ful-
fillment of both field equations and boundary conditions, the appropriate equilibrium
constraints are imposed to the stress interpolation polynomial basis via Lagrange mul-
tipliers at patch-wise level. Consequently, the evaluated smoothed stresses satisfy the
internal equilibrium and compatibility equations in the whole patch and the boundary
equilibrium equation at least in vertex boundary nodes. Later, Ródenas et al. have
proposed the SPRXFEM [43] and SPR-CX [44] methods as extensions of SPR technique
to be implemented in extended finite element method (XFEM).

In 2009, Moslemi and Khoei [45] proposed another enhancement of the SPRmethod,
called weighted-SPR (WSPR4), by using different weighting parameters for sampling
points of the patch. The essence of the procedure is the deviation of the stresses calcu-
lated directly by FE results from the post-processed recovered stresses. In the WSPR
technique, the recovered stresses are calculated similar to the SPR with weighted pa-
rameters. The weights are employed to highlight the importance of different sampling
points in recovery process. Later, the implementation of the WSPR technique in
fracture mechanics was presented by Khoei et al. in [46, 47].

The other category of a posteriori error estimation, which is based on a residual
quantity (e.g., equation residual, (discontinuous) derivative residual, material consti-
tutive law residual)[33], was originally introduced by Babuška and Rheinboldt [30].
Further developments and applications of the element residual method in error esti-
mation were performed by Demkowicz et al. [48, 49], Bank et al. [50, 51], Ainsworth
and Oden [52, 53]. Later, in 1989, an extensive study of error residual methods was
reported by Oden et al. [54]. For further detail, the reader is referred to [55–61] and
references therein.

2 Superconvergent Patch Recovery incorporating Equilibrium and Boundary conditions (SPR-EB)
3 Superconvergent Patch Recovery with Constrains (SPR-C)
4 Weighted Superconvergent Patch Recovery (WSPR)

6



1.2 Introduction and Literature Review

In conventional global error estimates, usually the errors are estimated in energy
norm, which gives a general presentation on the overall accuracy of an approximate
solution. However, in many real-life numerical simulations, such information is not
sufficient and from the viewpoint of engineering purposes, local error or error in a
particular quantity of interest is of main interest. The quantity of interest (QoI) or
goal is a functional which could be presented in terms of primal solution over certain
subdomains, lines or at specific points of the solution domain. In order to achieve this
objective, recently, a new branch in a posteriori error estimation theory has emerged as
“goal-oriented” error estimation (GOEE). The GOEE approach, which is usually based
on the use of duality techniques, estimates the error in quantity of interest directly
by relating the goal error to the solutions of primal and adjoint problems [62–66].

One of the most well-known techniques to derive GOEE is given by “dual weighted
residual” (DWR) method which relies on the duality argument. So-called DWR
method, which is based on a variational formulation of the problem, derives the
weighted a posteriori error estimates with respect to goal error functional by employing
a suitable adaptation of global “duality arguments” (known as “Aubin-Nitsche-Trick”).
The DWR error estimators consist of residual evaluations weighted by adjoint sensi-
tivity measures. The solution of the global dual (auxiliary) problem which provides
the weight functions, is a measure for the sensitivity of primal solution with respect
to the goal functional [67–70].

In numerical calculations, after estimating the error, in order to reduce the error,
a mesh refinement procedure is performed. In thermoelastic engineering applications,
three-dimensional (3D) simulation of thermoelastic materials plays a significant role.
Generally, in 3D problems, the computational cost increases enormously by global uni-
form mesh refinement. In order to overcome this problem, mesh adaptivity techniques
have been introduced and developed. There are different adaptive mesh refinement
techniques, but in the majority of them, the method tries to adapt the accuracy of the
solution within certain regions with higher error contribution according to an error
indicator. The classical AMR algorithms control the error measured in energy norm.

Although, controlling the global error also reduces the goal error, traditional mesh
adaptivity techniques do not necessarily optimally control the local errors to enhance
the accuracy of goal approximation. In order to optimize the refinement methods for
controlling the errors measured in QoI, goal-oriented AMR techniques have been devel-
oped. Unlike the classical adaptive FE-formulations which consider the global energy
norm as the error control criteria, the goal-oriented associated adaptivity techniques
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are based on the concept of controlling error in terms of special goal-oriented criteria.
The AMR strategies can be categorized into three main classes of h-, p-, and

r-adaptivity methods. h-adaptive mesh refinement/coarsening refers to local refine-
ment and/or coarsening of the mesh. In the p-refinement method which results in
p-nonconformity in mesh, the solution is enhanced by locally varying the polynomial
degree of the shape functions. Although in h and p adaptive methods the initial
structure of the mesh is unchanged, r-adaptivity increases the accuracy by relocating
or moving the elements which can be interpreted as a re-meshing technique. In the
engineering applications, h-refinement is the most popular refinement method.

In the residual-based error analysis part of this study, an extension of the dual
weighted residual (DWR) method to the analysis of three-dimensional thermoelastic
problems is presented. The underlaying theoretical framework is that of the DWR
goal-oriented error estimation for finite element discretization of general variational
equations, developed by Becker and Rannacher in [67, 69]. Here we consider its ap-
plication to thermoelastic problems. In order to reduce the error in the quantity of
interest efficiently and optimally in 2D and 3D problems, we perform goal-oriented
adaptive refinement schemes to target the error in the quantity of interest directly.
The 3D thermoelastic FEM simulation and the corresponding dual weighted residual
error estimation with the concomitant goal-oriented mesh adaptivity are accomplished
in C++ programing language within the framework of the deal.II FE library [71, 72].
In the numerical results, it is substantiated that the application of dual weighted
residual-based h-adaptivity procedure results in a considerable reduction in computa-
tional costs. Overall, we conclude that the employed DWR approach is particularly
designed to achieve high solution accuracy at a minimal computational cost.

In this study, some industrial cases of thick-walled cylindrical and spherical pressure
vessels are considered as the benchmark problems and implementation of the developed
methods are investigated. The analyses of thick-walled pressure vessels subjected
to internal pressure and temperature change are important in solid mechanics and
engineering applications. Spherical and cylindrical pressure vessels are widely used in
petrochemical industries to store the cold pressurized gas or liquidized gas like propane,
butane, etc. The spherical storage vessels contain more volume per unit surface area
and the stress resistance is uniform. The smaller surface area per unit volume of the
spherical vessels in comparison with other vessel shapes, which minimizes the heat
transfer between surroundings and the inside medium, makes spherical vessels the
optimal shape for storing cold pressurized gas in petrochemical industries.
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1.3. Objectives of the dissertation
The final goal of this research is to develop the error estimation and goal-oriented
error estimation methods and subsequently adapt the associated adaptive mesh re-
finement techniques in 2D/3D coupled thermoelasticity problems. To this end, the
adaptive thermoelastic finite element formulation is investigated by formulating and
implementing the both recovery- and residual-based EE/GOEE methods; accordingly,
the adaptive mesh refinement is employed to minimize the overall error in energy
norms and error in the quantity of the interest, in thermoelastic problems.

1.4. Innovations of the dissertation
The novelties of present work can be pointed out within the following main categories:

1. The recovery-based error estimations considering SPR, L2-PR, and WSPR recov-
ery techniques are implemented in classical thermoelasticity and classical fully
coupled dynamic thermoelasticity problems. The results of the different em-
ployed recovery techniques are compared with analytical (or overkill) solution to
define the more accurate method.

2. The adaptive mesh refinements based on the EE results are employed to reduce
the global error in CTE and CCTE problems.

3. The recovery-based goal-oriented error estimation is formulated to estimate the
error in the quantity of the interest (QoI) in classical thermoelasticity and clas-
sical fully coupled dynamic thermoelasticity problems. The results obtained by
SPR, L2-PR, and WSPR recovery techniques are compared with analytical (or
overkill) solution to evaluate the accuracy of the recovery techniques.

4. Base on the GOEE results, the adaptive mesh refinement techniques are utilized
to reduce the error of goal in CTE and CCTE problems.

5. The influence of the coupling parameter on the estimated errors in the energy
norm and quantity of interest is investigated for classical fully coupled dynamic
thermoelasticity problems.

6. Pointwise dual weighted residual (DWR) based goal-oriented a posteriori error
estimation is developed and formulated for thermoelastic problems. The devel-
oped method is applied in 2D and 3D thermoelastic problems to estimate the
error of pointwise goals and the results are evaluated by comparing them with
analytical solutions.

7. The AMR technique based on the developed DWR method is performed to
reduce the singular pointwise goal error in 2D and 3D thermoelastic problems.
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1.5. Outline

In the the previous sections, the motivation, objectives, and innovations of this re-
search, the thermoelasticity and error estimation, literature review and methodology
of the thesis are introduced. The remainder of this dissertation is organized as follows.

In Chapter 2, the system of governing questions of the thermoelastic problem is
set up. In the first part of this chapter, the thermoelastic problems in steady-state
conditions and in the second part, the coupled dynamic thermoelasticity problems are
considered. The governing equations of the dynamic thermoelasticity problems are
presented in dimensionless form.

Chapter 3 focuses on stating the system of governing equations of thermo-mechanical
problems in monolithic variational form and accordingly extracting the relevant bilin-
ear and linear forms. The monolithic variational formulation of the thermoelastic
problem provides the basis for the application of the dual weighted residual method
for goal-oriented a posteriori error estimation and mesh adaptation in Chapter 6.

In Chapter 4, the finite element formulations of thermoelastic problems are dis-
cussed. In the first two sections of this chapter, the so-called monolithic finite element
formulation of static and dynamic thermoelastic problems are derived, respectively.
In the last section, the employed Newmark-β time integration scheme is discussed.

Chapter 5 is devoted to the developing recovery-based a posteriori error estimation
and goal-oriented error estimation techniques for the finite element analysis of the
thermoelastic problems. In the first part, the error estimations based on SPR, L2-PR,
and WSPR recovery techniques are formulated to evaluate the error of thermoelastic
multifield problems in the energy norm. Then, in the second part, the recovery-based
GOEE, as an approach to evaluate the error in a QoI, was developed for thermoelastic
problems. Finally, in the last part, the adaptive mesh refinement (AMR) technique
based on the presented error estimators, is explained.

Chapter 6 concentrates on dual weighted residual (DWR) method. The main goal
of this chapter is to develop the DWR method for the adaptive solution of coupled
thermoelastic problems in the steady-state conditions. The developed DWR method,
which relies on the duality technique, is employed to estimate the goal error of the
thermo-mechanical problems with the pointwise goal of primal solution value or its
derivatives at a particular point. This chapter, consists of two sections. The first
part is dedicated to formulating the DWR method for the thermoelastic problems.
Subsequently, in the next section, the pointwise quantities of interests are discussed.

10



1.5 Outline

Chapter 7 aims to evaluate the recovery-based goal-oriented error estimation and
the associated adaptive mesh refinement methods presented in Chapter 5. This chapter
contains the numerical results of application of the developed error estimation tech-
niques in several static thermoelastic problems with different geometries, boundary
conditions, quantities of interest, and domains of interest. In this chapter, the stud-
ied thermoelastic problem is assumed to be in static conditions; the more elaborate
dynamic thermoelasticity is studied in the next chapter.

In Chapter 8, the application of the recovery-based error estimation (presented in
Chapter 5) is extended to the fully coupled dynamic thermoelasticity. The method is
investigated by presenting several illustrative numerical examples; the results and the
key findings are explained and discussed.

In Chapter 9 is devoted to the implementation of the developed DWR method (in
Chapter 6) in thermoelastic problems. The numerical results provided here demon-
strate the efficiency, reliability, and optimality of the proposed method for four model
problems with analytical solutions.

Chapter 10 summarizes the works and outlines the main contributions. Although
the conclusion of each chapter is stated at the end of the chapter, the summery of the
main finding is also presented in this chapter. Then, some recommendations for the
future work are suggested.

Finally, in Appendices A and B, the analytical solutions of the studied examples,
are presented. In Appendix A, the thick-walled cylinder and in Appendix B, the
thick-walled sphere under thermo-mechanical loadings are solved analytically.
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Chapter 2

Fundamentals of Linear Thermoelasticity

Thermoelasticity describes the behavior of elastic bodies under the influence of nonuni-
form temperature fields. In other words, in thermoelasticity in addition to the me-
chanical field, the thermal field and their effects on each other are considered. The
basic equations for solving the thermoelasticity boundary value problems consist of
the conventional equations of motion, energy equation, constitutive equations1, and
strain-displacement relations for the constituent materials. Based on the assumptions
made for the interaction between displacement and temperature fields, the governing
equations of the classic thermoelasticity can be divided into two major categories of
classical thermoelasticity (CTE) and classical coupled thermoelasticity (CCTE).

In the first group, although the displacement and consequently the strain/stress
fields are affected by both mechanical and thermal loadings, the temperature field is
not influenced by mechanical forces and boundary conditions. This theory has two
unrealistic predictions. The first shortcoming is ignoring the influence of the elastic
change on the temperature distribution and the second one is the assumption of infinite
propagation speed for the heat wave. The first and second imperfections have been
overcome by introducing the CCTE and non-classical theories, respectively.

In the second group of the classic thermoelastic problems, CCTE group, the energy
equation which describes the temperature field distribution, includes the strain rate.
As a result, the unrealistic assumption of the independence of thermal field from
mechanical field is solved; the temperature distribution is also influenced by mechanical
loadings in the cases of high rate of thermo-mechanical loading application.

In this chapter, the system of governing equations of the linear thermoelastic prob-
lems are derived. In the first section, the CTE problems and in the second section the
CCTE problems are discussed. The governing equations of the classical fully coupled
dynamic thermoelasticity are presented in dimensionless form.
1 stress and heat flux constitutive equations,
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2.1 Governing equations of static thermoelasticity

2.1. Governing equations of static thermoelasticity

In the thermoelastic problems, the governing equations consist of equation of mo-
tion (Cauchy momentum equation) and energy balance equation. In this part, the
thermoelastic problem is assumed to be in steady-state conditions. Considering this
assumption, the classical (strong) formulation of the general governing equations for
the linear thermo-mechanical problem ignoring the inertia and time derivative terms,
on the domain Ω, reads as follows:

∇¨ σ ` Fb “ 0 in Ω, (2.1)

∇¨ q ´Qv “ 0 in Ω, (2.2)

with boundary conditions (BCs)

u|Γu “ ū, (2.3)

tn|Γt “ t̄n, (2.4)

T |Γθ “ T̄ , (2.5)

qn|Γq “ q ¨ n|Γq “ q̄n, (2.6)

where σ,Fb,q, Qv,u, t, and T are Cauchy stress tensor, body force vector per unit
volume, heat flux vector, volumetric heat source, displacement vector, surface traction
vector, and absolute temperature, respectively. Let consider domain Ω ⊂ Rd with
d P t2, 3u the number of spatial dimension, as the problem domain. We assume the
domain Ω to be a simply connected, open, bounded set with sufficiently (piecewise)
smooth boundary BΩ “ Ω zΩ. Accordingly, Γu, Γt, Γθ and Γq are boundaries of the
domain Ω with prescribed boundary conditions of “displacement”, “traction”, “tem-
perature” and “heat flux”, referred by “u”, “t”, “θ”, and “q” superscripts, respectively,
and n P Rd is the outward-pointing unit vector normal to Γ [3, 73]. The boundary con-
ditions in terms of the known tractions on the boundary, directly follow from Cauchy’s
formula. Therefore, the prescribed traction acting on the boundary is related to the
stress tensor through Cauchy’s formula given by

tn “ σ ¨ n on BΩ, (2.7)

where tn is the normal traction vector on the boundary whose outward normal unit
vector is n.
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2.1 Governing equations of static thermoelasticity

Considering that on any portion of the boundary either the displacement/temperature
or the traction/heat-flux boundary conditions must be prescribed, both Dirichlet and
Neumann boundary conditions cannot be prescribed on the same boundary, therefore

Γu ∩ Γt “ H, and Γu ∪ Γt “ BΩ, (2.8)

Γθ ∩ Γq “ H, and Γθ ∪ Γq “ BΩ. (2.9)

The stress tensor σ, can be calculated from the stress-strain constitutive equation
or the generalized Hook’s law

σ “ C : εM , (2.10)

where C is fourth-rank tensor of material properties, called the stiffness or elasticity
tensor, εM is the elastic or mechanical strain tensor, and “:” is the Frobenius inner
product (double contraction) operator2. Substituting the mechanical strain from

ε “ εM ` εθ, (2.11)

ε “ ∇su :“ Isym : ∇u “
1
2
`

∇u`∇Tu
˘

, (2.12)

εθ “ αθ, (2.13)

in (2.10), leads to

σ “ C : ε` βθ, (2.14)

where, ε denotes the strain tensor which is the symmetric gradient of the displacement
vector, and consists of the mechanical strain tensor (εM) and thermal strain tensor (εθ).
The “∇s”, “∇T ” and the superscript “p T

q” are the symmetric gradient3, transpose
gradient4, and transpose operators, respectively. Isym is the symmetric fourth-order
identity5 tensor. The α is the second-order thermal expansion tensor, β “ -C : α is
the stress temperature tensor, and θ “ T ´ T0 is the temperature change above the
reference temperature (T0) at which strains and stresses are zero.

2 2A : 2B ” tr
´

A ¨BT
¯

“ AijBij and 4C : 2D ” CijklDkl.
3 ∇s

p‚q :“ 1
2 p∇b p‚q ` p‚q b∇q.

4 ∇T
p‚q :“ p∇p‚qqT .

5 Isym “ 1
2 pI` IT q ” 1

2 pδikδjl ` δilδjkq ei b ej b ek b el, where I is the fourth-order identity tensor.
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2.1 Governing equations of static thermoelasticity

The equation (2.14) is the general stress-strain constitutive relation which is valid
for a linear heterogeneous anisotropic solid continuum. In this study, the material is
assumed to be homogeneous isotropic thermoelastic material. For the linear elastic
isotropic material

C “ λI b I ` 2µIsym, (2.15)

α “ α
T
I, (2.16)

where λ and µ are the Lamé constants, α
T
is the linear thermal expansion coefficient,

and I is the second oder identity tensor.
Therefore, the stress tensor of a homogeneous isotropic thermoelastic material in

the Cartesian indicial notation6 is

σij “ Cijkl
`

εkl ´ ε
θ
ij

˘

“ µpui,j ` uj,iq ` λuk,kδij ´ γθδij, (2.17)

where δij is the Kronecker delta, γ “ α
T
p3λ` 2µq is the stress temperature modulus,

and index p ,iq denotes partial derivative with respect to xi.
Substituting the stress tensor into the equilibrium equation (2.1) yields the Navier

equation (also known as the “Navier-Cauchy” equation) for a homogeneous isotropic
thermoelastic material

µ∆u` pλ` µq∇∇ ¨ u´ α
T
p3λ` 2µq∇T “ ´Fb, (2.18)

or7

pλ` 2µq∆u` pλ` µq∇ˆ p∇ˆ uq ´ α
T
p3λ` 2µq∇T “ ´Fb, (2.19)

where “∆” is the Laplacian (:“ ∇ ¨∇ “ ∇2) operator. The Navier equation in the
Cartesian indicial form is

µui,jj ` pλ` µq uj,ji ´ γ θ,i “ ´fi. (2.20)

The other governing equation of the thermoelastic problem is the heat balance
equation (2.2). For linear heterogeneous anisotropic material, the classical Duhamel’s
generalization of the heat transfer [74] leads to

q “ ´κ ¨∇T, (2.21)

6 Throughout of this dissertation, the Einstein summation convention is used on the repeated indexes
of the equations presented in indicial notation.

7 pλ` 2µq grad divu´ µ curl curlu´ α
T
p3λ` 2µq gradT “ ´Fb,
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2.2 Governing equations of coupled dynamic thermoelasticity

where κ is the second-order thermal conductivity tensor and the minus sign shows that
the heat flow occurs from a higher to a lower temperature. Substituting (2.21) in the
energy conservation equation (2.2) yields

∇ ¨ pκ ¨∇T q “ ´Qv. (2.22)

Considering a linear homogeneous isotropic thermoelastic solid continuum, the heat
conduction and energy conservation equations reduce to

q “ ´κ∇T, (2.23)

κ∆T “ ´Qv, (2.24)

respectively; where equation (2.23) is known as the Fourier’s heat conduction law and
κ is the thermal conduction coefficient.

In the static thermoelastic problem, the equilibrium equation (2.18) is coupled but
the heat transfer equation (2.24) depends only on the temperature and therefore can
be solved separately (staggered approach). However, we opt to solve the equations
simultaneously (monolithic algorithms). Therefore, the system of governing equations
A for pairs χ :“ tu, θu, which models a stationery coupled thermoelasticity, is defined
as

Apχq :“
#

µ∆u` pλ` µq∇∇ ¨ u´ α
T
p3λ` 2µq∇T ` Fb

κ∆T `Qv

+

“ 0, (+BCs). (2.25)

A incorporated with BCs determines the pair χ :“ tu, θu of displacement vector u
and scalar temperature change θ of a coupled linear thermoelastic problem with a
homogeneous isotropic material.

2.2. Governing equations of coupled dynamic thermoelasticity

This section presents the governing equations of the classical fully coupled dynamic
thermoelastic problems. Usually, in numerical analysis of coupled dynamic thermoelas-
ticity, dimensionless parameters are employed. For convenience in using dimensionless
parameters, the indicial notation is considered for the formulation. Here a homo-
geneous isotropic thermoelastic material under plane strain conditions is considered.
The general governing equations based on classical theory of coupled thermoelasticity
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2.2 Governing equations of coupled dynamic thermoelasticity

can be written as

σij,j ` fi “ ρ :u, (2.26)

qi,i ` γT0 9ui,i ` ρ cε 9T “ Qv, (2.27)

where ρ, cε, ui, σij, qi, bi and Qv are the mass density, specific heat at constant strain,
displacement vector components, stress tensor components, heat flux vector compo-
nents, components of the body force vector per unit volume and rate of heat generation
within the body per unit volume in unit time, respectively. The superimposed dot p 9 q

denotes differentiation with respect to time.
In the absence of body forces and heat source, equations (2.26) and (2.27) can be

reduced to

σij,j “ ρ :ui, (2.28)

qi,i ` γ T0 9ui,i ` ρ cε 9T “ 0. (2.29)

For numerical convenience and ease of comparison with previous studies, it is ad-
vantageous to introduce the following dimensionless variables [3, 75]

px “
x

β
, pt “

C1

β
t, (2.30)

pui “
λ` 2µ
βγ T0

ui, pT “
T ´ T0

T0
, pθ “

θ

T0
, (2.31)

pσij “
1
γ T0

σij, pqi “
β

κT0
qi, (2.32)

where the superimposed hat pˆ q refers to the dimensionless variables and the parame-
ters θ, C1 and β are the temperature change, propagation speed of longitudinal elastic
stress wave and dimensionless characteristic length, respectively, defined as

θ “ T ´ T0, (2.33)

C1 “

d

λ` 2µ
ρ

, (2.34)

β “
α

C1
“

κ

ρcεC1
, (2.35)

where α “ κ{ρ cε is thermal diffusivity and κ is the coefficient of thermal conductivity.
Considering these dimensionless parameters will make the heat balance equation be
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2.2 Governing equations of coupled dynamic thermoelasticity

coupled with equilibrium equation only with a coupling parameter C, which makes
studying the coupled and uncoupled cases easier. Moreover, in shock problems, di-
mensionless approach gives an insight into what happens in small times for example
initial stages of thermal shock. So, the non-dimensional linear momentum and heat
transfer equations can be rewritten as

pσîĵ,ĵ “
p:uî, (2.36)

pqî,̂i `
p9θ ` C p9uî,̂i “ 0, (2.37)

where C “ γ2 T0
ρcε pλ`2µq , coupling the thermal field with the displacement field, is called

thermo-mechanical coupling parameter [76]. Accordingly, the dimensionless boundary
conditions are given by

puî “
s

puî on Γu, (2.38)

pσîĵpnĵ “ pptn̂qî “
s

pt̂i on Γt, (2.39)
pT “

s

pT on Γθ, (2.40)

pqî pnî “ pqn̂ “ s

pqn̂ on Γq, (2.41)

where pptn̂qî and pnî are the dimensionless boundary traction component and outer unit
normal vector component of the dimensionless domain pΩ, respectively.

Similar to the previous section (equation (2.17)), the constitutive equation for a
homogeneous isotropic thermoelastic material in plane strain condition is given by

σij “ 2µεij `
`

λ εk,k ´ αT p3λ` 2µq pT ´ T0q
˘

δij

“ µ pui,j ` uj,iq ` λuk,k δij ´ γ θ δij, (2.42)

and subsequently, substituting the stress tensor (2.42) into equation (2.28) yields the
Navier equation

µui,jj ` pλ` µq uj,ji ´ γ θ,i “ ρ :ui, (2.43)

which can be written in terms of the dimensionless parameters as

µ

λ` 2µpuî,ĵĵ `
λ` µ

λ` 2µpuĵ,ĵî ´
pθ,̂i “

p:uî. (2.44)
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2.2 Governing equations of coupled dynamic thermoelasticity

By considering dimensionless parameters (2.30)–(2.32), the components of the di-
mensionless stress and strain are obtained as

pσîĵ “
µ

λ` 2µ ppuî,ĵ ` puĵ ,̂iq `
λ

λ` 2µpuk̂,k̂δîĵ ´
pθ δîĵ, (2.45)

pεîĵ “
1
2

γ T0

λ` 2µ ppuî,ĵ ` puĵ ,̂iq. (2.46)

These relations can be interpreted as dimensionless Hooke’s law.
Dimensionless Fourier’s law, which relates the dimensionless heat flux to the di-

mensionless temperature field, can be defined in terms of the dimensionless parameters
(2.30)–(2.32) as

pqî “ - pθ,̂i. (2.47)
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Chapter 3

Variational Formulation of
Linear Thermoelasticity

In this chapter the system of governing equations of thermo-mechanical problems in
monolithic variational form is stated. The monolithic variational formulation of the
thermoelastic problem provides the basis for the application of the “dual weighted
residual” (DWR) method for “goal-oriented” a posteriori error estimation and mesh
adaptation.

Here, we formulate the governing equations of equilibrium and energy balance in
the monolithic natural variational (weak) form and extract the associated bilinear and
linear forms to be utilized in DWR error estimation (see Chapter 6).

3.1. Monolithic variational formulation

Let consider so-called Lipschitz domain Ω ⊂ Rd(d “ 2, 3) with Lipschitz boundary
BΩ “ Ω zΩ, as the computational domain. The strong form of the governing equations
in the compact monolithic form written as a linear system reads

Jχ “ f in Ω, (3.1)

(+BCs),

where the linear mapping J : V Ñ V 1 is a discrete differential operator and
f P V 1 :“ HompV ,Fq, with V 1 being the corresponding dual vector space of V , and
F being a scalar field. The mixed (product) function space V for the displacement u
and temperature change θ is defined as V :“ D ˆ T , where
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3.1 Monolithic variational formulation

DpΩq :“ H1
ū,Γu pΩqd “ H1

ū,Γu pΩq ˆ ¨ ¨ ¨ ˆH1
ū,Γu pΩq

loooooooooooooooomoooooooooooooooon

d times

“
“

H1
ū,Γu pΩq

‰d
“
 

u
ˇ

ˇ u P H1
pΩqd; u|Γu “ ū

(

, (3.2)

T pΩq :“ H1
θ̄,Γθ pΩq “

 

θ
ˇ

ˇ θ P H1
pΩq; θ|Γθ “ θ̄

(

, (3.3)

with Hk
pΩqd being the Hilbert space of order k defined on Ωd.

Calculus of variations shows that the strong form (3.1) with mentioned boundary
conditions, is equivalent to finding χ P V such that for all ϑ P V0 :“ H1

0,Γu pΩqd ˆ
H1

0,Γθ pΩq holds

rJχs pϑq “ f pϑq , (3.4)

where ϑ is called test function and vanishes on the Dirichlet boundaries where the
solution is already known. By defining the bilinear form, the equation (3.4) leads to a
more generic form of a weak formulation.

Accordingly, for the convenience, we introduce the following canonical notation
for the natural variational (weak) formulation of Apχq based on the mixed (product)
function space V for the displacement u and temperature change θ:

Find χ P VpΩq :“ DpΩq ˆ T pΩq, such that a pχq pϑq “ l pϑq @ϑ :“ pψ, ϕq P V0pΩq,
(3.5)

VpΩq :“ DpΩq ˆ T pΩq “
 

pu, θq
ˇ

ˇ u P W1,2
pΩqd, θ PW1,2

pΩq; u|Γu “ ū, θ|Γθ “ θ̄
(

,

(3.6)

V0pΩq :“D0pΩq ˆ T0pΩq “
 

pψ, ϕq
ˇ

ˇ ψ P W1,2
pΩqd, ϕ PW1,2

pΩq; ψ|Γu “ 0, ϕ|Γθ “ 0
(

,

(3.7)

where ap‚qp‚q is the bilinear form and lp‚q is the linear form (functional) ofA; the spaces
V and V0 are trial (ansatz) and test functional spaces, respectively; Wk,p

pΩqd is the
Sobolev functional space of order k and integrability p defined on Ωd. The trial space
V which satisfies the prescribed essential (Dirichlet) boundary conditions, contains
members of V0 shifted by the value of Dirichlet condition. Using the abstract frame-
work, the bilinear and linear forms associated with this monolithic (mixed) variational
formulation are

a pχq pϑq :“ rJχs pϑq “ xJχ,ϑy, (3.8)

l pϑq :“ f pϑq “ xf,ϑy, (3.9)
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3.1 Monolithic variational formulation

where the product1 x‚, ‚y denotes the duality pairing (product) between linear func-
tionals from the dual space V 1 of V and the space V0. In the following, p‚, ‚qΩ and
p‚, ‚qBΩ denote the standard L2pΩq and L2pBΩq scalar products2 of functions, vectors,
and tensors, respectively.

Now we apply this abstract approach to the thermoelastic problems. Considering
the F. Riesz representation theorem3 on Hilbert spaces4 and definitions (3.8) and (3.9),
the bilinear form a and linear form l associated with the thermoelastic problem, are
obtained by solving variational form (3.4) based on the system of governing equations
(2.25) as

pJχ,ϑqΩ “ pf,ϑqΩ , (3.10)
ż

Ω
ϑTJχ dΩ “

ż

Ω
ϑT f dΩ, (3.11)

ż

Ω

´

ψ ϕ
¯

«

µ∆` pλ` µq∇∇¨ ´α
T
p3λ` 2µq∇

0 κ∆

ff#

u
θ

+

dΩ “ ´
ż

Ω

´

ψ ϕ
¯

#

Fb

Qv

+

dΩ.

(3.12)

We may rewrite the equation (3.12) as
ż

Ω

`

µψ ¨∆u` pλ` µqψ ¨∇∇¨u´ γψ ¨∇θ ` κϕ∇¨∇θ
˘

dΩ “ ´
ż

Ω

`

ψ ¨ Fb ` ϕQv

˘

dΩ.

(3.13)

Performing integration by parts for the terms with second-order derivatives and
making use of the divergence theorem (Gauss-Ostrogradsky theorem) we arrive at

ż

Ω

`

µ∇ψ : ∇u` λ∇¨ψ∇¨u` µ∇ψ : ∇uT ´ γ∇¨ψθ ` κ∇ϕ ¨∇θ
˘

dΩ

“

ż

Ω

`

ψ ¨ Fb ` ϕQv

˘

dΩ`
ż

Γt
pψ ¨ σq ¨ n dΓ´

ż

Γq
pϕqq ¨ n dΓ. (3.14)

By introducing the Cauchy’s formula into the traction surface integral of equation
(3.14) and substituting the Neumann boundary conditions (2.4) and (2.6), we may
rewrite the right side as
1 For simplicity x‚, ‚y is used instead of x‚, ‚yV 1,V0 , where xω,υyV 1,V0 ” pω,υqL2pΩq :“

ş

Ω
ω ¨ υ dΩ,

ω P V 1,υ P V0.
2 L2pΩq and L2pBΩq are the Lebesgue spaces of square-integrable functions on the domain Ω and

boundary BΩ, respectively.
3 which allows to identify the dual pairing with the inner product in H0,
4 sometimes called the Fréchet-Riesz theorem,
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3.1 Monolithic variational formulation

ż

Ω

`

µ∇ψ : ∇u` λ∇¨ψ∇¨u` µ∇ψ : ∇uT ´ γ∇¨ψθ ` κ∇ϕ ¨∇θ
˘

dΩ

“

ż

Ω

`

ψ ¨ Fb ` ϕQv

˘

dΩ`
ż

Γt
ψ ¨ t̄n dΓ´

ż

Γq
ϕq̄n dΓ. (3.15)

Accordingly, the bilinear form a : V ˆV0 Ñ R, which maps a pair of trial and test
functions to a real number, and the functional l : V0 Ñ R, a mapping from the test
functions space to the real number space, become

a pχq pϑq “ a ppu, θqq ppψ, ϕqq :“

µ
`

∇u,∇ψ
˘

Ω ` λ
`

∇¨u,∇¨ψ
˘

Ω ` µ
`

∇uT ,∇ψ
˘

Ω ´ γ
`

θ,∇¨ψ
˘

Ω ` κ
`

∇θ,∇ϕ
˘

Ω,

(3.16)

l pϑq “ l ppψ, ϕqq :“
`

Fb,ψ
˘

Ω `
`

Qv, ϕ
˘

Ω `
`

t̄n,ψ
˘

Γt ´
`

q̄n, ϕ
˘

Γq , (3.17)

where p‚, ‚qΩi :“
ş

Ωi
‚ ¨ ‚ dΩ and p‚, ‚qΓi :“

ş

Γi
‚ ¨ ‚ dΓ denote the inner products defined on

Ωi ⊂ Ω and Γi ⊂ BΩ, respectively, with “¨” representing the scalar product between
dual quantities (simple or double index saturation operation between vectors or ten-
sors). Hereafter, we omit the subscript Ωi whenever the set Ωi is identical with the
domain Ω, on which the system of differential equations is posed.
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Chapter 4

Finite Element Analysis of
Thermoelastic Problems

Since providing an analytical solution for coupled thermoelasticity problems with more
sophisticated geometries and boundary conditions is mathematically complicated, the
numerical methods have become powerful means of analysis. Among numerical meth-
ods, the finite element method is often preferred for the thermoelastic problems.

In this research, the analysis of the dynamic thermoelasticity is done by time-
dependent finite element method in which the spatial and temporal domains are dis-
cretized by separate schemes. The finite element method for space discretization com-
bined with a time matching scheme which incorporates moderate damping is suitable
for coupled dynamic thermoelastic problems. Here, the Ritz-Galerkin method is used
for spatial discretization, while the time domain is discretized by Newmark time march-
ing scheme. This approach is called the Kantorovich type of approximation, where
the time and space functions are separated into the distinct functions [3].

In this chapter, the so-called monolithic finite element formulation of the classical
coupled thermoelastic problems is derived. The first two sections of this chapter focus
on the finite element formulation of the static and dynamic thermoelastic problems,
respectively. In the last section, the employed time integration scheme is discussed.

Although many previous researches utilized the indirect time integration technique
of Laplace transform to analyze the coupled dynamic thermoelastic problems, in this
study we employed the direct Newmark-β integration scheme to deal with the time
integration. In the performed Newmark method, proper integration parameters have
been considered to provide an unconditionally stable and convergent implicit time
integration algorithm. Moreover, in the Newmark time-marching scheme, appropriate
selection of the integration parameter imposes a suitable artificial numerical damping
and consequently filters out spurious oscillations.
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4.1 Finite Element Discretization of static thermoelasticity

4.1. Finite Element Discretization of static thermoelasticity

As mentioned in Section 3.1, the governing system of equations (2.25) can be formu-
lated as mixed variational form (3.5). As the function spaces V and V0 are infinite-
dimensional, it is only possible to find the solution in special cases or in specially
constructed problems. In order to overcome this problem, the infinite-dimensional
(continuous) variational problem should be restricted to a finite-dimensional (discrete)
variational problem. Therefore, in general cases, numerical methods are used to dis-
cretize the governing equations and obtain the approximate solutions.

For discretizing the current thermoelastic problem, we use a standard Galerkin
finite element method based on the trial space V and test space V0. The monolithic
variational form (3.5) of the thermoelastic problem is the basis of the finite element
Galerkin discretization. By applying Galerkin finite element method for seeking the
solution within a finite-dimensional subspace Vh ⊂ V we may numerically calculate
the best approximation χh P Vh to the solution. By restricting the solution and
variations to a finite-dimensional subspace Vh, the discretization of the problem can
be easily obtained. Accordingly, the problem of finding the approximate solution reads:

Find χh P Vh :“ Dh
ˆ T h, such that apχhqpϑhq “ lpϑhq @ϑh P Vh

0 , (4.1)

Dh
“ span

 

ψ1,ψ2, . . . ,ψNV

(

, (4.2)

T h “ span tφ1, φ2, . . . , φNVu , (4.3)

where Dh and T h construct the same size1 finite-dimensional spaces with bases denoted
by Ψ :“ tψjpxqu

NV
j“1 and Φ :“ tφjpxquNV

j“1, respectively so that NV “ dimpVh
q. By

assuming the finite element space Vh to be a subspace of the variational space V , the
finite element solution χh converges to the true solution χ. In this case, the subspace
Vh is called a conforming finite element space and the associated FE method is called
conforming FEM. In the so-called ansatz method, to approximate the solution pair
χ :“ tu, θu, we employ the ansatzs:

upxq « uhpxq “
NV
ÿ

j“1
Uh
jψjpxq P Dh, x P Ω, ψj : Ω Ñ R, (4.4)

θpxq « θhpxq “
NV
ÿ

j“1
Θh
j φjpxq P T h, x P Ω, φj : Ω Ñ R, (4.5)

where tψju and tφju are the global basis functions for a finite-dimensional subspaces of

1 NV “ dimpVh
q “ dimpDh

q “ dimpT hq.
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4.1 Finite Element Discretization of static thermoelasticity

the admissible function spaces of displacement and temperature change fields, respec-
tively. The coefficients tUh

j u and tΘh
j u are the degrees of freedom (DOFs) describing

the respective discretized fields.
In the standard Ritz-Galerkin method, where we assume the same basis functions

for both the ansatzs and test functions, the uh and θh approximations are called the
Ritz projections of u and θ, respectively. By substituting ansatzs (4.4) and (4.5) and
relevant test functions in the discrete variational problem (4.1), and considering the
fact that ap‚qp‚q and lp‚q are linear, the Ritz-Galerkin discretization leads to a linear
system of equations

rKsh t∆uh “ tFuh , (4.6)

where rKsh, t∆uh, and tFuh are the global stiffness matrix, vector of the unknowns,
and mechanical-thermal force vector, respectively.

The finite-dimensional space Vh consists of piecewise polynomials on a prescribed
finite element partition Ph. Therefore, in order to define the finite element space Vh,
we partition the domain Ω into a finite set of non-overlapping subdomains Ph “ tΩiu

Ne
i“1

with disjoint interiors satisfying
Ne
Ţ

i“1
Ωi “ Ω, (4.7)

Ωm
Ş Ωn “ H for m , n, (4.8)

where Ne, Ω, and Ω are the number of the subdomains (elements) of the partition
Ph, the simulation domain, and the simulation domain without the boundary, re-
spectively. Such decomposition into cells can either be geometrically conforming or
non-conforming (like 2D mesh with hanging nodes). Together, these cells form a mesh
of the domain Ω. Once the domain Ω is partitioned into cells, it is possible to de-
fine local function space Vh

e on each element peq to constitute the discretized global
function space Vh.

After partitioning the domain, one may build the global function space Vh, by
defining the element basis functions tNiu

npeq

i“1 on each element peq with npeq nodes. Uti-
lizing Lagrangian elements in conforming FEM leads to an approximated solution
expressed in terms of the nodal values as degrees of freedom, by presenting the desired
fields based on relevant basis (shape) functions [77, 78]. In each element peq, substi-
tuting the displacement and temperature change test and trial functions, based on
element shape functions and nodal values, in (4.1) leads to the following linear system
of equations [79]
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4.1 Finite Element Discretization of static thermoelasticity

rKspeq t∆upeq “ tFupeq . (4.9)

Finally, in order to take the effect of all elements into account and build up the
global equation system (4.6), the assembly process is required to be performed. By
assembling the components of element matrices (4.9) in to the global matrices, we
obtain

rKsh “
Ne
A
e“1
rKspeq , t∆uh “

Ne
A
e“1
t∆upeq , tFuh “

Ne
A
e“1
tFupeq , (4.10)

where A is the assembly operator; rKspeq, t∆upeq and tFupeq are the stiffness matrix,
the nodal values vector and the mechanical-thermal force vector of the element peq,
respectively and are defined as

rKspeq “

«

Kpeq
uu ´Kpeq

uθ

0 Kpeq
θθ

ff

, (4.11)

t∆upeq “

#

Upeq

Θpeq

+

, (4.12)

tFupeq “

#

Fpequ
Fpeqθ

+

, (4.13)

with

rKuus
peq
“

ż

Ωe
Bpeq
u

TDpeqBpeq
u dΩe, (4.14)

rKuθs
peq
“

ż

Ωe
Bpeq
u

T
γpeqNpeq

θ dΩe, (4.15)

rKθθs
peq
“

ż

Ωe
Bpeq
θ

T
κpeqBpeq

θ dΩe, (4.16)

tFuu
peq
“

ż

Γe
Npeq
u

TFpeqb dΩe `

ż

Γe
Npeq
u

T t̄peqn dΓe, (4.17)

tFθu
peq
“

ż

Γe
Npeq
θ

T
Qpeqv dΓe `

ż

Γe
Npeq
θ

T
q̄peqn dΓe, (4.18)

where Upeq, Θpeq, Dpeq, Ωe and Γe are the nodal values of the displacement vector field
u, the nodal values of the temperature change field θ, the elasticity matrix, the area
and the boundary of the element peq, respectively. Bpeq

u and Bpeq
θ contain the derivatives

of the element shape functions Npeq
u and Npeq

θ , respectively, where Npeq
u is the element
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4.2 Finite Element Discretization of dynamic thermoelasticity

shape function matrix of the displacement vector field and Npeq
θ is the element shape

function vector of the temperature change scalar field. The displacement-strain (Bu)
and temperature-gradient (Bθ) interpolation matrices and the relevant shape functions
are defined as

Bpeq
u “ ∇s

u Npeq
u , (4.19)

Bpeq
θ “ ∇s

θ Npeq
θ , (4.20)

with ∇s being the symmetric gradient and

pN peq
u qij :“ Nnδij̃ i “ 1, . . . , du, j “ 1, . . . , . . . , du ˆ npeq, (4.21)

pN
peq
θ qij :“ Nnδij̃ i “ 1, . . . , dθ, j “ 1, . . . , . . . , dθ ˆ npeq, (4.22)

n “ pj ´ 1qzdim` 1,

j̃ “ pj ´ 1q%dim` 1,

where Nn, npeq, and d are the Lagrangian shape function associated with node n of
element peq, number of element nodes, and number of the degrees of freedom of the
corresponding field2 at each node, respectively. Operator “z” is the integer division3

and operator “%” is the “modulo”/remainder4 operator.

4.2. Finite Element Discretization of dynamic thermoelasticity

In this section, we present the finite element discretization of classical coupled dynamic
thermoelastic problems. Similar to Section 2.2, it is preferred to use the indicial
notation for convenience in using dimensionless parameters. Let us assume that the
variational form of the system of governing equation is

Find ppupx̂,t̂q, pθpx̂,t̂qq P V̂pΩ̂q :“ D̂pΩ̂q ˆ T̂ pΩ̂q, such that

â
`

ppupx̂,t̂q, pθpx̂,t̂qq
˘`

ppψpx̂,t̂q, pϕpx̂,t̂qq
˘

“ l̂
`

ppψpx̂,t̂q, pϕpx̂,t̂qq
˘

@ppψpx̂,t̂q, pϕpx̂,t̂qq P V̂0pΩ̂q, (4.23)

where âp‚qp‚q and l̂p‚q are the bilinear and linear forms associated with the dimensionless
coupled thermoelastic problem, respectively. The corresponding trial functional space
V̂ and test functional space V̂0 are defined as

2 du for diplacement field and dθ for temperature field
3 azb ” ta{bu.
4 a%b :“ a mod b ” a´ bˆ ta{bu.
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4.2 Finite Element Discretization of dynamic thermoelasticity

V̂pΩ̂q “
!

ppupx̂,t̂q, pθpx̂,t̂qq
ˇ

ˇ

ˇ
pu P W1,2

pΩ̂qd, pθ PW1,2
pΩ̂q; pu|Γu “ pū, pθ|Γθ “ pθ̄

)

, (4.24)

V̂0pΩ̂q “
!

ppψpx̂,t̂q, pϕpx̂,t̂qq
ˇ

ˇ

ˇ

pψ P W1,2
pΩ̂qd, pϕ PW1,2

pΩ̂q; pψ|Γu “ p0, pϕ|Γθ “ p0
)

. (4.25)

Similar to the static problem (Section 4.1), in order to be able to solve the prob-
lem in general cases, the infinite-dimensional (continuous) variational problem (4.23)
should be discretized to a finite-dimensional form. In order to solve the discretized
variational problem by the standard finite element method, the following discretiza-
tions of the displacement and temperature fields are employed

puhî ppx, t̂q
ˇ

ˇ

peq
“

npeq
ÿ

m“1
Nu
mppxq pU

peq

îm
pt̂q, î “ 1, . . . , d, (4.26)

pθhppx, t̂q
ˇ

ˇ

peq
“

npeq
ÿ

m“1
N θ
mppxq pΘpeq

m pt̂q, (4.27)

where pU
peq

îm
and pΘpeq

m denote the nodal values of the dimensionless displacement vector
component puî and the dimensionless temperature change pθ of node m, respectively.
Moreover, the bases Nu

m and N θ
m are the Lagrangian shape functions associated with

node m of element peq, corresponding to the dimensionless displacement and temper-
ature change fields, respectively. Subsequently, by considering conforming FEM, the
respective test functions are

pψh
î
ppx, t̂ q

ˇ

ˇ

peq
“

npeq
ÿ

n“1
Nu
n ppxq δ pU

peq

în
pt̂q, î “ 1, . . . , d, (4.28)

pϕhppx, t̂q
ˇ

ˇ

peq
“

npeq
ÿ

n“1
N θ
nppxq δpΘpeq

n pt̂q. (4.29)

This approach of separating time and space is known as semi-discretization or the
method of Kantorovich [3, 80].

Substituting the test and trial functions (4.26)–(4.29) and their derivatives into the
weak forms of the dimensionless governing equations (2.36) and (2.37), implementing
integrating by parts, substituting the stress tensor components from dimensionless
Hooke’s law (2.45) and the heat flux from dimensionless Fourier’s law (2.47), consider-
ing Cauchy’s formula for boundary condition with aid of the divergence theorem, and
using the assembly process finally yields
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4.2 Finite Element Discretization of dynamic thermoelasticity

Ne
ÿ

e“1

”
npeq
ÿ

n“1

npeq
ÿ

m“1

ż

Ωe
pNu

m
p:U
peq

îm
qNu

nδ
pU
peq

în
dΩe

`

npeq
ÿ

n“1

npeq
ÿ

m“1

ż

Ωe

µ

λ` 2µ
d
ÿ

ĵ“1

pNu
m,ĵ

pU
peq

îm
`Nu

m,̂i
pU
peq

ĵm
qNu

n,ĵδ
pU
peq

în
dΩe

`

npeq
ÿ

n“1

npeq
ÿ

m“1

ż

Ωe

λ

λ` 2µ
d
ÿ

ĵ“1

pNu
m,ĵ

pU
peq

ĵm
qNu

n,̂iδ
pU
peq

în
dΩe

´

npeq
ÿ

n“1

npeq
ÿ

m“1

ż

Ωe
pN θ

m
pΘpeq
m qN

u
n,̂iδ

pU
peq

în
dΩe

ı

“

Ne
ÿ

e“1

”
npeq
ÿ

n“1

ż

Ωe
pptn̂qî N

u
nδ

pU
peq

în
dΓe

ı

, î “ 1, . . . , d,

(4.30)
Ne
ÿ

e“1

”

C
npeq
ÿ

n“1

npeq
ÿ

m“1

ż

Ωe

d
ÿ

ĵ“1

pNu
m,ĵ

p9U
peq

ĵm
qN θ

nδ
pΘpeq
n dΩe `

npeq
ÿ

n“1

npeq
ÿ

m“1

ż

Ωe
pN θ

m
p9Θpeq
m qN

θ
nδ

pΘpeq
n dΩpeq

`

npeq
ÿ

n“1

npeq
ÿ

m“1

ż

Ωe

d
ÿ

ĵ“1

pN θ
m,ĵ

pΘpeq
m qN

θ
n,ĵ
δpΘpeq

n dΩe

ı

“ ´

Ne
ÿ

e“1

”
npeq
ÿ

n“1

ż

Γe
ppq ¨ pnqN θ

nδ
pΘpeq
n dΓe

ı

,

(4.31)

where Ne is the number of the elements and pptn̂qî is the component of dimensionless
boundary traction associated with outer unit normal vector pn.

Rearranging (4.30) and (4.31) gives the following linear system of equations:

“

M
‰ 

p:∆
(

`
“

C
‰ 

p9∆
(

`
“

K
‰ 

p∆
(

“
 

pF
(

, (4.32)

with

“

M
‰

“
Ne
A
e“1

“

M
‰peq

,
“

C
‰

“
Ne
A
e“1

“

C
‰peq

,
“

K
‰

“
Ne
A
e“1

“

K
‰peq

, (4.33)
 

p∆
(

“
Ne
A
e“1

 

p∆
(peq

,
 

pF
(

“
Ne
A
e“1

 

pF
(peq

, (4.34)

where A is the assembly operator; rMspeq, rCspeq, and rKspeq are mass, damping, and
stiffness matrices; t∆̂upeq and tF̂upeq are nodal dimensionless displacement-temperature
and mechanical-thermal force vectors of element peq, respectively, defined as

“

M
‰peq

“

«

Mpeq
uu 0

0 0

ff

,
“

C
‰peq

“

«

0 0
Cpeq
θu Cpeq

θθ

ff

,
“

K
‰peq

“

«

Kpeq
uu ´Kpeq

uθ

0 Kpeq
θθ

ff

, (4.35)

!

p∆
)peq

“

#

pupeq

pθ
peq

+

,
!

pF
)peq

“

#

pFpequ
´pFpeqθ

+

. (4.36)
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4.2 Finite Element Discretization of dynamic thermoelasticity

The Muu, Cθu, Cθθ, Kuu, Kuθ, and Kθθ are associated with mass, thermoelas-
tic coupling, thermal capacitance, mechanical stiffness, thermo-mechanical stiffness,
thermal conductance matrices, Fu and Fθ correspond to mechanical and thermal load
vectors, respectively, which in each element peq are calculated as

rMuus
peq
“

ż

Ωe
Npeq
u

TNpeq
u dΩe, (4.37)

rCθus
peq
“ C

ż

Ωe
Npeq
θ

T
∇s

θ
TNpeq

u dΩe

“ C

ż

Ωe
Npeq
θ

T
IV
d
T Bpeq

u dΩe, (4.38)

rCθθs
peq
“

ż

Ωe
Npeq
θ

T
Npeq
θ dΩe, (4.39)

rKuus
peq
“

ż

Ωe
Bpeq
u

T
sDpeqBpeq

u dΩe, (4.40)

rKuθs
peq
“

ż

Ωe
Npeq
u

T∇s
θ Npeq

θ dΩe

“

ż

Ωe
Bpeq
u

T IV
d Npeq

θ dΩe, (4.41)

rKθθs
peq
“

ż

Ωe
Bpeq
θ

T
Bpeq
θ dΩe, (4.42)

!

pFu

)peq

“

ż

Γe
Npeq
u

T
p̄tpeqn̂ dΓe, (4.43)

!

pFθ

)peq

“

ż

Γe
Npeq
θ

T
ppq ¨ pnq dΓe, (4.44)

where Bu, Bθ contain the derivatives of the FE shape functions; sD :“ 1
λ`2µD is the

effective elasticity matrix; IV
d denotes Voigt representation of the identity matrix of

size d; Ωe and Γe are the area and boundary of the element peq; Npeq
u is element shape

function matrix of the displacement vector field, and Npeq
θ is element shape function

vector of the temperature change scalar field, which in the standard Ritz-Galerkin
finite element method for two-dimensional problems are defined as

Npeq
u “

«

N1 0 N2 0 . . . Nnpeq 0
0 N1 0 N2 . . . 0 Nnpeq

ff

, (4.45)

Npeq
θ “

”

N1 N2 . . . Nnpeq

ı

. (4.46)
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Operators ∇s
u, ∇s

θ and the derivative matrices of displacement and temperature
change fields in 2D are defined as

∇s
u “

«

B

Bx
0 B

By

0 B

By
B

Bx

ffT

, ∇s
θ “

”

B

Bx
B

By

ıT

, (4.47)

Bpeq
u “ ∇s

u Npeq
u , Bpeq

θ “ ∇s
θ Npeq

θ . (4.48)

4.3. Time Integration Scheme
There are several techniques to deal with time integration in dynamic thermoelastic
problems. Generally, time integration methods for linear systems can be categorized
into direct and indirect schemes. In the direct time integration, no transformation of
the differential equation to a different domain or form is performed and the equations
are solved step-by-step in the time domain. While in the direct methods, the integra-
tion scheme is applied directly to the semi-discrete system of equations, in the indirect
time integration scheme, the differential equations are solved after transformation from
time domain to a different domain.

In the dynamic thermoelastic problems, an indirect time integration method to
solve the system of equations (4.32) is the Laplace transform technique, which is
based on application of the Laplace transformation of the time domain to remove
the time dependency of terms. The resulting equations in the transformed fields are
solved, and then, in order to obtain the actual physical quantities, the displacement
and temperature results are inverted from the Laplace domain to the physical domain
by using a numerical Laplace inverse transformation method5 [26, 27, 75].

In the field of thermoelasticity, many previous studies have been done by indi-
rect time integration of the Laplace transform-based technique, but in this research,
time integration is performed by using the direct implicit time integration algorithm
of the generalized Newmark scheme [82]. The original Newmark method [83] and its
generalized modification, commonly called the Newmark-β method [82], are popular
time integration schemes belonging to the class of single-step implicit integration al-
gorithms. Although the Newmark-β is usually considered as an implicit integration
method, in special cases, depending upon the choices of the two free parameters which
determine the stability and accuracy characteristics of the algorithms, it could lead to
an explicit scheme.
5 e.g., the numerical fast Laplace inverse transform (FLIT) method presented by Durbin[81], which

combines Fourier cosine and sine transforms to reduce numerical error.
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4.3 Time Integration Scheme

The Newmark family of time stepping schemes, which is also considered as an
extension of the linear acceleration method, can be formulated as either acceleration-
based (a-form) or displacement-based (d-form) approaches. In this section, the ac-
celeration based6 Newmark algorithm and its implementation on coupled dynamic
thermoelasticity problems are presented.

4.3.1 Acceleration-based Newmark Method
In the classical coupled theory of thermoelasticity, the highest time derivative of the
displacement field in the governing equations (2.36) and (2.37) is of the second-order
and the highest time derivative of temperature is of the first-order. In this study, the
FE discretized system of equations are integrated in time using the Newmark-β time
integration method. Here, in the Newmark time integration algorithm formulation,
the left superscript of time refers to the time at which the parameter is evaluated, e.g.,
`

ptq
˘

and
`

pt`∆tq ˘

denote the system state in the current time and next time steps,
respectively.

Let the time interval of interest be denoted by rtst, tends, where tst and tend denote
the start and end times, respectively. The system of governing equations is discretized
temporally such that the time window is divided into Nt sub-intervals so as

rt0, tNt s “
Nt
Ť

n“1
rtn´1, tns, (4.49)

where tst “ t0 ă t1 ă ¨ ¨ ¨ ă t
Nt
“ tend and n are referred as time levels and time step,

respectively. The system of equations (4.32) is enforced at discrete instants of time tn
where n P t1, 2, ¨ ¨ ¨, Ntu such that

“

M
‰

ptnq
 

:∆
(

`
“

C
‰

ptnq
 

9∆
(

`
“

K
‰

ptnq
 

∆
(

“
ptnq

 

F
(

. (4.50)

For each time interval rt, t`∆ts, using the Cauchy’s mean value theorem7, the
Newmark method states that the first time derivative can be expressed as

pt`∆tq 9u “ ptq 9u` pδq:u ∆t, (4.51)

where ∆t denotes the time increment for a given temporal discretization, and pδq:u is a

6 named based on the unknown parameters of the equilibrium equation in this method, which are
the second-order time derivative of displacement.

7 also known as the extended mean value theorem,
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convex combination of approximate acceleration values in two time steps t and t`∆t
as

pδq:u “ p1´ δuq ptq:u` δu pt`∆tq:u, 0 ď δu ď 1. (4.52)

Due to the fact that the second time derivative also varies with time, in order to
obtain a correct displacement expression, the Cauchy’s mean value theorem should be
extended to the second time derivative, yielding

pt`∆tqu “ ptqu` ptq 9u ∆t` 1
2
pβq:u ∆t2, (4.53)

with pβq:u being also a convex combination of approximate acceleration values in two
time steps t and t`∆t, defined as

pβq:u “ p1´ 2βuq ptq:u` 2βupt`∆tq:u, 0 ď 2βu ď 1. (4.54)

Substituting equation (4.52) into (4.51) and equation (4.54) into (4.53) gives

pt`∆tq 9u “ ptq 9u`
`

p1´ δuq ptq:u` δu pt`∆tq:u
˘

∆t

“
ptq 9u` ptq:u∆t` δup pt`∆tq:u´ ptq:uq∆t

“
ptq 9u` ptq:u∆t` δu ptq∆:u ∆t, 0 ď δu ď 1, (4.55)

pt`∆tqu “ ptqu` ptq 9u ∆t` 1
2
`

p1´ 2βuq ptq:u` 2βu pt`∆tq:u
˘

∆t2

“
ptqu` ptq 9u∆t` 1

2
ptq:u ∆t2 ` βup pt`∆tq:u´ ptq:uq∆t2

“
ptqu` ptq 9u∆t` 1

2
ptq:u ∆t2 ` βu ptq∆:u ∆t2, 0 ď 2βu ď 1. (4.56)

where ptq∆:u :“ pt`∆tq:u´ ptq:u denotes the incremental acceleration at time t. Relations
(4.55) and (4.56) can be rearranged as

pt`∆tq 9u “ pt`∆tq
r9u` δu ∆t pt`∆tq:u, 0 ď δu ď 1, (4.57)

pt`∆tqu “ pt`∆tq
ru` βu ∆t2 pt`∆tq:u, 0 ď 2βu ď 1, (4.58)

where

pt`∆tq
r9u “ ptq 9u` p1´ δuq∆t ptq:u, 0 ď δu ď 1, (4.59)

pt`∆tq
ru “ ptqu`∆t ptq 9u` p1´ 2βuq

∆t2
2

ptq:u, 0 ď 2βu ď 1. (4.60)
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In (4.59) and (4.60), the r9u and ru quantities, which are expressed in terms of the
system state in the current time step, are referred to as “predictor” values. Subse-
quently, the respective terms of pt`∆tq 9u and pt`∆tqu in equations (4.57) and (4.58) are
referred to as “corrector” values. Accordingly, the integration algorithm based on these
values is known as predictor-corrector method [84, 85].

Similarly, application of the extended mean value theorem in temperature change
field yields

pt`∆tqθ “ ptqθ ` pδq 9θ∆t, (4.61)
where

pδq 9θ “ p1´ δθq ptq 9θ ` δθ
pt`∆tq 9θ, 0 ď δθ ď 1. (4.62)

Finally, by substituting (4.62) in (4.61), the temperature change at time t`∆t in
terms of its first time derivative in the next time step and the system state in the
current time step can be written as

pt`∆tqθ “ ptqθ ` ptq 9θ∆t` δθ
`

pt`∆tq 9θ ´ ptq 9θ
˘

∆t

“
ptqθ ` ptq 9θ∆t` δθ ptq∆ 9θ ∆t, 0 ď δθ ď 1, (4.63)

where ptq∆ 9θ :“ pt`∆tq 9θ ´ ptq 9θ denotes the incremental temperature first-order time
derivative at time t.

In equations (4.55)–(4.63), βu, δu and δθ are constant parameter which affect the
integration accuracy and stability of the method. Generally, 2βu, δu and δθ, which
are assigned various values in r0, 1s, can be determined independent of each other.
However, there are limitations on the choice of these parameters if an accurate and
unconditionally stable (in linear analyses) integration scheme is desired8.

Different integration methods can be obtained by proper selection of these control
parameters [86]. For instance, selecting βu “ 0 leads to an explicit equation of (4.56)
where displacements at t`∆t can be determined in closed form from displacements,
velocities, and accelerations at time t, and external forcing at time t and potentially
t̀ ∆t, making the βu “ 0 case known as explicit Newmark9. If βu “ 0 and δu “ 1/2, the
Newmark scheme will be identical to the explicit central difference (CD) method10.

8 The Newmark algorithm was originally proposed as an unconditionally stable scheme with δu “
2βu “ 1

2 , which yields the constant average acceleration method (also called trapezoidal rule) [82].
9 Strictly speaking, M and C need to be diagonal for the Newmark method in this case to be explicit.

10 also referred to as the velocity Verlet or Störmer-Verlet scheme.
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4.3 Time Integration Scheme

Generally, in the Newmark method, if δu “ 1/2, the integration scheme is at least
second-order accurate, otherwise it is first-order accurate. As mentioned previously,
by proper selection of the Newmark integration parameters, various well-known in-
tegration schemes are obtained. For example, in the Newmark method, assigning
βu “ 1/4 and δu “ 1/2 leads to an unconditionally stable, second-order accurate,
implicit algorithm8 with constant average acceleration assumption within the time in-
terval t P rt t̀ ∆tq. The Newmark algorithm with these integration parameters, which
is also known as the trapezoidal rule, is energy conserving in linear systems [87]. The
other special case of βu “ 1/6 and δu “ 1/2 corresponds to the conditionally stable im-
plicit method of linear acceleration scheme, which, albeit its second-order accuracy11,
is less popular due to the conditional stability. Furthermore, by setting βu “ 1/12

and δu “ 1/2, the Newmark algorithm results in the conditionally stable, third-order
accurate, implicit Fox-Goodwin scheme. Finally, by defining βu “ 3/2 and δu “ 1, the
Newmark algorithm becomes the backward difference (BD) scheme.

The Lax-Richtmyer Equivalence Theorem, which is often called the fundamental
theorem of numerical analysis, states that for a finite difference method of a well-posed
linear partial differential equations satisfying consistency, the necessary and sufficient
condition for convergence is stability. Since the Newmark schemes are always consis-
tent, they are convergent if and only if they are stable. In the linear dynamic system,
by determining 2βu ě δu ě 1/2, the Newmark-β method will be unconditionally sta-
ble (A-stable) regardless of the size of the time step ∆t. Notwithstanding the fact
that unconditional stability of a scheme results in keeping the solution bounded even
with very large time steps, it does not guarantee accuracy of the method [89]. In
order to overcome this problem, a slightly more stringent criterion given by δu ě 1/2

and βu ě 1/4pδu ` 1/2q2, which provides artificial damping in higher modes, is used
by Belytschko and Hughes [90] to maintain the unconditional stability in addition
to the improved accuracy. Conversely, the Newmark-β algorithm with δu ě 1/2 and
0 ď 2βu ă δu, for which stability imposes a time step restriction, is called condition-
ally stable Newmark method. Finally, selecting δu ă 1/2 leads to an (unconditionally)
unstable scheme [91, 92].

In wave propagation problems characterized by discontinuous response fields such
as velocity or stress discontinuity, the direct time integration methods engender
numerical noises in these fields, due to the mismatch of the wave physics across the

11 Linear acceleration is more accurate than average acceleration method for equal time step assess-
ment [88].
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discontinuities. The numerical noise generated has often been referred to as spurious
oscillations. These spurious overshoots and undershoots in computed quantities near
discontinuities, developed as a consequence of Godunov’s theorem12 [93], are known as
Gibbs’ phenomenon [94, 95]. The Gibbs’ oscillations in numerical solutions, which ap-
pear generally in the secondary fields such as stress or deformation gradients and in the
vicinity of sharp gradients, do not present a physical phenomenon and result from poor
spatial discretizations which cannot capture the rapid spatial variations. The unreal
oscillations could, in principle, be suppressed by utilizing finer meshes. However, such
refinements are usually limited in practice by computational time considerations, and
it is better practice to resort to numerical damping for controlling such oscillations.
Artificial numerical damping has the same effect as the Rayleigh damping in a system
and its effect is added to the dissipation due to the actual viscous damping of the
system. Although the numerical damping, which decays the responses and dissipates
energy from the system, is a kind of error, it can sometimes be deemed favorable for
wiping out the erroneous results which take place after the passage of the wavefront.

The spurious oscillations in numerical results of the wave propagation problems
can be filtered out by the aid of artificial numerical dissipation, known as algorithmic
damping. In the Newmark method, opting δu ą 1/2 imposes positive algorithmic
damping which alleviates the unreal oscillations [96]. In this case, the maximum
numerical dissipation of higher frequencies is achieved by βu “ 1/4pδu ` 1/2q2 for a
given value of δu ą 1/2. Numerically non-dissipative algorithm can be obtained by
δu “ 1/2. In this case, regardless fo the value of βu, the Newmark method produces
no numerical damping [97]. In the Newmark method, negative algorithmic damping
is introduced if δu ă 1/2, which leads the algorithm to generate numerical energy, and
consequently makes the algorithm unstable [98].

Although, enforcing artificial numerical damping attenuates the spurious oscilla-
tions, it tends to smear the steep gradients. In the Newmark method, the positive
algorithmic damping which annihilates the high-frequency components, also affects
the low-frequency regions. This undesirable influence on the low-frequency behavior,
corresponding to the reduction of accuracy to first-order13, emerges as distortion and
smearing of the wavefronts [87, 99]. It should be emphasized that spurious oscillations
in fine meshes are hardly eliminated and even if the numerical damping is applied,
artificial vibrations locally dominate [100].

12 The Godunov’s theorem states that all linear monotone schemes are at most first-order accurate.
13 In Newmark, the numerical damping cannot be introduced without degrading the accuracy order.
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The Newmark family is perhaps the most widely used time stepping algorithm in
structural dynamics. In addition to the good numerical properties of the Newmark
method, the other reason which theoretically explains its popularity, is the variational
nature of the Newmark scheme. Variational integrators are momentum-preserving and
symplectic. Among all Newmark explicit members (βu “ 0), only the central differ-
ence method preserves momentum [101]. Although, it is well-known that all implicit
members of the Newmark family (βu , 0) fail to conserve the standard momentum and
does not preserve the canonical symplectic structure [101], Kane et al. showed that
the Newmark method with δu “ 1/2 is variational [102]. They proved that the New-
mark method with δu “ 1/2 and any βu can be generated from a discrete Lagrangian,
and thus it is a non-canonical symplectic form and preserves non-standard momenta.
Therefore, the variational Newmark schemes preserve much of the underlying struc-
ture of the system and consequently provide simulations with possibly qualitatively
better behavior [103].

In coupled thermoelastic problems, we obtain the recurrence formula for pt`∆tq:u
and pt`∆tq 9θ by applying the Newmark time integration to the semi-discrete system of
equations (4.32) written at time t`∆t (dropping the dimensionless superscript of hat
for convenience) and then substituting for displacement and temperature change and
their time derivatives in the next time step t`∆t. Thus we write

“

M
‰

pt`∆tq :∆
(

`
“

C
‰

pt`∆tq 9∆
(

`
“

K
‰

pt`∆tq ∆
(

“
pt`∆tq F

(

, (4.64)

and subsequently

Muu
pt`∆tq:u`Kuu

pt`∆tqu´Kuθ
pt`∆tqθ “ pt`∆tqFu, (4.65)

Cθu
pt`∆tq 9u`Cθθ

pt`∆tq 9θ `Kθθ
pt`∆tqθ “ pt`∆tqFθ. (4.66)

In order to obtain the time marching equations, we introduce (4.55), (4.56) and
(4.63) into the discrete-time system (4.65)–(4.66), and rearrange the terms as follows:

pMuu `Kuuβu ∆t2q pt`∆tq:u´ pKuθ δθ ∆tq pt`∆tq 9θ “

pt`∆tqFu ´Kuup
ptqu` ptq 9u ∆t` p12 ´ βuq

ptq:u ∆t2q `Kuθp
ptqθ ` p1´ δθq ptq 9θ ∆tq :“ Fu,

0 ď δθ ď 1 and 0 ď 2βu ď 1,
(4.67)
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pCθu δu ∆tq pt`∆tq:u` pCθθ `Kθθ δθ ∆tq pt`∆tq 9θ “

pt`∆tqFθ ´Cθup
ptq 9u` p1´ δuq ptq:u ∆tq ´Kθθ p

ptqθ ` p1´ δθq ptq 9θ ∆tq :“ Fθ,

0 ď δu ď 1 and 0 ď δθ ď 1,
(4.68)

where Fu and Fθ are effective elastic and thermal load vectors, respectively. These
equations indicate that the employed integration scheme is self-starting. At any point
in time t`∆t, we may solve system of equations (4.67)–(4.68) for acceleration and
temperature first-order time derivative in terms of the system state at time t and
applied external forces at some later time t`∆t, then accordingly update the system
state variable for the later time t`∆t.

It should be noted that the Newmark algorithm instead of the acceleration-based
form, can be formulated in displacement-based form where the unknown parameters
are considered to be tu, θu instead of t:u, 9θu at later time t`∆t. In this research, the
acceleration-based formulation of the Newmark method is preferred because this form
does not involve devision by small numbers associated with ∆t2. In the displacement-
based formulation, ∆t and ∆t2 terms appear in the denominator of some coefficients of
the unknowns, which results in numerical problems in situations involving extremely
short time responses (like thermal shock) with very small time increments.

The Newmark method can be rewritten in the recurrent form for the unknown
vector t:u, 9θu. Accordingly, the time discretization of the system of governing equations
(4.32) using the Newmark-β single-step implicit time integration scheme yields

«

Muu ` βu ∆t2 Kuu ´δθ ∆t Kuθ

δu ∆t Cθu Cθθ ` δθ ∆t Kθθ

ff pt`∆tq#
:u
9θ

+

“

#

Fu
Fθ

+

. (4.69)

The self-starting integration algorithm of (4.69) states the numerical solution given
by the Newmark scheme in the recurrent form. With the given initial conditions, equa-
tion (4.69) is used to march through the time and obtain unknowns t:u, 9θu at an incre-
ment advanced in time. The velocity, displacement, and temperature change matrices
at time t`∆t are obtained from equations (4.55), (4.56), and (4.63), respectively.

Generally, implicit algorithms are unconditionally stable, thus we may select the
time step ∆t in the Newmark algorithm without concern for the solution stability,
however, the arbitrary selection of any time step does not guarantee solution accuracy
and we must consider the effect of time step size on the accuracy.
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Chapter 5

Recovery-based Goal-Oriented
Error Estimation and Adaptivity

Due to the nature of numerical analysis methods, presence of errors in results is
inevitable, therefore in any numerical simulation, the main concern is the accuracy
of the approximation. The conventional methods and strategies to estimate and con-
trol the errors in finite element methods are based on a posteriori estimates for the
error in the global energy norm.

However, in many real-life numerical simulations, local errors or error in a particular
quantities of interest (QoI) are of major interest. In such cases, in order to estimate
the error in the quantity of interest and consequently implement the appropriate mesh
refinement to achieve an efficient mesh for evaluating the goal accurately, the so-called
goal-oriented error estimation (GOEE) methods are introduces. The GOEE approach
estimates the error in the QoI directly by relating the error in the QoI to the energy
estimates by means of auxiliary problems [62, 104, 105].

This chapter focuses on developing recovery-based a posteriori error estimation
and goal-oriented error estimation techniques for the finite element analysis of the
thermoelastic problems. In the first part, the error estimation based on SPR, L2-PR,
and WSPR recovery techniques is formulated to evaluate the error of thermoelastic
multifield problems in the energy norm. Then, in the second part, the recovery-based
GOEE, as an approach to evaluate the error in a QoI, was developed for thermoelastic
problems. Finally, in the last part, the adaptive mesh refinement (AMR) technique
based on the presented error estimators, is explained.
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5.1 Recovery-based error estimation

5.1. Recovery-based error estimation

In this research, the superconvergent patch recovery (SPR), L2-projection patch re-
covery (L2-PR), and weighted super convergent patch recovery (WSPR) methods have
been employed to evaluate the errors. Since there is not any analytical solution avail-
able for coupled thermoelastic problems, the exact error is approximated by an esti-
mated error which is calculated based on a “recovered” solution. The exact error in
the displacement field can be written as

eexu “ uex ´ uh, (5.1)

where uex and uh are the exact and numerical solutions, respectively.
Let consider the variational formulation (3.5) of the thermoelastic problem

Find pupx,tq, θpx,tqq P V , such that

a
`

pupx,tq, θpx,tqq
˘`

pψpx,tq, ϕpx,tqq
˘

“ l
`

pψpx,tq, ϕpx,tqq
˘

@pψpx,tq, ϕpx,tqq P V0. (5.2)

Accordingly, the elastic bilinear form a˚p‚qp‚q is defined as

a˚
`

pu, θq
˘`

pψ, ϕq
˘

:“
ż

Ω
σT pu, θq εpψ, ϕq dΩ “

ż

Ω
σT pu, θq D´1 σpψ, ϕq dΩ, (5.3)

where D is the elasticity matrix. In order to quantify the quality of the numerical
results, the energy norm1 denoted by ~ ‚ ~ “

a

a˚p‚qp‚q is employed. The “exact”
displacement error in the energy norm is given by

~eexu ~ “
´

ż

Ω
peexσ qT D´1

peexσ q dΩ
¯

1
2
“

´

ż

Ω
pσex ´ σhqT D´1

pσex ´ σhq dΩ
¯

1
2
, (5.4)

where σex is the exact stress, σh is the stress obtained from the finite element results
and eexσ is the “exact” error of the stress tensor (eexσ ” σex ´ σh).

As mentioned before, it is not possible to calculate the exact stress and thus the
associated error. In order to estimate the error in the energy norm, the recovered stress
σ‹ is considered as an approximation to the exact solution [35, 106]. Substituting σ‹

instead of σex in (5.4) yields the error eesu in the energy norm as

~eexu ~ « ~eesu ~ “
´

ż

Ω
peesσ qT D´1

peesσ q dΩ
¯

1
2

“

´

ż

Ω
pσ‹ ´ σhqT D´1

pσ‹ ´ σhq dΩ
¯

1
2
, (5.5)

where eesσ is the “estimated” error of the FE stress tensor (eesσ ” σ‹ ´ σh « eexσ ).

1 also denoted by } ‚ }E in some articles,
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Equation (5.5) is defined for the entire domain, but similarly it can be used to
evaluate the error in a single element by replacing Ω with Ωe [107]

~eespeq~ “
´

ż

Ωe
pσ‹peq ´ σ

h
peqq

T D´1
pσ‹peq ´ σ

h
peqq dΩe

¯
1
2
, (5.6)

where eespeq is the estimated error in the element peq. Subsequently, the global estimated
errors in the energy norm can be calculated by:

~eesu ~ “
´

Ne
ÿ

e“1
~eespeq~2

¯
1
2
. (5.7)

Usually, in error estimation, instead of the absolute error or its energy norm, the
relative error (η) or the percent relative error (η%) is used [107]. The exact relative
and percent relative errors in the energy norm are defined as

ηex “
~eexu ~
~uex~

, ηex
%
“ ηex ˆ 100. (5.8)

For the problems without analytical solutions, instead of the exact relative error, the
estimated relative error is calculated by:

ηex « ηes :“ ~eesu ~
~ues~

, (5.9)

where ues “ uh ` eesu is the estimated displacement field. By substituting (5.5) into
(5.9) and considering the linearity of the governing equation, the estimation of the
relative global error can be calculated as

pηexq2 « pηesq2 “

ż

Ω
pσ‹ ´ σhqT D´1

pσ‹ ´ σhq dΩ
ż

Ω
pσhqT D´1

pσhq dΩ`
ż

Ω
pσ‹ ´ σhqT D´1

pσ‹ ´ σhq dΩ
. (5.10)

In this project, in order to calculate the recovered stress field σ‹, Super conver-
gent patch recovery (SPR), L2-projection patch recovery (L2-PR), and Weighted super
convergent patch recovery (WSPR) techniques have been employed.

42



5.1 Recovery-based error estimation

5.1.1 Super convergent patch recovery (SPR)
The SPR technique which is based on the superconvergent concept, recovers the
smoothed stresses at the superconvergent points in element patch surrounding the
nodes at which recovery is desired. An element patch represents a union of elements
containing the patch assembly node. The element patch for the assembly node i is
depicted in Figure 5.1. It was shown in [106] that the superconvergent points are the
Gauss points in FEM. If the order of the shape functions which are used to interpo-
late the displacement fields is p, then in ‘ordinary’ points (not the Gauss points), the
stresses will be accurate of order p ´ 1. However at the superconvergent points, the
stresses will have the accuracy of order p.

i

Figure 5.1: Element patch for node i

The SPR method recovers the stress nodal values rσ‹ from superconvergent points
and then assumes that the value of the recovered stress is interpolated with the same
shape functions used for the displacement interpolation [36, 106]

σ‹ “ Nu rσ‹, (5.11)

where σ‹ is the recovered stress in any arbitrary point inside the element, rσ‹ is the
recovered stress calculated at the nodes of the element, and Nu are the shape functions
which have been used to interpolate the displacement field u.

In the SPR method, all recovered nodal stresses are obtained by a least square fit
computed per patch. The recovered stress tensor is given by

σ‹P “ P a, (5.12)

P “

”

1 x y ¨ ¨ ¨ x yP´1 yP
ı

, (5.13)

a “
”

a1 a2 ¨ ¨ ¨ aP aP´1

ıT

, (5.14)

where σ‹P is a polynomial expansion of the recovered stress around the patch assembly
node, P is a vector of polynomial terms, and a is the set of unknown parameters. For
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bilinear and biquadratic quadrilateral elements in 2D, P will be
”

1 x y xy
ı

and
”

1 x y x2 xy y2
ı

, respectively. Minimizing a discrete L2-norm

F paq :“
n
ÿ

i“1

`

σhpxi, yiq ´ σ
‹
ppxi, yiq

˘2
“

n
ÿ

i“1

`

σhpxi, yiq ´Ppxi, yiq
˘2
, (5.15)

with respect to a yields

´
n
ÿ

i“1
PT
pxi, yiq Ppxi, yiq

¯

a “
n
ÿ

i“1
PT
pxi, yiq σ

h
pxi, yiq, (5.16)

where n is the total number of the sampling points on elements of the element patch.
By solving (5.16), the unknown parameter a can be obtained as

a “ A´1 b, (5.17)

with

A “

n
ÿ

i“1
PT
pxi, yiq Ppxi, yiq, b “

n
ÿ

i“1
PT
pxi, yiq σ

h
pxi, yiq. (5.18)

5.1.2 L2-projection patch recovery (L2-PR)
In L2-PR method, the values of the stress calculated by the numerical method in a
patch of element is considered as global least square fit to the exact solution, thus, the
polynomial expansion introduced in the SPR method can be calculated by minimizing
below expression instead of (5.15) over each element patch [36]

F paq :“
ż

Ωpatch

`

σh ´ σ‹P
˘2 dΩ “

ż

Ωpatch

`

σh ´P a
˘2 dΩ, (5.19)

where Ωpatch is the domain of element patch2 of each assembly point. Minimizing
(5.19) with respect to a yields

´

ż

Ωpatch

PT P dΩ
¯

a “
ż

Ωpatch

PT σh dΩ. (5.20)

Solving this system of equations with respect to a will give the unknown parameters

a “ A´1 b, (5.21)

2 Element patch of a particular point is the set of elements sharing that point (See Figure 5.1).
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with

A “

ż

Ωpatch

PT P dΩ, b “
ż

Ωpatch

PT σh dΩ. (5.22)

We mention that in this investigation, all above integrals are calculated numerically
by Gaussian quadrature method.

5.1.3 Weighted super convergent patch recovery (WSPR)
The third stress recovery method used in this project for evaluating σ‹ is the weighted
super convergent patch recovery (WSPR) technique which was proposed by Khoei et
al. [45]. This method is motivated by the moving least square (MLS) method [108]
which was used in element free Galerkin (EFG) methods by Belytschko et al. [109].
The WSPR method is similar to the conventional SPR technique, but it considers some
weighting factors to enhance the quality of the estimation. In the WSPR method, all
superconvergent points have similar properties in the patch which will induce errors
especially near boundaries as there are not enough sampling points in the element
patch. This problem can be solved by introducing different weighting factors imple-
mented for each sampling point in the patch. These factors should lead to a better
approximation, improved recovered stress and consequently more realistic values of
the errors.

Khoei et al. [45] proposed that the distance of the sampling point from the assembly
point be considered as the weighting factors; in other words, the nearer the sampling
point to the assembly node, the more it effects the recovery stress. Accordingly, the
weighting parameters are defined as

wi “ wpxi, yiq “
1
ri
, (5.23)

where wi is the weight factor related to the sampling point pxi, yiq and ri is the distance
between the sampling point i and the assembly point which recovered stress is to be
calculated. By considering the weighted factors, equation (5.15) can be modified as

F paq :“
n
ÿ

i“1

´

wipσ
h
pxi, yiq ´ σ

‹
P pxi, yiqq

¯2
“

n
ÿ

i“1

´

wipσ
h
pxi, yiq ´Ppxi, yiq aq

¯2
.

(5.24)
Minimizing F paq with respect to a yields

´
n
ÿ

i“1
w2
i pPT

pxi, yiq Ppxi, yiqq
¯

a “
n
ÿ

i“1
w2
i

`

PT
pxi, yiq σ

h
pxi, yiq

˘

. (5.25)
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Finally the unknown parameter a are obtained as

a “ A´1 b, (5.26)

with

A “

n
ÿ

i“1
w2
i PT

pxi, yiq Ppxi, yiq, b “
n
ÿ

i“1
w2
i PT

pxi, yiq σ
h
pxi, yiq. (5.27)

5.2. Recovery-based goal-oriented error estimation (GOEE)

Goal-oriented error estimation is an approach to evaluate the error in a quantity of
interest (QoI) instead of the energy norm [66]. The method to estimate the error in
quantities of interest is based on duality technique. In this technique, a dual or adjoint
problem3 is defined based on the primal problem (original problem) and the quantity
of interest. Solving the primal and dual problems leads to estimation of error in the
QoI. The dual problem is quite similar to the primal problem except for the boundary
conditions and the internal loads [110]. The dual problem should be solved backward,
therefore the time integration is required to be preformed backward in time [111].

By considering the variational form of the problem (5.2), the approximate solution
of the finite element method is given by

Find puh, θhq P Vh
Ă V , such that

a
`

puh, θhq
˘`

pψh, ϕhq
˘

“ l
`

pψh, ϕhq
˘

@pψh, ϕhq P Vh
0 , Vh

0 Ă V0, (5.28)

where puh, θhq is the finite element approximation of pu, θq.
Let consider the bounded linear functional Qp‚q : D Ñ R, defined on the displace-

ment field admissible functions for the primal problem, as the quantity of interest.
The aim of the goal-oriented error estimation is to calculate the error of Q. The exact
error in the QoI can be written as

εexQ “ Qpuexq ´Qpuhq. (5.29)

Since Q is assumed to be linear, (5.29) can be written as

εexQ “ Qpuex ´ uhq “ Qpeexu q. (5.30)

3 also called auxiliary or extraction problem,
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As uex is often not available, eexu and εexQ can not be computed. In order to estimate
the error of the QoI, the adjoint problem, should be solved, which is defined as [63]

Find κ P V0, such that a pυq pκq “ Q pυq @υ P V0. (5.31)

In order to obtain Qpeexp q, υ in (5.31) should be replaced by eexp . Considering the
Galerkin orthogonality property, we have apeexp qpκhq “ 0, @κh P V0. Hence, the error
Qpeexp q can be written as

Qpeexp q “ apeexp qpκq ´ apeexp qpκhq “ apeexp qpκ´ κhq “ apeexp qpeexd q, (5.32)

where eexp and eexd are the exact errors of the primal and dual problems, respectively.
Considering (5.3),(5.30) and (5.32), the error of the QoI is obtained as

εexQ “ Qpeexu q “ a˚peexp qpeexd q “
ż

Ω
pσexp ´ σ

h
pq
T D´1

pσexd ´ σ
h
dq dΩ. (5.33)

Note that in (5.33), subscripts p and d correspond to the primal and dual/adjoint
problems, respectively.

In (5.33), the exact error of the quantity of interest is related to the exact solution of
the primal and dual problems, which obviously are not available in practical problems.
Therefore, instead of the exact solution, estimated results should be considered, i.e.,

εesQ “ Qpeesu q “ a˚peesp qpeesd q “
ż

Ω
pσesp ´ σ

h
pq
T D´1

pσesd ´ σ
h
dq dΩ, (5.34)

where εesQ is the estimated error in the quantity of interest. As mentioned in Section
5.1, the recovered stress σ‹ can be considered as the estimated stress, i.e.,

εesQ “

ż

Ω
pσ‹p ´ σ

h
pq
T D´1

pσ‹d ´ σ
h
dq dΩ, (5.35)

where σ‹p and σ‹d are the recovered stress fields in the primal and dual problems
respectively, which are computed by SPR, L2-PR or WSPR techniques.

In this study, for dynamic problems, the error in the QoI is calculated for each time
step by defining the relevant dual problem based on the results of the primal problem
in the previous time step.
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5.3. Adaptive mesh refinement (AMR)

In this project, the recovery-based goal-oriented error estimation (GOEE) is employed
to drive the adaptive mesh refinement. The new element size of the refined mesh is
defined based on the equidistribution of the error on the elements of the new mesh
which tries to refine the mesh in a way that the error on the elements of the new mesh
is distributed equally.

By considering a uniform refinement, the error in the new and previous meshes are
related by [107]

~eesu ~n
~eesu ~n´1

«
` hn
hn´1

˘c
, (5.36)

where h is a characteristic element size, and subscript n and n ´ 1 refer to the mesh
refinement step. In (5.36), c is the convergence rate which depends on the element
type and the regularity in the related element zone. Normally c takes the value of p
for elements which are not located near singularities.

Assuming that the distribution of errors in the elements of the new mesh is equal,
we obtain

~eesu ~2
n “

Nn
ÿ

e“1
~eespeq~2

n “ Nn ~eespeq~2
n, (5.37)

where Nn is the number of the elements of the new mesh, ~eesu ~n and ~eespeq~n are the
global and element estimated errors of the new mesh in the energy norm, respectively.

Fuenmayor and Oliver showed that, by considering the error equidistribution on
the elements of the refined mesh as the adaptive modification strategy (AMS), the
new element size can be calculated by [107]

hpeqn´1
n « h

peq
n´1

` 1
Nn´1

˘
1

2p1`cq
´

~eesu ~n
~ees

peq~n´1

¯
1
c
´~eespeq~n´1

~eesu ~n´1

¯
1

cp1`cq
, (5.38)

where ~eesu ~n is the desired global error in the energy norm of the new mesh.
In the current refinement strategy, the absolute value of the element error is con-

sidered in the refinement process by defining a new parameter in the code as the re-
finement criteria, which keeps the summation of absolute value of element error. The
refinement technique employed in this study is a adaptive global re-meshing which can
be done by taking the advantage of very efficient mesh generator. In this project, for
mesh generation and refinement based on the recovery error estimation techniques,
we have used Gmsh software [112]. Note that we defined a threshold which limits the
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5.3 Adaptive mesh refinement (AMR)

maximum percent error reduction and defines the desired error percent of the refined
model. In this research, the maximum error reduction is set to 30%. It should be
mentioned that the CPU time required for mesh generation and data projection is
negligible compared to the data input/output and total computation time.

The adaptive rh-refinement driven by the recovery-based goal-oriented error esti-
mation, is summarized in Figure 5.2. The depicted algorithm is for static problem; in
dynamic problems this process is performed in each time step.
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the acceptable error.
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Y es

Figure 5.2: Algorithm of the employed goal-oriented adaptive
mesh refinement based on recovery type error estimation
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Chapter 6

Residual-based Goal-Oriented
Error Estimation and Adaptivity

As mentioned in the previous chapter, the computational errors are intrinsic in any
numerical analysis methods; therefore, error estimation is one of the main concerns
of each finite element analysis (FEA) method. In many cases, the objectives of the
numerical analysis is not only estimating the preliminary variables, but also calculat-
ing a functional of the primal solution. This functional which is presented based on
preliminary variables, is called goal or quantity of interest (QoI). In such problems,
the estimation of goal error is of interest rather than the solution error itself.

The goal-oriented error estimation (GOEE) has been developed in order to quan-
tify and control the local error in a quantity of interest (QoI). The goal might be
expressed as a local or integral, continuous or discontinuous functional based on the
primal solution. Goal-oriented error estimation and mesh adaptation are one of the
challenging topics in numerical analysis especially when dealing with pointwise quan-
tities of interest due to the discontinuity of the goal functional.

According to the procedure used to obtain the estimates, the a posteriori error es-
timation techniques can be divided into two major categories of recovery- and residual-
based error estimators. The recovery-based error estimation method is discussed in
Chapter 5. This chapter focuses on the residual-based error estimation technique.

The main goal of this chapter is to develop the dual weighted residual (DWR)
method for the adaptive solution of coupled thermoelastic problems in the steady
state conditions. The developed DWR method, which relies on the duality technique,
is employed to estimate the goal error of the thermo-mechanical problems with the
pointwise goal of primal solution value or its derivatives at a particular point. The
considered QoI is discontinuous and is defined only at specific points in the domain.

50



6.1 Dual weighted residual (DWR) method

6.1. Dual weighted residual (DWR) method

The DWR method estimates the error in quantities of interest based on a duality
technique. In this technique, in addition to the primal problem (the original problem),
a corresponding global dual or adjoint problem also needs to be solved. Solving the
primal and dual problems will lead to estimating the error in the QoI. The auxiliary
(dual) problem, which provides (local) sensitivity measures with respect to the goal
functional, is defined based on the primal problem and the quantity of interest (QoI).
Although the bilinear forms of the primal and dual problems are the same, the goal
functional is considered as the functional of the dual problem [70, 113]. In the following,
we will apply and extend the abstract theory of the DWR method introduced by
Becker and Rannacher [67, 69], to error control in the approximation of thermoelastic
problems.

Let us assume the primal and relevant discretized variational formulations of the
current problem to be (3.5) and (4.1), respectively. We rewrite these equations as

a pχq pϑq “ l pϑq @ϑ P V0, (6.1)

apχhqpϑhq “ lpϑhq @ϑh P Vh
0 , (6.2)

where the solution spaces are χ P V and χh P Vh. Since the χh is the finite element
approximation of the exact solution χ, the exact discretization error of the primal
problem in the primal variable field is defined as

eexχ “ χex ´ χh. (6.3)

Accordingly the Galerkin orthogonality1 property in the primal problem reads:

apeexχ qpϑhq “ 0 @ϑh :“ pψh, ϕhq P Vh
0 . (6.4)

Now, consider the linear output functional Jp‚q : V Ñ R defined on the space V
of admissible functions for the primal problem. The aim of the goal-oriented error
estimation is to calculate the error of J . The exact error in the QoI can be written as

εexJ “ Jex ´ Jh “ Jpχexq ´ Jpχhq. (6.5)

1 In the sense of the bilinear form a, the error is orthogonal to the test space Vh
0 (eexχ Ka Vh

0 ).
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6.1 Dual weighted residual (DWR) method

Considering the fact that the goal functional J is assumed to be linear, relations (6.3)
and (6.5) leads to:

εexJ “ Jpχexq ´ Jpχhq “ Jpχex ´ χhq “ Jpeexχ q. (6.6)

Since there is not any analytical solution available for general coupled thermoe-
lastic problems, the exact solution χ and the subsequent exact goal value can not
be computed, therefore we approximate the the exact error by an estimated error
calculated based on the DWR method.

The basic part of the DWR method for ‘goal-oriented’ a posteriori error estimation
is defining the dual problem. For any given (linear) goal functional Jp‚q defined on V0,
we introduce the continuous and subsequently the discrete dual problems as [69, 113]

a pυq pκq “ J pυq @υ P V0, (6.7)

apυhqpκhq “ Jpυhq @υh P Vh
0 , (6.8)

where ap‚qp‚q is the bilinear associated with the primal problem, and the test functions
are chosen from the corresponding test function space. The κ :“ tκu,κθu P V denotes
the solution of the adjoint problem, which are the sensitivities that measure the influ-
ence of the error functional J ; hence, the exact error of the dual problem is defined as

e˚ exκ “ κ
ex
´ κ

h, (6.9)

Accordingly, the Galerkin orthogonality property in the dual problem reads:

apυhqpe˚ exκ q “ 0 @υh P Vh
0 , (6.10)

By definition, the primal and dual solutions are mutually adjoint to each other on
V in the sense that:

J pχq “ a pχq pκq “ l pκq . (6.11)

Inserting as special test function υ :“ eχ primal error2 into (6.7) yields:

a peχq pκq “ J peχq . (6.12)

2 Henceforth, for simplicity we drop the “ex” superscript form errors (e “ eex, e˚ “ e˚ ex, and
ε “ εex).
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6.1 Dual weighted residual (DWR) method

Considering the Galerkin orthogonality property (6.4) of the primal problem, we can
rewrite (6.12) as

apeχqpκ´ ϑhq “ apχex ´ χhqpκ´ ϑhq “ Jpeχq @ϑh P Vh
0 , (6.13)

Similarly, substituting the dual error e˚κ as the test function in the primal problem
(6.1) and considering the Galerkin orthogonality property (6.10) of the dual problem
along with equation (6.13) carries over the mutual duality of the primal and dual
solution (relation (6.11)) to the corresponding errors as

Jpeχq “ apeχqpκq “ apeχqpe˚κq “ apχqpe˚κq “ lpe˚κq. (6.14)

In multifield problems, the quantity of interest can depend on either or all of
the fields. Therefore, in thermoelasticity, which we deal with a scalar-vector valued
problem, the goal functional error can be expressed in terms of displacement and
temperature change errors as

ε
J
“ Jpeχq “ Jppeu, eθqq. (6.15)

Considering the equation (6.13), the error in the quantity of the interest can be
calculated as

ε
J
“ Jppeu, eθqq “ apeχqpκ´ ϑhq “ appeu, eθqqpκ´ ϑhq

“ appeu, eθqqppκu ´ψh,κθ ´ ϕ
h
qq, (6.16)

where eu “ u ´ uh and eθ “ θ ´ θh are the exact errors of the displacement and
temperature change fields of the primal problem. By substituting the bilinear form
(3.16) we obtain:

ε
J
“µ

`

∇eu,∇pκu ´ψh
q
˘

` λ
`

∇ ¨ eu,∇¨pκu ´ψh
q
˘

`µ
`

∇eTu ,∇pκu ´ψh
q
˘

´ γ
`

eθ,∇¨pκu ´ψh
q
˘

` κ
`

∇eθ,∇pκθ ´ ϕhq
˘

. (6.17)

Replacing the primal errors eu and eθ based on the displacement and temperature
change, we obtain:

ε
J
“

”

µ
`

∇u,∇pκu ´ψh
q
˘

` λ
`

∇ ¨ u,∇¨pκu ´ψh
q
˘

`µ
`

∇uT ,∇pκu ´ψh
q
˘

´ γ
`

θ,∇¨pκu ´ψh
q
˘

` κ
`

∇θ,∇pκθ ´ ϕhq
˘

ı

´
”

µ
`

∇uh,∇pκu ´ψh
q
˘

` λ
`

∇ ¨ uh,∇¨pκu ´ψh
q
˘

`µ
`

∇uhT ,∇pκu ´ψh
q
˘

´ γ
`

θh,∇¨pκu ´ψh
q
˘

` κ
`

∇θh,∇pκθ ´ ϕhq
˘

ı

. (6.18)
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6.1 Dual weighted residual (DWR) method

Splitting the global integrations over Ω into the contributions of the cells e P Ph

and implementing cell-wise integration by parts, considering the divergence theorem
and the constitutive equation (2.17), leads to:

ε
J
“

Ne
ÿ

e“1

!”

´
`

∇¨σpuq,κu ´ψh
˘

Ωe
´ κ

`

∇¨∇θ,κθ ´ ϕ
h
˘

Ωe

`
`

σpuq¨n,κu ´ψh
˘

BΩe
`
`

κ∇θ¨n,κθ ´ ϕh
˘

BΩe

ı

´
”

´
`

∇¨σpuhq,κu ´ψh
˘

Ωe
´ κ

`

∇¨∇θh,κθ ´ ϕ
h
˘

Ωe

`
`

σpuhq¨n,κu ´ψh
˘

BΩe
`
`

κ∇θh¨n,κθ ´ ϕh
˘

BΩe

ı)

. (6.19)

According to the governing equations (2.1) and (2.24), the first two integrals of the
equation (6.19) can be modified by ∇¨σpuq “ ´Fb and κ∇¨∇θ “ ´Qv, respectively.
Moreover, because the displacement and temperature fields have continuous first-order
derivatives inside the domain Ω, their normal derivative on one cell’s boundary cancels
with that on its neighbor, where the normal unit vector has the opposite sign (n|Γ∩BΩ

e1
“

´n|Γ∩BΩe
). In other words, because σpuq and κ∇θ are continuous, the third and fourth

terms vanish on interior boundaries by summation on all cells. But, at the Dirichlet
boundary (ΓD) of the domain, where there is no neighbor cell with which these terms
could cancel, the weights κu ´ ψh and κθ ´ ϕh can be chosen as zero, since κ has
zero boundary values, and ϑh can be chosen to have the same. On the other hand, at
the Neumann boundary3(ΓN) of the domain, according to the Cauchy’s formula and
Fourier’s law (2.23), these term can be replaced by the relevant Neumann boundary
condition. Considering all these facts, we obtain the error representation

ε
J
“

Ne
ÿ

e“1

!”

`

Fb,κu ´ψ
h
˘

Ωe
`
`

Qv,κθ ´ ϕ
h
˘

Ωe

`
`

t̄n,κu ´ψh
˘

BΩe∩Γt `
`

q̄n,κθ ´ ϕ
h
˘

BΩe∩Γq

ı

´
”

´
`

∇¨σpuhq,κu ´ψh
˘

Ωe
´ κ

`

∇¨∇θh,κθ ´ ϕ
h
˘

Ωe

`
`

σpuhq¨n,κu ´ψh
˘

BΩe
`
`

κ∇θh¨n,κθ ´ ϕh
˘

BΩe

ı)

. (6.20)

3 ΓN ” Γ{D :“ BΩ zΓD.
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Comparing equation (6.20) with bilinear form (3.16) and functional (3.17) shows
that the summation of the terms inside the first bracket and inside the second bracket
on all cells result in the functional and the bilinear form, respectively. By introducing
the notation ρpχhqp‚q :“ lp‚q ´ apχhqp‚q for the residual of the Galerkin approximation
χh (primal residual) we have

ε
J
“ l

`

pκu ´ψ
h,κθ ´ ϕ

h
q
˘

´ a
`

puh, θhq
˘`

pκu ´ψ
h,κθ ´ ϕ

h
q
˘

“ lpκ´ ϑhq ´ apχhqpκ´ ϑhq “: ρpχhqpκ´ ϑhq. (6.21)

The residual ρpχhqp‚q :“ lp‚q ´ apχhqp‚q of the Galerkin approximation χh (primal
residual) can be interpreted as a functional on the solution space V0. Finally, by
combining the element integral terms of the equation (6.20) and considering the primal
residual4 (6.21), the QoI error reads as follows:

ε
J
“ Jpeχq “ ρpχhqpκ´ ϑhq

“

Ne
ÿ

e“1

!

`

Fb `∇¨σpuhq,κu ´ψh
˘

Ωe
`
`

Qv ` κ∇¨∇θh,κθ ´ ϕ
h
˘

Ωe

`
`

t̄n,κu ´ψh
˘

BΩe∩Γt `
`

q̄n,κθ ´ ϕ
h
˘

BΩe∩Γq

´
`

σpuhq¨n,κu ´ψh
˘

BΩe
´
`

κ∇θh¨n,κθ ´ ϕh
˘

BΩe

)

. (6.22)

Depending on where the element boundary is, the last two integrals of the equation
(6.22) can have three different cases. In case the element boundary is located at
the relevant Neumann boundary of the domain, these integrals can be merged with
the relevant Neumann condition terms. If the element boundary coincide with the
relevant Dirichlet boundary, mentioned integrals vanish due to the zero value of the
corresponding weights. On the interior element boundaries (Γ * BΩ), unlike the
continuous terms which vanish by summation on all cells, the last two terms of the
equation (6.22) can not be eliminated by summation and should be approximated by
jump function.

Since the solution derivatives (subsequently stress and heat flux) in the stan-
dard Lagrangian conformal finite element formulation based on the assumed displace-
ment/heat approach and elements with C0 continuity, are not required to be contin-
uous at the element boundaries, the last two integrals of the equation (6.22) do not

4 In this study, all residuals are evaluated with respect to the primal problem. Henceforth, for
simplicity we use “residual” instead of “primal residual”.
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have the same value between two adjacent element to cancel each other. These terms
can be approximated by the averaging between two adjacent elements. Hence, for the
two neighboring elements e, e1 P Ph with common edge Γ, the stress on the element
edge is approximated by

`

σpuhq¨n
˘

Γ⊂BΩe
«

1
2

”

`

σpuhq¨n
˘

Γ⊂BΩe1
`
`

σpuhq¨n
˘

Γ⊂BΩe

ı

“
1
2

”

σpuhq
ˇ

ˇ

Γe1
¨n1 ` σpuhq

ˇ

ˇ

Γe
¨n
ı

“ ´
1
2

”

σpuhq
ˇ

ˇ

Γe1
´ σpuhq

ˇ

ˇ

Γe

ı

¨n

“ ´
1
2vσpuhqwΓe ¨ n, (6.23)

where, Γe1 :“ Γ ∩ BΩe1 and Γe :“ Γ ∩ BΩe refer to the common edge in elements pe1q
and peq, respectively and n1 is the normal unit vector of edge Γe1 pointing from pe1q to
peq. In above averaging, considering the equal weights 1

2 for two elements, is due to the
equal distribution assumption of the boundary contributions onto the two neighboring
elements sharing the common edge. The operator v‚w denotes the jump across the
inter-element edges (in 2D) or faces (in 3D) as

v‚wΓ∩BΩe
:“ ‚|Γ∩BΩ

e1
´ ‚|Γ∩BΩe

. (6.24)

Similarly5, the heat flux on the common edge of the two adjacent elements is
approximated by:

`

κ∇θh¨n
˘

Γ⊂BΩe
« ´

1
2vκ∇θhwΓe ¨ n. (6.25)

Eventually, by substituting (6.23) and (6.25) in (6.22) and defining the cell and
edge residuals, we obtain the goal error representation

ε
J
“ Jpeχq “ ρpχhqpκ´ ϑhq “

Ne
ÿ

e“1

!

`

Ru
pχhq,κu ´ψ

h
˘

Ωe
`
`

Rθ
pχhq,κθ ´ ϕ

h
˘

Ωe

`
`

rupχhq,κu ´ψ
h
˘

BΩe
`
`

rθpχhq,κθ ´ ϕ
h
˘

BΩe

)

,

(6.26)

with cell residuals Ru and Rθ and edge residuals ru and rθ, as smoothness indicators,
defined by

5 In general,
`

‚ ¨n
˘

Γ⊂BΩe
« ´ 1

2v
‚wΓe
¨ n.
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Ru
pχhq|Ωe :“ Fb `∇¨σpuhq, (6.27)

Rθ
pχhq|Ωe :“ Qv ` κ∇¨∇θh, (6.28)

rupχhq|Γ⊂BΩe :“

$

’

’

’

&

’

’

’

%

1
2vσpuhqw¨n if Γ ⊂ BΩezBΩ,

0 if Γ ⊂ Γu,

t̄n ´ σpuhq¨n if Γ ⊂ Γt,

(6.29)

rθpχhq|Γ⊂BΩe :“

$

’

’

’

&

’

’

’

%

1
2vκ∇θhw¨n if Γ ⊂ BΩezBΩ,

0 if Γ ⊂ Γθ,

q̄n ´ κ∇θh¨n if Γ ⊂ Γq.

(6.30)

These residuals are weighted by κu´ψh and κθ´ϕh, which are the influence (sensitiv-
ity) factors and indicate how important the residuals on each cell is for the evaluation
of the error in the goal functional.

In order to evaluate the goal error, the weights κ´ϑh should be calculated. Indeed,
since ϑh is an arbitrary discrete test function, for instance, it can be set to be the
point interpolation of the dual solution, ϑh “ Ihκ, with the interpolant Ih : V0 Ñ Vh

0 .
Hence, the dual solution yields local sensitivity information with respect to the given
quantity of interest. Considering these weights, the exact representation of the error
in the QoI would be

ε
J
“ Jpeχq “ ρpχhqpκ´ Ih κq

“

Ne
ÿ

e“1

!

`

Ru
pχhq,κu ´ Ihκu

˘

Ωe
`
`

Rθ
pχhq,κθ ´ Ihκθ

˘

Ωe

`
`

rupχhq,κu ´ Ihκu
˘

BΩe
`
`

rθpχhq,κθ ´ Ihκθ
˘

BΩe

)

, (6.31)

The dual solution κ is only analytically known for some very special cases and in
general cases, which the dual solution is not available, the exact evaluation of the goal
error is not possible. Consequently, we can compute the dual solution numerically and
approximate κ through a discrete function κ̂h, obtained from solving the discretized
dual problem (6.8). Accordingly, we obtain an approximate error representation

ε
J
“ Jpeχq « apeχqpκ̂h ´ Ih κ̂hq “ ρpχhqpκ̂h ´ Ih κ̂

h
q. (6.32)
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For evaluation of the error from equation (6.32), computation of the dual problem
with the same accuracy as the primal problem (κ̂h “ κh P Vh

0) would not be applicable.
The difficulty is that, since κh and subsequently κh´ Ihκh lie in Vh

0 and according to
the Galerkin orthogonality, approximating the dual solution with the same accuracy
(the same mesh and element type) as the primal one yields

Jpeχq « apeχqpκh ´ Ih κhq “ ρpχhqpκh ´ Ih κ
h
q ” 0. (6.33)

Hence, the dual solution must be approximated with higher accuracy and κ̂h has
to be from a larger space than the primal finite element space. In order to overcome
this problem and get an approximation κ̂h < Vh

0 , methods such as global-higher order
approximation (using a higher order finite element), higher resolution approximation
(using finer mesh), or local higher-order approximations (using a patch-wise higher-
order interpolation), can be adopted [69, 113]. Although the last approach is the
cheapest, in this study, for simplicity we opt the first method and compute the dual
problem with higher polynomial degree than the primal one.

To solve the adjoint problem, we employed a global-higher order finite element of
degree d, with d being greater than p, the approximation degree of the primal solution.
By considering d ą p, the weights κhpdq ´ Ih κ

hpdq would be finer that the trial space
of the primal solution and the residual would not be orthogonal, therefore, the the
overall error estimate would not be zero.

Ultimately, we obtain a computable error representation

ε
J
“ Jpeχq « ρpχhppqqpκhpdq ´ Ih κ

hpdq
q

“ apeχqpκhpdq ´ Ih κhpdqq “ apχ´ χhppqqpκhpdq ´ Ih κ
hpdq
q

“

Ne
ÿ

e“1

!

`

Ru
pχhppqq,κhpdqu ´ Ihκ

hpdq
u

˘

Ωe
`
`

Rθ
pχhppqq,κhpdqθ ´ Ihκ

hpdq
θ

˘

Ωe

`
`

rupχhppqq,κhpdqu ´ Ihκ
hpdq
u

˘

BΩe
`
`

rθpχhppqq,κhpdqθ ´ Ihκ
hpdq
θ

˘

BΩe

)

“εes
J
, d ą p, (6.34)

where interpolant Ih projects the numerically approximated dual solution with degree
d into the finite element space of the primal solution with degree p. Equation (6.34)
shows that the error in the QoI can be expressed in terms of cell and edge residual
weighted by factors provided by dual solution. Thus, the adjoint solution describes
the dependencies of error in the QoI, which is concentrated at some cells K, to the
local properties of the data (i.e., the residuals of cells K 1). Considering these features,
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6.2 Pointwise error estimation

the dual solution can be interpreted as a “generalized” Green’s function GpK,K 1q

[113, 114].
Usually, in error estimation instead of the absolute error, the relative error pηq or

the percent relative error pη%q is used [107]. In goal-oriented error estimation, the
exact relative error in the quantity of interest can be defined as

ηex
J

:“ |εJ |

|Jpχexq|
“
|Jpeχq|
|Jpχexq|

, ηex
J%
“ ηex

J
ˆ 100. (6.35)

For the problems without analytical solution, the estimated relative error is calculated
instead of the exact relative error. An estimation of the relative error is calculated by

ηex
J
« ηes

J
:“

|εes
J
|

|Jpχesq|
“

|εes
J
|

|Jpχhq ` εes
J
|
, (6.36)

where χes “ χh ` eesχ is the estimated primal field.
In conclusion, for evaluation of the goal error, after solving the primal problem

numerically, the dual problem should be solved by FEM with higher degree than the
primal one. Then, considering the equation (6.34), the error contribution of each
element is evaluated by calculating the cell and edge residuals weighted by the (local)
adjoint sensitivity factors. Finally, all element errors are summed to approximate
the total error in the QoI. Furthermore, the equation (6.34) is a cell-wise quantity,
therefore in the employed refinement step it is used as a mesh refinement criterion
where based on each element contribution in the goal error, mesh is refined/coarsened
adaptively with allowing hanging nodes.

6.2. Pointwise error estimation

In many real cases, the quantity of interest is “singular”; in other words, the functional
Jp‚q is not defined on W1,2

pΩq properly but only on some subspaces containing the
solution and on the finite element space [67]. One of the typical examples of such cases
is the pointwise functional.

In this study our main objective of implementing DWR a posteriori error estima-
tion is to find an estimate for the pointwise error. Pointwise error estimation aims
at assessing the accuracy of the solution or function of the solution at a given point
x0 P Ω [62, 63]. This section is devoted to the study of a particular case of pointwise
error estimation to evaluate the error between the exact and approximated solutions
or their derivative at a given point of interest (PoI).

59



6.2 Pointwise error estimation

Point value error:

To evaluate the accuracy of the primal solution, the quantity of interest would be

QoI :“ χ
ipx0q i P t1, ¨ ¨ ¨ , dim` 1u, x0 P Ω. (6.37)

According to the Sobolev Embedding Theorem6, since χ P VpΩq :“ DpΩq ˆ T pΩq
and Ω ⊂ Rd, the solution may not be continuous for geometrical dimensions d > 2,
therefore χi may not be defined/well-defined at x0 [63]; subsequently, the linear goal
functional Jp‚q corresponding to the solution value at x0 is not necessarily bounded,

Jpχiq :“ χ
ipx0q i P t1, ¨ ¨ ¨ , dim` 1u, x0 P Ω. (6.38)

In other words, while the functions of W1,2 are continuous in 1D, for the continuity
(i.e., having meaningful point values) in 2D/3D, the functions of W2,2 or higher orders
are required [29, 62]. These statements imply that when the solution convergence is
obtained in H1, only the point value continuity in 1D is guaranteed and in higher
geometrical dimensional domains (2D/3D) the H1 convergence does not ensure the
the point value continuity [115].

In order to circumvent the continuity issue of the quantity of the interests defined
in regions of smaller dimension than the domain dimension (i.e., points/lines in 2D and
points/lines/surfaces in 3D), two methods have been suggested: using regularization
by Bangerth and Rannacher (see [113, Sec. 3.3]); and using so-called mollification by
Prudhomme and Oden (see [116, Chap. 2] and [29, Sec. 8.5]).

In the current study we prefer to employ the regularization approach for pointwise
quantities of interest. By considering the regularized functional Jε, the corresponding
dual solution behaves like a regularized Green function. In spite of the dependency
of the type of regularization on the particular situation, for prescribed error tolerance
TOL, the regularization should be such that [67]

|J pχiq´ Jεpχiq| « ε, ε :“ TOL, (6.39)

where Jεp‚q is the regularized form of the functional J p‚q. Accordingly, to estimate the
error at a given point x0 P Ω, instead of the original functional J we consider the

6 Sobolev Embedding Theorem: Ht d
2 u`1`k ⊂ Ck, where k P Z≥0 and d is number of spatial dimen-

sions. From this theorem, we know that for k “ 0, if 2m ą d, then Hm ⊂ C0, where m P N˚ .
Therefore, in 1D, H1 ⊂ C0 (so the solution is continuous) and in 2D/3D, H2 ⊂ C0.
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6.2 Pointwise error estimation

regularized functional Jε as the quantity of the interest,

Jεpχiq :“ |Bεpx0q|
´1

ż

Bεpx0q

χ
ipxq dx “ χ

ipx0q`Opε2
q

“ J pχiq`Opε2
q, (6.40)

where Bε :“ tx P Ω : |x ´ x0| ă εu is the ε-ball centered around the point x0 and
ε :“ TOL denotes the accuracy we want to achieve. Considering the regularized
goal functional instead of the pointwise one in GOEE, avoids over-refinement near the
singularities which means less computational work.

Point value derivative error:

In order to estimate the pointwise error in the first derivative of the solution, the
quantity of interest and subsequently the goal functional would be

J pχiq ” QoI :“ Bjχipx0q i, j P t1, ¨ ¨ ¨ , dim` 1u, x0 P Ω. (6.41)

Since the pointwise derivatives are generally not defined at the element interfaces
or not necessarily well-defined and bounded at x0 P Ω, the corresponding dual solution
may not exist in the sense of H1pΩq. Therefore, an approach similar to the point value
error estimation, should be taken to estimate error in the point value derivative. Thus,
the original functional J should be regularized according to

Jεpχiq :“ |Bεpx0q|
´1

ż

Bεpx0q

Bjχipxq dx “ Bjχipx0q`Opε2
q

“ J pχiq`Opε2
q, (6.42)

where again Bε is the ε-ball centered around the point x0 and ε :“ TOL. By consid-
ering the current regularized functional Jε, the resultant dual solution behaves like a
regularized derivative Green function.

In this case, |J pχiq ´ Jεpχiq| « ε and the corresponding dual solution would be
well-defined in H1pΩq. Considering this regularization avoids over-refinement near the
singularities and reduces computational cost.
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Chapter 7

Numerical Results and Discussion:
Recovery-based Goal-Oriented Error
Estimation and Adaptivity in Coupled
Static Thermoelasticity

This chapter aims to evaluate the recovery-based goal-oriented error estimation and
the associated adaptive mesh refinement methods presented in Chapter 5. To this
end, first, the approach is evaluated for a benchmark problem and then is employed
for other thermo-mechanical problems.

Before studying the general thermo-mechanical problems, the proposed technique is
verified and its efficiency and accuracy are investigated by analyzing a coupled problem
with available analytical solution as a benchmark problem; based on the exact solution
of the benchmark problem, the quality of the error estimators are evaluated.

Then, we present other examples with rectangular body, L-shaped domain and
plate with a hole under thermo-mechanical loadings with different quantities and do-
mains of interest. In these examples, 2D domains are meshed with unstructured
isoparametric quadrilateral mesh [117, 118]. For mesh generation and refinement,
Gmsh software [112], which is a 2D/3D finite element grid generator with capabilities
of quadrilateral mesh generation and refinement, has been employed.

All problems reported in this chapter are in plane strain conditions assuming homo-
geneous isotropic linear thermoelastic material with constant temperature-independent
properties.
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7.1 Thick-walled cylinder subjected to internal pressure and temperature change

7.1. Thick-walled cylinder subjected to internal pressure and
temperature change

Let us consider a cylinder under internal pressure/temperature as illustrated in Figure
7.1. The cylinder is discretized by an unstructured mesh with bilinear quadrilateral
(Q4) elements. The yellow highlighted area is the domain of interest (ΩDoI) and the
quantity of interest is the mean displacement in x direction pūxq in ΩDoI .
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Figure 7.1: Geometry and boundary conditions of
the thick-walled cylinder model of the example 7.1

The geometry parameters of the problem are

rin “ 5, aDoI “ 4, rc “ 9
?

2,
rout “ 20, bDoI “ 4, α “ 45˝. (7.1)

Material properties are

E “ 1000, ν “ 0.3, α
T
“ 6.8ˆ 10´6. (7.2)

The base temperature at the outside is T0 “ 300˝ while the temperature at the
inside boundary is Tin “ 400˝. Moreover, a pressure load of P “ 1 is applied on the
internal boundary. The analytical solution of this example is stated in appendix A.

The error in the energy norm, estimated by SPR, WSPR, and L2-PR recovery
techniques have been evaluated. After the primal problem, the dual problem has been
solved. The same mesh has been used for the primal and dual problems. The rh-
adaptive mesh refinement is stopped when the relative error is less than one pη% ă 1q.

63



7.1 Thick-walled cylinder subjected to internal pressure and temperature change

Figure 7.2: Initial mesh of the benchmark problem 7.1

Figure 7.2 presents the initial mesh while Figure 7.3 shows meshes after the second,
third and fourth refinements. Five refinements were needed to reduce the relative error
to 1%. In this study, the error of the quantity of interest is used as the basis of the
refinement process. Figure 7.4 shows refined meshes of the same problem refined based
on the error of the primal problem.

(a) Second refined mesh
with 543 elements

to reach ηSPRQoI “ 3.125%

(b) Third refined mesh
with 1490 elements

to reach ηSPRQoI “ 1.975%

(c) Fourth refined mesh
with 4073 elements

to reach ηSPRQoI “ 1.194%

Figure 7.3: Refined meshes of the problem 7.1 based on the error in the QoI

(a) Second refined mesh
with 512 elements

to reach ηSPRQoI “ 3.351%

(b) Third refined mesh
with 1277 elements

to reach ηSPRQoI “ 2.522%

(c) Fourth refined mesh
with 3226 elements

to reach ηSPRQoI “ 1.885%
Figure 7.4: Refined meshes of the problem 7.1 based on the error of primal problem
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7.1 Thick-walled cylinder subjected to internal pressure and temperature change

In figures 7.3 and 7.4, ηSPRQoI denotes the relative error in the quantity of interest esti-
mated by SPR recovery technique.

As mentioned previously, we take advantage of the open-source Gmsh package for
the adaptive refinement process. Gmsh has the capability of defining physical as well
as “non”-physical boundaries. The domain within the “non”-physical boundary is
illustrated by the cyan area in Figures 7.2–7.4. In this domain of interest (DoI), the
QoI is evaluated to drive the adaptive refinement.

Figure 7.5 shows contour plots of the temperature change and displacement in r,
x and y directions for the primal problem, respectively.

(a) ∆θ contour plot (b) ur contour plot

(c) ux contour plot (d) uy contour plot

Figure 7.5: Contour plots for the fifth refinement of the primal problem 7.1

The quantity of interest considered for this example is the mean displacement in
x direction pūxq on the DoI highlighted in Figure 7.1. The contour plots of ux and uy
for the last refined mesh of the dual problem are plotted in Figure 7.6.
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7.1 Thick-walled cylinder subjected to internal pressure and temperature change

(a) ux contour plot (b) uy contour plot

Figure 7.6: Contour plots for the fifth refinement of the dual problem 7.1

In Figure 7.7, stress tensor components for the last refined mesh of the dual problem
are presented.

(a) σxx (b) σxy (c) σyy

Figure 7.7: Stress tensor components of the 5th
refined mesh of the dual problem of example 7.1

The results of the primal problem (Figures 7.5a–7.5d) indicate that the results
do not change with respect to the angle in cylindrical coordinates which is quite
predictable due to the axisymmetry in the geometry, load and boundary conditions
of the primal problem. However, this symmetry is not observed in the results of the
dual problem (Figures 7.6–7.7) because the considered quantity of interest is the mean
displacement in only x direction.

Figure 7.8 illustrates the estimated relative error in the energy norm for the primal
problem evaluated by the recovered stress obtained by SPR, WSPR, and L2-PR meth-
ods. In the logarithmic scale, it shows a monotonical decrease in the relative error
when the total number of the DOFs increase.
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7.1 Thick-walled cylinder subjected to internal pressure and temperature change

Figure 7.8: Estimated relative error in
energy norm of the primal problem 7.1

Figure 7.9: Estimated global error in
energy norm of the primal problem 7.1

The estimated errors from the SPR and L2-PR recovery techniques are similar but
the WSPR method yields higher errors. In order evaluate the accuracy of the employed
error estimators and define which recovery technique predicts the error more accurate
and realistic, in Figure 7.9, the global errors obtained by (5.35) using different recovery
techniques have been compared with the exact global error calculated from (7.9). This
comparison shows that, in this example, the WSPR recovery technique estimates the
error more accurate than the other methods.

Another indicator for the refinement process and error estimation is the local ef-
fectivity index De, which represents the deviation of the error estimation effectivity
index (θe) from its ideal value. The local effectivity index for the primal problem is
defined as [42, 119]

#

De “ θpeqe ´ 1 if θpeqe > 1,
De “ 1´ 1

θ
peq
e

if θpeqe ă 1,
(7.3)

where superscript peq denotes the evaluation at the element level and θe is the effectivity
index of the error estimator in the primal problem. The error effectivity index for
the primal problem in the whole domain and at element level, respectively, can be
evaluated as

θe “
~eesu ~
~eexu ~

, (7.4)

θpeqe “
~eespeq~
~eex

peq~
, (7.5)

where eexpeq is the exact error in element peq. It is obvious that the error effectivity
index is only computable for problems with available analytical solution.
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7.1 Thick-walled cylinder subjected to internal pressure and temperature change

In order to check the quality of the refinement procedure and error estimation, for
the primal problem, the distribution of the local effectivity index (De) is analyzed at
the element level. The results after the third, fourth and fifth refinements are depicted
in Figure 7.10.

(a) Third refined mesh (b) Fourth refined mesh (c) Fifth refined mesh

Figure 7.10: Distribution of the WSPR error local effectivity index
for the primal problem of example 7.1

The parameter which evaluates the quality of the error estimator is the effectivity
index of the error estimator. In general the error effectivity index is the ratio be-
tween the estimated and exact errors [120]. For the goal-oriented error estimation, the
effectivity index is defined by

θε “
εesQ
εexQ

, (7.6)

where θε is the goal error effectivity index. Since the QoI in this problem is linear, the
goal error effectivity index can be calculated as

θε “
εesQ
εexQ

“
Qpeesu q
Qpeexu q

“
Qpeesu q

Qpuexq ´Qpuhq
. (7.7)

It is also possible to represent the effectivity in the QoI defined as

θQoI “
Qpuhq `Qpeesu q

Qpuexq
. (7.8)

In equations (7.7) and (7.8), Qpeesu q can be obtained from (5.35) and Qpuhq can be
calculated from the FEM results. However, Qpuexq can only be computed for problems
with an available analytical solution.
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7.1 Thick-walled cylinder subjected to internal pressure and temperature change

The exact value of the QoI in this example is Qpuexq “ 0.0058395494 and accord-
ingly, the exact error in the quantity of interest is obtained by

Qpeexu q “ Qpuex ´ uhq “ Qpuexq ´Qpuhq

“ ūexx |DoI ´Qpuhq “ 0.0058395494´Qpuhq. (7.9)

The goal error effectivity index (θε) and effectivity in the QoI (θQoI) based on the
SPR, WSPR, and L2-PR recovery techniques after every refinement step are presented
in Table 7.1. Acceptable error effectivity indices range from 0.8 - 1.2 [37]. Table 7.2
lists the exact and estimated errors in the quantity of interest. It should be noted that
in these tables the first row corresponds to the initial mesh.

Table 7.1: Error effectivity indexes for goal-oriented error estimators of problem 7.1

θε θQoIRefined
Mesh

DOF
L2-PR SPR WSPR L2-PR SPR WSPR

01 255 0.781255 0.811510 0.883284 0.969474 0.973696 0.983712
1 636 0.844269 0.868418 0.920777 0.992826 0.993938 0.996350
2 1725 0.941138 0.947084 0.961040 0.998776 0.998900 0.999190
3 4632 0.893538 0.909746 0.938015 0.999436 0.999522 0.999672
4 12723 1.008626 1.006135 0.998159 1.000035 1.000025 0.999992
5 34074 1.043217 1.035323 1.016322 0.999938 0.999950 0.999977

Table 7.2: Exact and estimated errors of the quantity of interest in problem 7.1

Qpeesu qRefined
Mesh

DOF Qpeexu q L2-PR SPR WSPR
01 255 8.14921ˆ10´4 6.36661ˆ10´4 6.61316ˆ10´4 7.19806ˆ10´4

1 636 2.69026ˆ10´4 2.27131ˆ10´4 2.33627ˆ10´4 2.47713ˆ10´4

2 1725 1.21393ˆ10´4 1.14248ˆ10´4 1.14970ˆ10´4 1.16664ˆ10´4

3 4632 3.09132ˆ10´5 2.76221ˆ10´5 2.81232ˆ10´5 2.89970ˆ10´5

4 12723 2.39483ˆ10´5 2.41549ˆ10´5 2.40952ˆ10´5 2.39042ˆ10´5

5 34074 -8.34690ˆ10´6 -8.70763ˆ10´6 -8.64174ˆ10´6 -8.48314ˆ10´6

1 Initial mesh
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7.2 Rectangular body subjected to temperature change

7.2. Rectangular body subjected to temperature change
In the second example, we consider the thermal problem depicted in Figure 7.11 with
L “ 20 and D “ 10.
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Figure 7.11: Geometry and boundary conditions of problem 7.2

For the goal-oriented error estimation, the mean displacement in x direction is
considered as the quantity of interest. The domain of interest pΩDoIq, highlighted in
Figure 7.11, is a circular subdomain with radius of r “ 1, located in l “ 5 and d “ 5.
The following material properties are assumed [121]

λ “ 7.76ˆ 1010
pkgqpmq´1

psq´2, κ “ 3.86ˆ 102
pkgqpmqpKq´1

psq´3,

µ “ 3.86ˆ 1010
pkgqpmq´1

psq´2, α
T
“ 17.8ˆ 10´6

pKq´1,

ρ “ 8.954ˆ 103
pkgqpmq´3, T0 “ 293 pKq. (7.10)

The error in the quantity of interest is calculated by the L2-PR recovery technique
and the relative error threshold is set to 2% pη%QoI ă 2q. With the maximum allowed
error reduction of 30%, seven refinement steps are required to reach the desired accu-
racy of ηQoI ă 2%. Contour plots of the displacement of the primal and dual problems
for the last refinement, are illustrated in Figures 7.12 and 7.13, respectively.

(a) ux contour plot (b) uy contour plot

Figure 7.12: Displacement contour plots for the 7th refined mesh
of the primal problem of example 7.2
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7.2 Rectangular body subjected to temperature change

In the primal problem the temperature distribution is linear in x direction, due
to the thermally insulated boundary conditions on the top and bottom boundaries
of the domain and the fact that the heat balance equation is not coupled with the
displacement field.

(a) ux contour plot (b) uy contour plot

Figure 7.13: Displacement contour plots for the 7th refined mesh
of the dual problem of example 7.2

Here, the dual problem is defined similar to the primal problem, but with fixed
boundary conditions on the left edge and traction free and thermally insulated condi-
tions on the other boundaries. Because in the dual problem the only imposed load is a
constant vector of body force of cuα{|ΩDoI | applied only in the DoI, the displacements
presented in Figures 7.13a and 7.13b are very small compared to the primal problem
(cuα “ t1, 0uT ).

The relative error in the energy norm versus the total degrees of freedom is plotted
in Figure 7.14.
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Figure 7.14: Estimated relative errors in the energy norm vs. total degrees of freedom
in logarithmic scale for refinement steps of the primal problem of example 7.2
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7.2 Rectangular body subjected to temperature change

As Figure 7.14 shows, all three SPR, WSPR and L2-PR errors in the energy norm
decrease monotonically versus DOF in the primal problem. The errors estimated by
the SPR and L2-PR techniques are similar and the WSPR provides higher errors.

Figure 7.15 shows the initial mesh and refined meshes after the third, fourth, and
fifth refinement steps. The refinement is performed based on the error in the QoI.

The errors in the QoI evaluated by (5.35) for each mesh by different methods are
presented in Table 7.3.

(a) Initial mesh (b) Third refined mesh

(c) Fourth refined mesh (d) Fifth refined mesh

Figure 7.15: Initial and refined meshes to reach the desired accuracy in problem 7.2

Table 7.3: Estimated error in the QoI of problem 7.2
for the initial and each refined mesh

Qpeesu qRefined
Mesh

DOF
L2-PR SPR WSPR

02 330 6.79681ˆ10´3 7.86198ˆ10´3 1.04643ˆ10´3

1 663 4.82537ˆ10´3 5.31000ˆ10´3 7.50094ˆ10´3

2 1302 3.55556ˆ10´3 3.86700ˆ10´3 5.56412ˆ10´3

3 2547 2.53802ˆ10´3 2.74463ˆ10´3 4.00699ˆ10´3

4 5163 1.82761ˆ10´3 1.95091ˆ10´3 2.86475ˆ10´3

5 10449 1.32873ˆ10´3 1.40257ˆ10´3 2.07835ˆ10´3

6 21132 9.20339ˆ10´4 9.71280ˆ10´4 1.44297ˆ10´3

7 35154 7.39889ˆ10´4 7.71987ˆ10´4 1.14689ˆ10´3

2 Initial mesh
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7.3 L-shaped domain subjected to temperature change and distributed load

7.3. L-shaped domain subjected to temperature change and
distributed load

Consider a L-shaped domain under thermo-mechanical loading as illustrated in Figure
7.16.
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Figure 7.16: Geometry and boundary conditions of problem 7.3

The dimensions of the domain are L “ 10 and D “ 10. The domain is subjected to
a temperature change of 100˝C on the left and bottom edges, and a fixed temperature
of 293˝ on the edges with x “ y “ L{2. Moreover, a distributed load of P “ 100 MPa
is applied at the left edge in -x direction.

In this problem, the mean normal stress in x direction (σxx) is considered as the
quantity of interest and the circular domain, highlighted in Figure 7.16, is assumed
to be the domain of interest. The dimensions of the domain of interest are φ “ 2,
rc “ 2.5

?
2 and α “ 45˝. In goal error estimation, the SPR recovery technique

is employed to estimate the error in the quantity of interest. The same material
properties as in Section 7.2 are assumed.

The results of the primal problem for the last refined mesh for ∆T , ux, uy and stress
tensor components are presented in Figures 7.17a–7.18c, respectively. The stress tensor
components of the results of the dual problem in the last refined mesh are shown in
Figure 7.19.
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7.3 L-shaped domain subjected to temperature change and distributed load

(a) ∆T (b) ux (c) uy
Figure 7.17: Contour plots for the 5th refined mesh of

the primal problem of example 7.3

(a) σxx (b) σxy (c) σyy
Figure 7.18: Contours of stress tensor components for

the 5th refined mesh of the primal problem of example 7.3

(a) σxx (b) σxy (c) σyy
Figure 7.19: Contours of the stress tensor components for
the 5th refined mesh of the dual problem of example 7.3
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7.3 L-shaped domain subjected to temperature change and distributed load

In the refinement process, the maximum allowed error reduction in each refinement
is set to be 30%. In order to reach a relative error in the quantity of interest less than
0.02, five refinement steps are required. Figure 7.20 shows the initial mesh and Figure
7.21 shows three refined meshes.

Figure 7.20: Initial mesh to analyze the problem 7.3

(a) Second refined mesh (b) Third refined mesh (c) Fourth refined mesh

Figure 7.21: Refined meshes to reach the desired accuracy in problem 7.3

Figures 7.22 and 7.23 illustrate the estimated relative errors in the energy norm
and the quantity of interest of the primal problem versus DOF, respectively. In this
example, the same tendency as in the previous problems is observed; The error esti-
mated by the SPR and L2-PR methods are close to each other but WSPR predicts
higher errors for the primal problem.
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7.4 Plate with a hole in the center
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Figure 7.22: Relative error of
the primal problem for example 7.3
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Figure 7.23: Relative error in
the QoI for example 7.3

7.4. Plate with a hole in the center
The last problem is a plate with a circular hole (see Figure 7.24), with L “ 20, D “ 10
and rh “ 2. The dimensions of this example are similar to the ones in problem 7.2,
but here the domain is assumed to have a circular hole in the center.

The plate is fixed in two directions on the left edge which is also considered to be
subjected to a temperature change of 100˝. On the right edge, a distributed compres-
sive load of P “ ´1000 MPa is applied to counteract the thermal expansion caused by
the temperature change of the left edge. The temperature of the right edge, assumed
to remain unchanged. The other two boundaries, are assumed to be traction free and
thermally insulated.

Prh

r

L{2 L{2
D{2

D{2

Traction free
Thermally insulated

Traction free
Thermally insulated

∆
T
“
T
´
T

0
“

0

∆
T
“
T
´
T

0
“

10
0

Traction free
thermally insulated

Figure 7.24: Geometry and boundary conditions of problem 7.4

The mean stress σxx is considered as quantity of interest, and the DoI is the green
area in Figure 7.24 with radius of r “ 3.5 around the central hole of the solution
domain. The same material properties as in Sections 7.2 and 7.3 are employed.
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7.4 Plate with a hole in the center

The error in the quantity of interest is estimated based on the WSPR recovery
technique. In order to reach the relative error in the quantity of interest less than
2%, six refinement steps are required with maximum allowed error reduction of 30%
in each refinement step. Figure 7.25 depicts the initial mesh and three refined meshes.

(a) Initial mesh (b) Third refined mesh

(c) Fourth refined mesh (d) Fifth refined mesh

Figure 7.25: Initial and refined meshes to reach the desired accuracy in problem 7.4

The results of the primal problem for the last mesh are presented in Figure 7.26.

(a) ∆T

(b) ux (c) uy
Figure 7.26: Contours plots in the last refined mesh

of the primal problem of example 7.4
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7.4 Plate with a hole in the center

The results of the dual problem for the last refined mesh are shown in Figures 7.27
and 7.28.

(a) ux (b) uy
Figure 7.27: Distribution of the displacement vector components

in the last refined mesh of the dual problem of example 7.4

(a) σxx

(b) σxy (c) σyy
Figure 7.28: Distribution of the stress tensor components
in the last refined mesh of the dual problem of example 7.4

Figure 7.29 shows the relative errors of the primal problem in the energy norm
evaluated by using different recovery techniques. This figure implies that the error
estimated by the WSPR recovery technique is higher than the error obtained by the
other two methods. The results of the goal error estimation are presented in Figure
7.30. In this figure, the relative errors of the QoI are plotted versus the total DOF in
logarithmic scale.
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Figure 7.29: Relative error of
the primal problem for example 7.4
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Figure 7.30: Relative error in
the QoI for example 7.4

7.5. Chapter conclusion

In this chapter, we implemented the adaptive thermo-mechanical finite element for-
mulation based on goal-oriented error estimation (GOEE), presented in Chapter 5,
in thermoelasticity. Therefore, we exploited different recovery-based error estimators,
i.e., L2-projection, SPR, WSPR. Two types of quantity of interest (QoI) on differ-
ent domains of interest (DoI) have been studied. An rh-adaptive algorithm has been
adopted in order to restructure and refine the mesh given a specific (relative) error
tolerance.

The methods have been applied to several numerical problems including one prob-
lem where an analytical solution is available. For this problem, it was shown that the
most accurate method is the WSPR-based adaptive method. Moreover, it was shown
that the adaptive method based on GOEE requires only 1/3 of the DOFs compared to
a pure recovery-based error estimation requiring the same error tolerance in the QoI.
Furthermore, the error in the QoI can be controlled with the proposed GOEE which
is not possible for a pure recovery-based error estimation.

In the next chapter, the approach is implemented to the classical fully coupled
dynamic thermoelastic problems.
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Chapter 8

Numerical Results and Discussion:
Recovery-based Goal-Oriented Error
Estimation and Adaptivity in Coupled
Dynamic Thermoelasticity

After implementing the presented recovery-based GOEE method and adaptive refine-
ment for the static thermo-mechanical problems and validating the results in Chapter
7, here, we extended the application of the developed GOEE to the classical fully
coupled dynamic thermoelasticity.

This chapter aims to evaluate the presented adaptive finite element formulation for
the classical fully coupled dynamic thermoelastic problems based on the goal-oriented
error estimation (GOEE). To investigate the validity of the formulations presented in
Chapter 5 for the coupled dynamic thermoelastic problems, several illustrative exam-
ples including half-space domain with analytical solution (in 1D) are analyzed in this
chapter.

In this chapter, analyses of the three dynamic couped thermoelastic examples have
been performed. The illustrative examples include, finite and semi-infinite domains
subjected to different thermal and mechanical shock waves on the boundaries. In each
example, before evaluating the error estimators and the associated refinement tech-
nique, the numerical solution is verified by comparing with other numerical methods.

The Gmsh software [112] is employed to mesh and refine the domains. All prob-
lems reported in this chapter are in plane strain conditions considering homogeneous
isotropic linear thermoelastic material. All material properties are assumed to be
constant temperature-independent.
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8.1 Half-space domain subjected to surface step thermal shock

8.1. Half-space domain subjected to surface step thermal shock
In this example, we consider a two-dimensional half-space domain subjected to the
step thermal shock on its surface. Here, the implemented finite element method is
verified by comparing the current results with the results of other numerical methods.
Moreover, we also consider an analytical solution for a one-dimensional problem [22, 25]
within the context of classical uncoupled thermoelasticity.

In order to verify the current problem by the one-dimensional analytical solution,
a similar situation is simulated in 2D by considering a half-space (x ą 0) domain
subjected to a thermal heating on its traction-free boundary (x “ 0) and temperature
change pθ0 at time t “ 0` which remains constant thereafter

`

pθpt̂q “ pθ0 Hpt̂q
˘

[26].
This problem has also been solved with the boundary element method (BEM) by
Chen and Dargush [26] and Hosseini-Tehrani and M.R. Eslami [122]. Both solutions
were based on the Laplace-transform method. The geometry and boundary conditions
of the problem are depicted in Figure 8.1.

(a) Half-space
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(b) Modeled domain

Figure 8.1: Geometry and boundary conditions of the example 8.1

The half-space, Figure 8.1a, is modeled by a square domain, shown in Figure 8.1b.
Plane strain conditions are assumed; the domain boundary conditions are step heating
in the surface and thermally insulated boundary condition on the other three edges
with traction free boundary condition on all edges. In order to model the half-space
properly, the wave reflection at the boundaries should be prevented by selecting the
length of the square domain large enough compared to the elastic wave speed, so that
in the considered time, the elastic wave does not reach the opposite edge at x̂ “ l̂. In
these circumstances, the solution of the 2D domain along the axis of symmetry (x̂)
would be equivalent to the one-dimensional problem solution.
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8.1 Half-space domain subjected to surface step thermal shock

Here, the reference temperature is assumed to be T0 “ 300 K and the material
properties are [26]

λ “ 0.8529ˆ 109
pkgqpcmq´1

psq´2, κ “ 1.70ˆ 103
pkgqpcmqpKq´1

psq´3,

µ “ 0.5686ˆ 1010
pkgqpcmq´1

psq´2, αT “ 9.0375ˆ 10´6
pKq´1,

ρ “ 7.82ˆ 10´3
pkgqpcmq´3, cε “ 4.61ˆ 106

pcmq2pKq´1
psq´3. (8.1)

In order to obtain an unconditionally stable numerical scheme and reduce the
spurious oscillations in the stress field, all calculations reported here are performed
with the integration control parameters of δu “ 0.68, δθ “ 0.63 and βu “ 0.36.

Our results at a particular point pxp “ 1 (dimensionless) on the domain axis of
symmetry are compared with the analytical solution [25] and BEM results [26, 122].
The domain dimensionless length is assumed to be 10 and the imposed heating is
considered to be constant (in time) θ0 “ 1.

The main difference of the finite domain results compared to the half-space solution
is the presence of the two-dimensional strain field. To reduce the effects of the two-
dimensional strain field, the domain dimensions should be selected properly based on
the stress wave speed and the analysis duration. In this example the domain length
in x direction is considered to be 10 dimensionless units (l̂ “ 10); later we will show
that with this assumption in the analysis duration the elastic wave does not reach the
edge px “ 10 and wave reflections at the boundaries are avoided.

Figures 8.2 and 8.3 show the dimensionless time history curve of the dimensionless
temperature and dimensionless axial displacement in x direction at point pxP “ 1,
respectively. These Figures show that, with the ratio of pxP {pl “ 0.1 and in the current
analysis duration, the results of the modeled domain have a very good agreement with
the half-space domain.
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Figure 8.2: Time variation of the dimensionless
temperature at pxP “ 1 in the example 8.1
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8.1 Half-space domain subjected to surface step thermal shock
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Figure 8.3: Time variation of the dimensionless axial
displacement in x direction at pxP “ 1 in the example 8.1

In Figures 8.2 and 8.3, the time variation of the dimensionless temperature change
and displacement for three different values of coupling parameters C (0, 0.36 and 1) are
depicted. The value of C “ 1 is referred as “strong coupling” and C “ 0 corresponds
to the uncoupled solution.

According to the dimensionless parameters (2.30)-(2.32), the propagation speed
of the elastic wave is 1, i.e., the wavefront will reach point px “ 1, at time t̂ “ 1,
which can be seen in Figures 8.2 and 8.3. The strong coupling results in a negative
temperature gradient ahead of the wavefront (Figure 8.2). The temperature, after
passing the elastic wavefront, tends to the uncoupled solution with increasing time,
and approaches asymptotically to the uncoupled temperature distribution.

In Figure 8.4, the axial dimensionless stress tensor component pσxx at point pxP “ 1 is
drawn for different coupling parameter. This figure clearly shows the stress wavefront
and it can be observed that the longitudinal elastic stress wave propagates with the
dimensionless speed of 1.
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Figure 8.4: Time historic of the dimensionless
axial stress at pxP “ 1 in the example 8.1
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8.1 Half-space domain subjected to surface step thermal shock

As depicted in Figure 8.4, the classical coupled thermoelastic problem with sud-
den surface heating yields shock waves, and the numerical solution exhibits spurious
oscillations, owing to the so-called Gibbs phenomenon [94, 95]. These osculations in
the numerical results which appear in the vicinity of discontinuous solutions, are the
typical problem of the higher-order accurate discretizations. As mentioned in Section
4.3, the linear differencing schemes with greater than first-order accuracy and constant
coefficients produce local instabilities in the presence of shock waves as a consequence
of Godunov’s theorem [93]. Godunov’s theorem states that a linear monotone scheme
can at most be first-order accurate and any linear scheme of second or higher is non-
monotone. In other words, a numerical solution can only maintain monotonicity if
approximated to first-order accuracy. This means that, trying to construct higher
spatial accuracy while preserving the monotonicity will lead to Gibbs’ phenomenon,
i.e., spurious oscillations in the vicinity of high gradients.

Many previous researches (e.g. [123–125]) claim that this phenomenon is man-
ifested due to the lack of fine spatial discretizations and proposed that the stress
oscillations could be eliminated by a mesh refinement in the region of the disconti-
nuities, but Apostolakis and Dargush [126] showed that since these oscillations are
related to the Gibbs’ phenomenon, cannot be removed by increasing the number of
elements.

In [126], in order to control the artifact oscillations which can severely ruin the
accuracy of the solution, two approaches have been proposed. In the first approach,
instead of implementing sudden heating in one time-step, it is suggested to apply the
sudden heat loading with ramp-type function in three time-steps. In this approach, the
stress oscillations are reduced significantly. In the second approach, it is recommended
to control the spurious oscillations by imposing an artificial numerical damping.

In this research we employed the second approach and introduced artificial numer-
ical damping to compensate the post-shock spurious stress oscillations. Although it
is impossible to completely eradicate the noises using a numerical damping, in this
project, we obtain minimal spurious oscillations by considering aforementioned New-
mark integration control parameters. We have tested several integration coefficients
to define the appropriate damping parameters. It should be noted that the artificial
numerical damping results in the slight smearing of the solution in the wavefront.

In order to define the proper domain dimensions, Figures 8.5–8.7 compare the
numerical results for different domain sizes. A domain size of 10ˆ10 seems appropriate
for modeling the half-space domain in the current analysis duration.
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Figure 8.5: Dimensionless temperature
vs. dimensionless time at pxP “ 1 for
different domain sizes (example 8.1)
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Figure 8.6: Dimensionless displacement
vs. dimensionless time at pxP “ 1 for
different domain sizes (example 8.1)
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vs. dimensionless time at pxP “ 1 for
different domain sizes (example 8.1)

The dimensionless temperature change, displacement in x direction, and axial stress
σxx on the symmetry axis for the 10ˆ 10 domain have been illustrated in Figures 8.8-
8.10, respectively.
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Figure 8.8: Distribution of pT on the
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8.1 Half-space domain subjected to surface step thermal shock
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In Figures 8.2-8.4 and 8.8-8.10, the influence of the coupling parameter on the tem-
perature distribution, displacement, and stress fields has been depicted. From these
figures it can be inferred that the mechanical and thermal energy conversion mainly
occurs at the proximity of the wavefront. Figures 8.7 and 8.10 illustrate that, in this
example, the strong coupling results in the lower maximum magnitude of compressive
axial stress on the domain axis of symmetry compared to the uncoupled case.

Next, the accuracy of the L2-PR, SPR and WSPR error estimators are considered.
In Figure 8.11, the time history of the relative error in the energy norm for the L2-PR
method is plotted.

Figure 8.11: Relative error in the energy norm estimated
based on L2-PR recovered stress (example 8.1)

The strong coupling shows lower errors than the uncoupled problem. The reasons
are the lower compressive and tensile stress peak magnitudes in the coupled problem
compared to the uncoupled one (see Figure 8.10). Subsequently, lower stress gradients
from the traction free surfaces reach these stress peaks.
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8.1 Half-space domain subjected to surface step thermal shock

The estimated relative errors in the energy norm of this example considering the
SPR and WSPR stress recovery techniques are presented in Figure 8.12. Lower values
occur for the coupled problem compared to the uncoupled one. Prior to dimensionless
time t̂ “ 1, the SPR and WSPR methods approximate the error almost identically
but with increasing time, the WSPR method estimates higher errors compared to the
SPR technique.

Figure 8.12: Relative error in the energy norm estimated
based on SPR and WSPR recovered stresses (example 8.1)

The initially increasing error from Figures 8.11 and 8.12 can be explained by the
sharp rise from the curves of Figure 8.10, where the higher magnitudes of compressive
and tensile stress peaks are observed in smaller distances from the traction free surface.
In the early stages of thermal shock, the solutions of the coupled problem nearly
coincide with the uncoupled problem (as shown in Figures 8.2-8.4), but with increasing
the time, the error decrease with increase in the coupling parameter.

Next, we estimate the error in the quantity of interest (QoI) which is the mean
dimensionless displacement in x direction (spux) in the DoI highlighted in Figure 8.1b.

Similar to Chapter 7, the effectivity index of error estimator is employed to eval-
uates the quality of error estimator [120]. For goal-oriented error estimation with
linear quantity of interest, the error effectivity index, which is the ratio between the
estimated and exact errors, can be calculated as

θε “
εesQ
εexQ

“
Qpeesu q
Qpeexu q

“
Qpeesu q

Qpuexq ´Qpuhq
. (8.2)

Alternatively, the effectivity in the QoI, which is the ratio of the estimated and
exact goals, can be used to evaluates the quality of goal error estimator.

θQoI “
Qpuhq `Qpeesu q

Qpuexq
. (8.3)
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8.1 Half-space domain subjected to surface step thermal shock

In equations (8.2) and (8.3), Qpeesu q can be obtained from (5.35) and Qpuhq can be
calculated from the FEM results. However, Qpuexq can only be computed for problems
with an available analytical solution.

In this example, the exact solution for the QoI is not known analytically, so we solve
the problem by an overkill solution with 196923 DoFs. For this numerical solution
the calculated QoI is depicted in Figure 8.13 for three different values of coupling
parameters C (0, 0.36 and 1). From now on, we assume these QoI values as reference
or “exact” values.

Figure 8.13: The quantity of interest in
the overkill solution of example 8.1

The relative error in the QoI versus dimensionless time, for L2-PR, SPR and WSPR
recovery techniques for different coupling parameters are presented in Figure 8.14. The
error in the quantity of interest in the DoI shows the same behavior as the error in
the energy norm of the primal problem.

Figure 8.14: Relative error in the quantity of interest estimated
based on L2-PR, SPR and WSPR recovered stresses (example 8.1)
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8.1 Half-space domain subjected to surface step thermal shock

In order to evaluate the accuracy of current method, the estimated relative errors
in the QoI are compared with the error of the reference solution. Figures 8.15 and 8.16
represent the relative errors in the QoI estimated based on L2-PR, SPR and WSPR
recovered stresses and the overkill solution, for coupling parameters C “ 0 and 1,
respectively.

Figure 8.15: Relative error in the QoI
for the coupling parameter C “ 0.0 in

the example 8.1

Figure 8.16: Relative error in the QoI
for the coupling parameter C “ 1.0 in

the example 8.1

As can be seen in the relative error in QoI curves (Figures 8.15 and 8.16), we
are able to achieve remarkably good result compared to a reference solution obtained
by an overkill numerical solution. These figures indicate that the goal-oriented error
estimators using WSPR recovery technique, predict error in te QoI more accurate than
L2-PR and SPR recovery techniques.

The goal error effectivity index (θε) and effectivity in the QoI (θQoI) based on the
WSPR recovery technique for coupling parameters C “ 0.0, 0.36 and 1.0 in different
time steps are presented in Table 8.1. This table shows that the accuracy of the current
method is in acceptable range. Acceptable error effectivity indices range from 0.8 -
1.2 [37]. Moreover, this table shows that all values of the θε are less than 1, which
implies that current method underestimates the error in the QoI compare to the exact
or reference error in the QoI. In each time step, with increase in coupling parameter C,
not only the estimated errors reduce, but also the accuracy of the estimations increase.
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8.1 Half-space domain subjected to surface step thermal shock

Table 8.1: Error effectivity indices for error in the QoI
of problem 8.1 estimated based on WSPR recovered stress

θε θQoItime ( t̂ )
C “ 0.0 C “ 0.36 C “ 1.0 C “ 0.0 C “ 0.36 C “ 1.0

0.05 0.957481 0.963197 0.976328 0.977339 0.959392 0.930489
0.1 0.966979 0.972384 0.985441 0.985701 0.962321 0.937157
0.2 0.970711 0.975435 0.988151 0.994529 0.971647 0.940244
0.3 0.972863 0.976941 0.989319 0.998778 0.985956 0.951791
0.4 0.972732 0.976201 0.988234 0.999502 0.986128 0.978055
0.5 0.983686 0.986627 0.998473 0.999854 0.987868 0.998579
0.6 0.978583 0.980990 0.992478 0.999884 0.989490 0.995691
0.7 0.979209 0.981147 0.992369 0.999917 0.992263 0.996728
0.8 0.980122 0.981635 0.992619 0.999938 0.994070 0.997505
0.9 0.980948 0.982082 0.992849 0.999950 0.995169 0.997989
1.0 0.981646 0.982446 0.993018 0.999955 0.995587 0.998162
1.1 0.982170 0.982682 0.993080 0.999956 0.995611 0.998138
1.2 0.982500 0.982769 0.993014 0.999955 0.995312 0.997942
1.3 0.983258 0.983328 0.993447 0.999949 0.994611 0.997652
1.4 0.980665 0.980582 0.990565 0.999922 0.991488 0.995296
1.5 0.970833 0.970643 0.980440 0.999804 0.978250 0.982988
1.6 0.963849 0.963599 0.973263 0.999257 0.909081 0.908232
1.7 0.986491 0.986216 0.996065 1.000305 1.027757 1.007358
1.8 0.980995 0.980748 0.990524 1.000144 1.014030 1.006933
1.9 0.979242 0.979067 0.988829 1.000095 1.009223 1.005014
2.0 0.977943 0.977883 0.987659 1.000074 1.007216 1.004249

Next we consider adaptive refinement which is driven by the goal-oriented error
estimation employing the SPR technique. We request the relative error in the QoI
does not exceed 2%. In the GOEE, in each time step the estimated error in the QoI
has been checked with the error limit and if it exceeds the threshold, the mesh is
refined using relation (5.38) considering maximum error percent reduction of 30. If
the error could not be reduced below the desired threshold, further refinements would
be implemented at the same time step.
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8.1 Half-space domain subjected to surface step thermal shock

After each refinement the data is projected to the nodes of the new mesh by
interpolation with the shape functions. Figures 8.17 and 8.18 show the initial and
refined meshes of example 8.1, respectively. Figure 8.18, which depicts the three refined
meshes in dimensionless times of 0.090, 1.010 and 3.155, show how mesh refinement
proceeds while elastic wave propagates.

Figure 8.17: Initial mesh used in example 8.1
(with Ne = 177, DoF s = 594, and η

QoI
= 0.0131)

(a) at t̂ “ 0.090 with
Ne = 731, DoF s = 2355,

η
QoI

= 0.0173

(b) at t̂ “ 1.010 with
Ne = 2140, DoF s = 6660,

η
QoI

= 0.0138

(c) at t̂ “ 3.155 with
Ne = 3540, DoF s = 10914,

η
QoI

= 0.0155

Figure 8.18: Refined meshes of example 8.1
based on GOEE at different time steps

In order to make a comparison between mesh refinement based on the error in the
QoI and the error in the energy norm, this example was also solved considering mesh
refinement based on the error in the energy norm and the refined meshes are depicted
in Figure 8.19.
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8.1 Half-space domain subjected to surface step thermal shock

(a) at t̂ “ 0.500 with
Ne = 1126, DoF s = 3612

(b) at t̂ “ 1.650 with
Ne = 1732, DoF s = 5454

(c) at t̂ “ 2.550 with
Ne = 2052, DoF s = 6432

Figure 8.19: Refined meshes of Example 8.1
based on the error in the energy norm at different time steps

Figure 8.20 illustrates the time history of the estimated relative error in the quan-
tity of interest calculated based on SPR stress recovery technique with employment
of adaptive mesh refinement. In this figure, for comparison, the curve related to the
solutions without refinement is also plotted.

Figure 8.20: Relative error in the QoI of Example 8.1,
estimated based on the SPR recovery technique
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8.2 A plate subjected to thermal shock

8.2. A plate subjected to thermal shock

Consider a square plate subjected to thermal shock as shown in Figure 8.21. The left
edge is fixed in both directions and the other three edges are assumed to be traction
free. The plate is subjected to a temperature loading of pθpt̂q “ 5t̂ e´2t̂ at the surface
px “ 0 and all other edges are thermally insulated.
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Figure 8.21: Geometry and boundary conditions of Example 8.2

The domain is a square with dimensions of l̂ “ d̂ “ 10. The imposed temperature
change is shown in Figure 8.22. The applied thermal load reaches its peak at t̂ “ 0.5
and almost vanishes after t̂ “ 5. The material properties from Example 8.1, are
adopted.
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Figure 8.22: Thermal loading of Example 8.2
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8.2 A plate subjected to thermal shock

For the uncoupled problem, Figures 8.23 and 8.24 compare our results with BEM
results [122] of quadratic and constant element. Our results based on linear elements
are in close agreement to the results of BEM with quadratic elements.
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Figure 8.23: Dimensionless temperature
distribution on domain axis of symmetry
for uncoupled problem (example 8.2)
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Figure 8.24: Dimensionless displacement
distribution on domain axis of symmetry
for uncoupled problem (example 8.2)

For two different coupling parameters C “ 0 and C “ 0.1, Figures 8.25 and 8.26
depict the dimensionless temperature and axial displacement of the proposed FEM
model and BEM results with quadratic elements, respectively.
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Figure 8.25: Distribution of pT on the
domain axis of symmetry for different
coupling parameters (example 8.2)
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Figure 8.26: Distribution of pux on the
domain axis of symmetry for different
coupling parameters (example 8.2)

Before presenting the results of the error estimation, we show the effect of the
coupling parameter on the dimensionless temperature, displacement pux, and stress
pσxx for coupled and uncoupled problems at dimensionless time 6.

Figure 8.27 shows the contour plots of the dimensionless temperature change. For
the uncoupled case, the temperature field is not affected by the displacement field and
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8.2 A plate subjected to thermal shock

thermally insulated boundary conditions on the top and bottom edges cause derivative
of the temperature in y direction to be zero. Hence, the heat flow in y direction is zero.
However, in the coupled problem, the thermal energy is converted to the mechanical
energy in the wave proximity or vice versa. This fact distorts the temperature contours.
As it is depicted in Figures 8.25 and 8.27b, for the coupled problem at dimensionless
time 6, in a zone at the wavefront the temperature becomes almost zero.

(a) Uncoupled problem (C “ 0) (b) Coupled problem (C “ 0.1)
Figure 8.27: Dimensionless temperature
contour plots in the example 8.2 at t̂ “ 6

Figure 8.28 depicts the contour plots of dimensionless displacement in x direction. The
general pattern of the displacement contours for the coupled and uncoupled problems
is similar and the major difference is in the magnitude of the displacements, especially
after the wavefront. This fact can also be inferred from the curves of Figure 8.26.

(a) Uncoupled problem (C “ 0) (b) Coupled problem (C “ 0.1)
Figure 8.28: Dimensionless displacement pux
contour plots in the example 8.2 at t̂ “ 6
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8.2 A plate subjected to thermal shock

Figure 8.29 illustrates the dimensionless axial stress pσxx contours in the domain.
The pσxx distribution has similar patterns for coupled and uncoupled problems, but the
the stress in the uncoupled problem is higher in magnitude than the coupled problem.

(a) Uncoupled problem (C “ 0) (b) Coupled problem (C “ 0.1)
Figure 8.29: Dimensionless stress pσxx

contour plots in the example 8.2 at t̂ “ 6

Next, the recovery-based error estimation is employed. The results are depicted
in Figure 8.30. It shows the time history curves of the approximated relative error in
the energy norm using the recovered stress fields considering L2-PR, SPR, and WSPR
recovery techniques for the coupled and uncoupled problems.

Figure 8.30: Time history of estimated relative error of
the primal problem of Example 8.2 in the energy norm

These curves show that, the all employed error estimation techniques evaluate
higher errors for the uncoupled problem than for the coupled problem. From stress
distribution curves and contour plots, it can be seen that the stress field in the un-
coupled problem has higher gradients than the coupled one and this is the reason of
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8.2 A plate subjected to thermal shock

the higher error in the uncoupled problem compared to the coupled one. Before the
dimensionless time of 1, all methods estimate the error very close to each other but
with increasing time, the difference between estimated errors accumulates with highest
error for the WSPR method.

In the next step, in order to estimate the error in the quantity of interest, the
goal-oriented error estimation is studied. The mean dimensionless displacement ¯̂ux in
the rectangular domain highlighted in Figure 8.21, has been considered as the quantity
of interest. The DoI is a square with dimensions paDoI “ pbDoI “ 1 and the center of
px̂

P
, ŷ

P
q “ p1, 0q.

The relative error in the quantity of interest versus dimensionless time, for the
coupled and uncoupled problems is presented in Figure 8.31. In this figure, the overkill
error curves are related to the overkill solution with the same DoFs as the overkill
problem of Example 8.1.

Figure 8.31: Relative error in the quantity of interest
for the Example 8.2 with different coupling parameters

The error in the quantity of interest is higher for the coupled problem compared to
the uncoupled one. In the early stages of the simulation, all methods estimate similar
errors but with increasing the time, the error predicted by WSPR is the highest and
the L2-PR provides the lowest error.

The error effectivity indices (θε and θQoI) for coupling parameters C “ 0.0, and 0.1
in different time steps are presented in Table 8.2. This table shows that the estimated
errors have a good agreement with the reference solution of example 8.2.
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8.2 A plate subjected to thermal shock

Table 8.2: Error effectivity indices for error in the QoI
of problem 8.2 estimated based on WSPR recovered stress

θε θQoItime ( t̂ )
C “ 0.0 C “ 0.1 C “ 0.0 C “ 0.1

0.05 0.953247 0.952362 0.960617 0.933291
0.1 0.963016 0.962632 0.965238 0.930194
0.2 0.967326 0.967928 0.975814 0.942052
0.3 0.970020 0.971564 0.996270 0.950185
0.4 0.970394 0.972828 0.998892 0.957810
0.5 0.981788 0.985100 0.999727 0.977527
0.6 0.977113 0.981203 0.999822 0.985268
0.7 0.978113 0.982952 0.999893 0.991654
0.8 0.979356 0.984894 0.999927 0.994667
0.9 0.980469 0.986657 0.999944 0.996142
1.0 0.981410 0.988197 0.999953 0.996987
1.1 0.982135 0.989468 0.999956 0.997438
1.2 0.982623 0.990450 0.999955 0.997535
1.3 0.983494 0.991768 0.999950 0.997514
1.4 0.980971 0.989611 0.999923 0.995849
1.5 0.971163 0.980048 0.999812 0.987048
1.6 0.964161 0.973262 0.999391 0.953277
1.7 0.986751 0.996300 1.000382 1.009423
1.8 0.981153 0.990828 1.000149 1.006777
1.9 0.979255 0.989041 1.000095 1.004694
2.0 0.977769 0.987618 1.000072 1.003739

In order to control the error, our adaptive mesh refinement has been employed to
distribute the error in the elements of the new mesh equally. The maximum allowable
relative error in the quantity of interest estimated by the L2-PR recovery technique
is set to 2%. Three refined meshes of the example 8.2 are presented in Figure 8.32.
These refinements are related to the dimensionless times of 0.12, 1.23 and 1.79.
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8.2 A plate subjected to thermal shock

(a) 5th refined mesh at
t̂ “ 0.12 with Ne = 691,

DoF = 2211, η
QoI

= 0.0183

(b) 9th refined mesh at
t̂ “ 1.23 with Ne = 1591,

DoF = 4968, η
QoI

= 0.0141

(c) 12th refined mesh at
t̂ “ 1.79 with Ne = 2782,
DoF = 8613, η

QoI
= 0.0151

Figure 8.32: Refined meshes of Example 8.2 based on GOEE

In Figure 8.33, the time history of the estimated relative error in the QoI for L2-PR
method is presented. In order to show the quality of our refinement process, in this
figure the error curve of the model without refinement is also added for comparison.

Figure 8.33: Relative error in the QoI of Example 8.2,
estimated based on the L2-PR recovery technique
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8.3 A plate subjected to pressure shock

8.3. A plate subjected to pressure shock

The last example of this chapter is a square plate under mechanical shock. The
material, geometry and mechanical/thermal boundary conditions of the top, bottom
and right edges are the same as in Example 8.2. The edge at px “ 0 is subjected to a
mechanical shock while its temperature is kept constant. The applied traction follows
the pattern of Figure 8.22 and reaches its maximum at t̂ “ 0.5 and almost vanishes
after t̂ “ 5. Figure 8.34 shows the geometry, boundary conditions and domain of
interest of this example.
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Figure 8.34: Geometry and boundary conditions of Example 8.3

For the uncoupled and coupled (C “ 0.1) problems, Figures 8.35-8.37 show the
comparison between the results of our FE method with the BEM results presented in
[122] for the dimensionless temperature, displacement in x̂ direction and axial stress
pσxx, on the domain axis of symmetry, respectively.

In Figure 8.35, only the temperature distribution of the coupled problem is plot-
ted because the mechanical loading does not have any influence on the temperature
distribution of the uncoupled problem. As it can be seen in Figures 8.35 and 8.36,
the temperature and displacement distribution of our results agree well with the BEM
results. Figure 8.37 shows the stress distribution of these two methods and it can be
seen that the stress oscillations present at the BEM results but do not occur in our FE
results. In FEM, the stress changes smoothly after the wave passes and no oscillations
are observed. Moreover, BEM cannot predict the stress properly near the left edge
where the traction shock is implemented.
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Figure 8.35: Comparison of dimensionless
temperature (T̂ ) distribution of current

FEM results with BEM results of Example
8.3 for the coupled problem
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Figure 8.36: Comparison of dimensionless
displacement (pux) distribution of current
FEM results with BEM results of Example

8.3 for different coupling parameters
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Figure 8.37: Comparison of dimensionless
axial stress (pσxx) distribution of current

FEM results with BEM results of Example
8.3 for different coupling parameters

Figure 8.38 shows the time history of the relative error of the primal problem
in the energy norm estimated by the L2-PR, SPR and WSPR techniques. As in
the thermal shock, the coupled problem shows lower errors than the uncoupled case.
In this example, the errors evaluated using all three recovery techniques show close
estimations prior to dimensionless time t̂ “ 1 but after that the WSPR estimates the
highest and L2-PR estimates the least error.
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8.3 A plate subjected to pressure shock

Figure 8.38: Time history of the estimated relative error of
the primal problem of Example 8.3 in the energy norm

In order to estimate the error in the quantity of interest of mean dimensionless
displacement in x direction (spux), equation (5.35) is used considering L2-PR, SPR
and WSPR recovery techniques. Figure 8.39 shows the estimated relative errors and
overkill error in the QoI of the Example 8.3. In this example, the reference solution
is based on the overkill problem with the mesh same as the overkill solution of the
Example 8.1 with a numerical error being negligibly small.

Figure 8.39: Time history of the estimated relative error
in the quantity of interest of Example 8.3

The error effectivity indices (θε and θQoI) for coupling parameters C “ 0.0, and 0.1
in different time steps are presented in Table 8.3. This table shows that the estimated
errors have a good agreement with the reference solution of example 8.3. In this table,
the values of effectivity index are close to 1 or slightly above, which shows the accuracy
of our method. Furthermore, in this example, the exact error is overestimated though
a rigorous proof of a lower bound is missing. This point is also shown in Figure 8.39.
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8.3 A plate subjected to pressure shock

Table 8.3: Error effectivity indices for error in the QoI
of problem 8.3 estimated based on WSPR recovered stress

θε θQoItime ( t̂ )
C “ 0.0 C “ 0.1 C “ 0.0 C “ 0.1

0.04 1.064142 1.046304 1.070261 1.094621
0.1 1.049286 1.031771 1.067198 1.091231
0.2 1.047159 1.030158 1.063215 1.089134
0.3 1.043675 1.029173 1.058541 1.086143
0.4 1.042752 1.030421 1.055684 1.082661
0.5 1.030191 1.019973 1.051254 1.079531
0.6 1.034712 1.026253 1.023313 1.075348
0.7 1.033300 1.026485 1.003300 1.071144
0.8 1.031688 1.026347 1.000923 1.069615
0.9 1.030268 1.026229 1.000362 1.028971
1.0 1.029083 1.026175 1.000185 1.015513
1.1 1.028180 1.026233 1.000108 1.009411
1.2 1.027576 1.026423 1.000070 1.006221
1.3 1.026624 1.026097 1.000049 1.004408
1.4 1.029274 1.029206 1.000039 1.003572
1.5 1.039730 1.039959 1.000039 1.003553
1.6 1.047393 1.047755 1.000036 1.003266
1.7 1.023577 1.023893 1.000014 1.001292
1.8 1.029631 1.029746 1.000014 1.001293
1.9 1.031892 1.031638 1.000013 1.001121
2.0 1.033777 1.032986 1.000012 1.001012

The estimated relative error in the QoI using WSPR recovery technique has been
used to refine the mesh and control the error. During the analysis, each time the
relative error in the QoI reaches the threshold 0.02, the adaptive mesh refinement has
been implemented to reduce and distribute the error equally among the elements.

Figure 8.40 shows the three of the refined meshes of Example 8.3. These refinements
are related to the dimensionless times of 0.10, 1.26 and 1.52.
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8.3 A plate subjected to pressure shock

(a) 7th refined mesh at
t̂ “ 0.10 with Ne = 1435,
DoF “4518, η

QoI
“0.0186

(b) 11th refined mesh at
t̂ “ 1.26 with Ne = 2710,
DoF “8400, η

QoI
“0.0153

(c) 13th refined mesh at
t̂ “ 1.52 with Ne = 3631,
DoF “11166, η

QoI
“0.0162

Figure 8.40: Refined meshes of Example 8.3 based on GOEE

Figure 8.41 depicts the time history of the estimated relative error in the QoI for
the WSPR method. The error curve of the model without refinement is also presented
for comparison. In some time steps in order to reach the estimated error below the
defined limit, more than one refinement step is required.

Figure 8.41: Relative error in the QoI of Example 8.3,
estimated based on the WSPR recovery technique
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8.4 Chapter conclusion

8.4. Chapter conclusion

In this chapter, we extended the application of adaptive finite element formulation
based on goal-oriented error estimation (GOEE), presented in Chapter 5, to the clas-
sical fully coupled dynamic thermoelasticity.

Here, different recovery-based error estimators have been exploited, i.e., L2-projection,
SPR and WSPR. Thermal and mechanical shocks on different domains with similar
quantities of interest (QoI) have been studied and the effect of the coupling param-
eter on the estimated errors has been investigated. An adaptive algorithm has been
adopted to refine the mesh given a specific (relative) error tolerance.

The method has been applied to several numerical problems including one problem
where an analytical solution is available on the axis of symmetry. In all models,
before estimating the error, the solution has been verified by comparing with analytical
solution or other literature.

For all error estimators, the strong coupling shows lower error than the uncoupled
problem. Moreover, the estimated errors in all techniques, first rise very sharply then
with increasing time, the error reduces. After implementing the refinement, the error
curves show a considerable decrease in estimated errors, which indicates the perfor-
mance of the implemented refinement strategy. Similar to the static thermoelastic
problem (Chapter 7), the WSPR predicts the error more accurate and more effective
than the other two estimators.

In the future researches, the recovery-based GOEE approach can be extended to
the nonlinear QoI and nonlinear constitutive models in thermoelasticity.

In the next chapter, the application of the residual-based goal-oriented error esti-
mation in thermoelastic problems is investigated.
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Chapter 9

Numerical Results and Discussion:
Pointwise Residual-based Goal-Oriented
Error Estimation and Adaptivity

In this chapter, in order to substantiate the developed DWR goal-oriented error
estimation method, 2D and 3D numerical examples with available analytical solutions
are studied. Comparing the results with analytical solution and other error estimators
and refinement techniques demonstrates the efficiency and reliability of the proposed
adaptive algorithm.

In this section, four illustrative numerical examples are investigated and in each
example, in addition to the proposed goal-oriented mesh adaptivity process, for com-
parison, global uniform, Kelly [127] and weighted Kelly (W-Kelly) refinement tech-
niques are also implemented. In the presented method, the models are discretized by
h-nonconforming unstructured meshes1 and goal-oriented based adaptive h-refinement
using hanging nodes is implemented to enhance the accuracy of analyses. In this study,
only 1-irregular mesh, allowing maximum one disconnected (hanging) node over an
edge, is considered. In the refinement process, in order to obtain a smoother mesh
than just the bare minimum, Bank’s [128] “one-irregular” and “k-neighbor” rules are
considered [71, 72].

Employed adaptive local h-refinement/coarsening with allowing hanging nodes
saves CPU time very much and reduces computational cost considerably.Unlike, in the
global uniform refinement process, at each refinement step, all elements are uniformly
subdivided into 4 and 8 elements in 2D and 3D meshes, respectively. All problems
reported here are analyzed considering homogeneous isotropic linear thermoelastic ma-
terial. In order to assume constant (temperature-independent) material properties, we
suppose that the temperature does not depart from initial values very much.
1 initially conforming structured but h-nonconforming unstructured after adaptation,

106



9.1 Thick-walled cylinder under thermo-mechanical loading with the goal of point value

9.1. Thick-walled cylinder subjected to internal pressure and
temperature change with the goal of point value

In this example, in order to verify the accuracy of the presented error estimation
method, a thick-walled cylindrical pressure vessel under thermo-mechanical loadings
is studied. We employed DWR GOEE and adaptive mesh refinement methods to
estimate a pointwise error and verified the accuracy of the implemented methods by
analytical solution. The model geometry and boundary conditions are illustrated in
Figure 9.1.

PoI

Pin

Pout

Thermally insulated

T
herm

ally
insulated

θ
in =

T
in -

T
0

θ
out =

T
out - T

0

rin
rout

r
PoI

θ

Figure 9.1: Model geometry and boundary conditions of
the thick-walled cylinder (example 9.1)

Generally, the cylinders with wall thickness to radius ratio greater than 0.1 is
classified as “thick-walled” cylinders. Here, we selected the thickness to mean radius
ratio of 0.66. The geometry parameters of the problem are

rin “ 5 m, rout “ 10 m, t

rm
“

2t
rin ` rout

« 0.66, (9.1)

where, t is the wall thickness and rm is the mean radius.
The vessel is designed to store a cold pressurized gas with operating inside pressure

Pin “ 25 bar and temperature Tin “ 230˝K (« ´43˝C). The outside pressure and
temperature assumed to be Pout “ 1 bar (« 1 atm) and Tout “ 290˝K, respectively.
All other geometrical parameters and boundary conditions are presented in Figure 9.1.
The analytical solution of this example is stated in Appendix A.
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9.1 Thick-walled cylinder under thermo-mechanical loading with the goal of point value

We suppose the vessel material to be stainless Steel Grade 304 (AISI 304, DIN
1.4301, UNS S30400) with properties [129, 130]

E “ 200 GPa, ν “ 0.27,

λ “ 92.4341 GPa, µ “ 78.7402 GPa,

κ “ 15 W/(m¨K), α
T
“ 15.0ˆ 10´6 1/K. (9.2)

In this example, our main interest is the displacement in x direction (ux) at a spe-
cific point of interest (PoI). Therefore, we employed DWR GOEE method to estimate
the error of uxpPoIq and refined adaptively based on the presented DWR method. As
depicted in Figure 9.1, the point of interest is at

r
PoI
“
rin ` rout

2 “ 7.5 m, θ “ 45˝. (9.3)

In each error estimation step, the primal model is discretized by an unstructured
mesh with isoparametric bilinear quadrilateral (Q4) Lagrangian elements and solved
numerically. The dual problem is solved on the primal mesh but with higher order
elements. Based on the dual and primal solutions and according to equation (6.34),
the goal error in each element is calculated. Then, based on each element contribution
in the goal error, mesh is refined/coarsened adaptively with allowing hanging nodes.
Afterwards, the new refined mesh is considered as the primal mesh for the next error
estimation step. This process is repeated until we reach the desired accuracy.

In this example in order to reach goal error order 10´9, there were 21 refinement
steps. Figure 9.2 presents the initial mesh while Figures 9.3a-9.3f show the refined
meshes after 5th, 7th, 10th, 13th, 15th, and 17th refinement steps, respectively.

Figure 9.2: Initial mesh used to analyze
the thick-walled cylinder of problem 9.1
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9.1 Thick-walled cylinder under thermo-mechanical loading with the goal of point value

(a) 5th refined mesh with
284 elements

(b) 7th refined mesh with
890 elements

(c) 10th refined mesh with
4085 elements

(d) 13th refined mesh with
16817 elements

(e) 15th refined mesh with
38771 elements

(f) 17th refined mesh with
94469 elements

Figure 9.3: Refined meshes of problem 9.1 based on
the pointwise quantity of interest uxpPoIq

The refined meshes of figure 9.3 show that, in order to minimize the error of the
displacement in x direction at a specific point, the refinement process mainly tends to
refine the elements near PoI and the boundary fixed in x direction (please note the
subtle interplay between resolving around the point of interest and the fixed boundary).

Figures 9.4a-9.4d show contour plots of the temperature change and displacement
in r, x and y directions for the primal problem in the last refined mesh, respectively.
Contours of Figure 9.4, show a very good agreement with the exact solution of Ap-
pendix A.
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9.1 Thick-walled cylinder under thermo-mechanical loading with the goal of point value

(a) ∆T contour (b) ur contour

(c) ux contour (d) uy contour
Figure 9.4: Solution contour plots of the primal problem 9.1 in the last refined mesh

As mentioned in Section 6.2, the dual solution can be interpreted as a Green
function. Figures 9.5a-9.5d show the regularized Green function for evaluating uxpPoIq
in 5th, 7th, 13th, and 15th refinement steps, respectively. In these figures, which show
the dual solution, the refined mesh is elevated by the x-component of the dual solution.

(a) 5th refinement step (b) 7th refinement step

(c) 13th refinement step (d) 15th refinement step
Figure 9.5: Elevated representation of the regularized
Green function for evaluating uxpPoIq in problem 9.1

110



9.1 Thick-walled cylinder under thermo-mechanical loading with the goal of point value

According to the analytical solution (see Appendix A), the exact value of the goal
in this example is 0.02635804.

Considering the goal analytical value, the exact errors in different refinement steps
of the current example are calculated and compared with the DWR estimated goal
error in Figure 9.6. This comparison shows that even for such a complicated quantity
of interest as the point value, the true and estimated errors are actually very close to
each other. Moreover, the plotted errors show a monotonic decrease by increasing the
total number of the DOFs (except for the initial very coarse meshes), which indicates
the stable convergence of the refinement process.
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Figure 9.6: Estimated and exact errors of
the problem 9.1 for the DWR method

As depicted in Figure 9.6, in the full logarithmic scale, the estimated and exact
errors fit straight lines with slopes of -1.048 and -1.031, respectively. In order to
show the optimality of the employed mesh refinement, the complexity OpN´1q is also
indicated in this graph.

In Figure 9.7, the achieved error levels for different error estimation and mesh
refinement criteria are compared. The selected methods for the comparison are DWR,
global uniform refinement, Kelly, and weighted Kelly techniques. In this graph, the
estimated errors in different refinement steps of each method are plotted in log-log
scale.
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9.1 Thick-walled cylinder under thermo-mechanical loading with the goal of point value
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Figure 9.7: Errors of the problem 9.1 estimated
by different refinement techniques

Here, the weights in the weighted Kelly indicator are chosen to be 1{pr2 ` 0.12q,
where r is the distance to the PoI. From these results it can be concluded that the
estimated goal error in DWR method is proportional to Op1{Nq, while in global uni-
form refinement is proportional to Op1{p

?
N ˆ logpNqqq. This comparison shows that

among the selected error estimation and refinement techniques, the employed DWR
method with convergence rate 1.048 is the optimum and most efficient one.

In error estimation, in order to assess the accuracy of the employed error estimator,
error effectivity index is used. The error effectivity index, which represents the degree
of over or underestimation on the current mesh, is defined as the ratio between the
estimated and exact errors and should be ideally close to 1.0 [120]. For goal-oriented
error estimation, the error effectivity index is defined by

θε :“
εes
J

ε
J

, (9.4)

where θε is the goal error effectivity index. Since the QoI in this problem is linear, the
goal error effectivity index can be calculated as

θε :“
εes
J

ε
J

“
εes
J

Jpeχq
“

εes
J

Jpχexq ´ Jpχhq
. (9.5)

It is also possible to represent the effectivity in the QoI defined as

θQoI :“
Jpχhq ` εes

J

Jpχexq
, (9.6)

which also should desirably be close to 1.
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9.1 Thick-walled cylinder under thermo-mechanical loading with the goal of point value

In equations (9.5) and (9.6), εesJ can be obtained from (6.34) and Jpχhq can be
calculated from the FEM results. However, Jpχexq can only be computed for problems
with an available analytical solution.

The exact value of the QoI in this example is Jpχexq “ 0.02635804 and the exact
error in the quantity of interest is obtained by

εJ “ Jpχex ´ χhq “ Jpχexq ´ Jpχhq

“ uexx pPoIq ´ u
h
x pPoIq “ 0.02635804´ uhx pPoIq. (9.7)

Accordingly, the goal error effectivity index of the DWR method is calculated and
plotted in Figure 9.8. As depicted in this plot, in spite of the fact that the implemented
method overestimates the error in the very coarse meshes of this example (the initial
and first two refined meshes), by further refinements, the θε lies in the range of 0.9-
1.0 and approaches to the ideal value of 1. Evolution of the goal error effectivity
index shows the very good accuracy and the efficiency of the implemented DWR and
refinement methods.
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Figure 9.8: The goal error effectivity index of DWR method
in the problem 9.1, considering uxpPoIq as the quantity of interest

The goal error estimation results obtained for the current problem using dual
weighted residual estimator and the corresponding adapted meshes are shown in Tables
9.1 and 9.2 (the point value and estimated error results in these tables are rounded and
the other presented data are calculated based on the original results with higher pre-
cision). The presented results indicate clearly that by implementing the current DWR
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9.1 Thick-walled cylinder under thermo-mechanical loading with the goal of point value

estimator and refinement methods, the goal error effectivity index (θε) and effectivity
in the QoI (θQoI) values approach to the desired value of 1.

Table 9.1: Goal error estimation results of the problem 9.1 using DWR method

Refinement
step

DOF
(Primal)

DOF
(Dual)

Jpuhxq ε
J

εes
J

02 45 135 0.026090624 2.6742ˆ10´4 3.7193ˆ10´4

1 114 387 0.026313937 4.4107ˆ10´5 5.9139ˆ10´5

2 189 672 0.026291983 6.6061ˆ10´5 7.9554ˆ10´5

3 336 1239 0.026319282 3.8762ˆ10´5 3.6045ˆ10´5

4 594 2220 0.026341035 1.7009ˆ10´5 1.4703ˆ10´5

5 1017 3888 0.026349482 8.5620ˆ10´6 7.4484ˆ10´6

6 1716 6588 0.026353596 4.4481ˆ10´6 4.0967ˆ10´6

7 3024 11781 0.026356242 1.8022ˆ10´6 1.7019ˆ10´6

8 4908 19185 0.026356684 1.3599ˆ10´6 1.2772ˆ10´6

9 7656 30033 0.026356941 1.1028ˆ10´6 1.0466ˆ10´6

10 13080 51636 0.026357519 5.2541ˆ10´7 4.9680ˆ10´7

11 20766 82131 0.026357667 3.7719ˆ10´7 3.6352ˆ10´7

12 32463 128697 0.026357795 2.4921ˆ10´7 2.3838ˆ10´7

13 52548 208863 0.026357903 1.4078ˆ10´7 1.3701ˆ10´7

14 80457 319980 0.026357953 9.1348ˆ10´8 8.8622ˆ10´8

15 119727 476658 0.026357972 7.2445ˆ10´8 7.0281ˆ10´8

16 195228 778170 0.026358006 3.7922ˆ10´8 3.6946ˆ10´8

17 289923 1156281 0.026358024 1.9659ˆ10´8 1.9167ˆ10´8

18 411621 1642452 0.026358023 2.0978ˆ10´8 2.0211ˆ10´8

19 679521 2713281 0.026358031 1.3458ˆ10´8 1.3034ˆ10´8

20 997137 3982848 0.026358038 6.3420ˆ10´9 6.0964ˆ10´9

21 1415901 5656251 0.026358039 4.6342ˆ10´9 4.5025ˆ10´9

2 Initial mesh
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9.1 Thick-walled cylinder under thermo-mechanical loading with the goal of point value

Table 9.2: Relative error and effectivity indices of DWR method in the problem 9.1

Refinement
step

DOF
(Primal)

ηex
J

ηes
J

θε θQoI

02 45 1.0146ˆ10´2 1.4055ˆ10´2 1.390809194 1.003965019
1 114 1.6734ˆ10´3 2.2424ˆ10´3 1.340798869 1.000570290
2 189 2.5063ˆ10´3 3.0167ˆ10´3 1.204261472 1.000511936
3 336 1.4706ˆ10´3 1.3676ˆ10´3 0.929894020 0.999896903
4 594 6.4532ˆ10´4 5.5786ˆ10´4 0.864388923 0.999912487
5 1017 3.2484ˆ10´4 2.8260ˆ10´4 0.869936510 0.999957751
6 1716 1.6876ˆ10´4 1.5543ˆ10´4 0.921017105 0.999986671
7 3024 6.8375ˆ10´5 6.4569ˆ10´5 0.944335350 0.999996194
8 4908 5.1592ˆ10´5 4.8457ˆ10´5 0.939247641 0.999996866
9 7656 4.1838ˆ10´5 3.9709ˆ10´5 0.949105772 0.999997871
10 13080 1.9934ˆ10´5 1.8848ˆ10´5 0.945558733 0.999998915
11 20766 1.4310ˆ10´5 1.3792ˆ10´5 0.963761386 0.999999481
12 32463 9.4549ˆ10´6 9.0440ˆ10´6 0.956546350 0.999999589
13 52548 5.3409ˆ10´6 5.1982ˆ10´6 0.973273406 0.999999857
14 80457 3.4657ˆ10´6 3.3622ˆ10´6 0.970160855 0.999999897
15 119727 2.7485ˆ10´6 2.6664ˆ10´6 0.970131146 0.999999918
16 195228 1.4387ˆ10´6 1.4017ˆ10´6 0.974273941 0.999999963
17 289923 7.4585ˆ10´7 7.2719ˆ10´7 0.974992293 0.999999981
18 411621 7.9587ˆ10´7 7.6678ˆ10´7 0.963444234 0.999999971
19 679521 5.1060ˆ10´7 4.9450ˆ10´7 0.968472439 0.999999984
20 997137 2.4061ˆ10´7 2.3129ˆ10´7 0.961274720 0.999999991
21 1415901 1.7582ˆ10´7 1.7082ˆ10´7 0.971590440 0.999999995
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9.2 Thick-walled cylinder under thermo-mechanical loading with point value derivative goal

9.2. Thick-walled cylinder subjected to internal pressure and
temperature change with the goal of point value derivative

As the second example, the problem investigated in the previous section has been
studied with a different pointwise quantity of interest. In this problem, we considered
singular point value derivative of Bux{Bx at the same point of interest (PoI) as the
quantity of interest. In order to optimally minimize the goal error, we implemented the
presented DWR goal error estimator and accordingly the adaptive mesh refinement
processes. The efficiency of the method is demonstrated by comparing the results with
analytical solution. The exact value of the goal in this example is JpBxuxq “ 0.00506189
(see Appendix A).

In this example, 23 refinement steps are required to reach the goal error level of
10´9. While the initial mesh is the same as the problem 9.1 (Figure 9.2), the refined
meshes after the 5th, 10th, 13th, 17th, 19th, and 21st refinement steps are presented in
Figures 9.9a-9.9f, respectively.

(a) 5th refined mesh with
143 elements

(b) 10th refined mesh with
1418 elements

(c) 13th refined mesh with
5981 elements

(d) 17th refined mesh with
38978 elements

(e) 19th refined mesh with
94163 elements

(f) 21st refined mesh with
229571 elements

Figure 9.9: Refined meshes of the problem 9.2 based on
the pointwise quantity of interest Bux

Bx

ˇ

ˇ

PoI
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9.2 Thick-walled cylinder under thermo-mechanical loading with point value derivative goal

In this problem, the exact solution is same as the example 9.1 and only the meshes
are different, therefore the primal solutions are roughly the same but the dual solutions
are quite different. The regularized derivative Green function for evaluating Bux{Bx
at the point of interest corresponding to the 8th, 9th, 10th, and 11th refinement steps
are presented in Figures 9.10a-9.10d, respectively.

(a) 8th refinement step (b) 9th refinement step

(c) 10th refinement step (d) 11th refinement step

Figure 9.10: Dual solution, regularized derivative
Green function for evaluating Bux

Bx

ˇ

ˇ

PoI
, in problem 9.2

According to the analytical solution, the exact error in the quantity of interest is
calculated by

εJ “ Jpχex ´ χhq “ Jpχexq ´ Jpχhq

“ Bxu
ex
x pPoIq ´ Bxu

h
x pPoIq “ 0.00506189´ Bxuhx pPoIq. (9.8)

Subsequently, the goal error estimation results of the presented DWR method in
each refinement step of the problem 9.2 are presented in table 9.3. Checking the esti-
mated error, we see that for the DWR method, the estimated error has the convergence
rate of 0.941 and is proportional to Op1{Nq.
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9.2 Thick-walled cylinder under thermo-mechanical loading with point value derivative goal

Table 9.3: Goal error estimation results of the problem 9.2 using the DWR method

Refinement
step

No. of
active cells

DOF
(Primal)

DOF
(Dual)

Jpuhxq εes
J

03 8 45 135 0.0050051216 3.4514ˆ10´5

1 14 72 231 0.0050069059 4.1773ˆ10´5

2 41 174 612 0.0050402112 1.9317ˆ10´5

3 56 228 819 0.0050507257 1.0346ˆ10´5

4 89 336 1233 0.0050575234 4.0426ˆ10´6

5 143 549 2073 0.0050569003 4.5137ˆ10´6

6 209 753 2883 0.0050589620 2.6801ˆ10´6

7 371 1317 5094 0.0050583819 3.3633ˆ10´6

8 560 1980 7737 0.0050593138 2.3348ˆ10´6

9 911 3099 12168 0.0050603200 1.4727ˆ10´6

10 1418 4740 18663 0.0050611874 6.4821ˆ10´7

11 2381 7818 30900 0.0050615044 3.5504ˆ10´7

12 3710 12033 47715 0.0050616025 2.7068ˆ10´7

13 5981 19188 76164 0.0050617190 1.5859ˆ10´7

14 9674 30807 122562 0.0050618248 5.8888ˆ10´8

15 15473 48879 194667 0.0050618030 8.2488ˆ10´8

16 24302 76410 304527 0.0050618341 5.1078ˆ10´8

17 38978 122094 487047 0.0050618681 1.9436ˆ10´8

18 61193 190863 761796 0.0050618646 2.3159ˆ10´8

19 94163 292566 1168302 0.0050618724 1.5239ˆ10´8

20 148955 462159 1846083 0.0050618809 7.2957ˆ10´9

21 229571 711156 2841594 0.0050618831 5.3219ˆ10´9

22 347537 1074432 4294062 0.0050618849 3.5168ˆ10´9

23 536279 1653183 6607830 0.0050618854 2.9817ˆ10´9

Considering the goal analytical value, the goal error effectivity index which is a
standard measure of the quality of an estimator, is calculated and plotted in Figure
9.11. This plot shows that the presented DWR error estimation method, calculates the
goal error with very good accuracy even for a complicated singular pointwise quantity
of interest like point value derivative at a single point. In this example, although DWR
3 Initial mesh
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9.2 Thick-walled cylinder under thermo-mechanical loading with point value derivative goal

underestimates the actual error, after the first three very coarse meshes, the θε lies
in the range of 0.9-1.0, which proves the accuracy and efficiency of the implemented
error estimator and mesh refinement methods. Notwithstanding the irregular behavior
of the error effectivity index in this problem, by refining the mesh, fluctuations are
decreased and the mean value tends to the ideal value of 1.
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Figure 9.11: Evolution of the goal error effectivity index of
the problem 9.2 considering Bux

Bx

ˇ

ˇ

PoI
as the quantity of interest

In addition to presented goal error effectivity index, calculating the θQoI shows
that the proposed technique accurately captures the true error in the evaluation of the
point value derivative at a single point.

Similar to the previous example, comparing the estimated error among DWR,
Kelly, weighted Kelly (with pr2 ` 0.12q´1 weights), and global uniform refinement
methods shows that the DWR method has the optimal convergence rate and better
efficiency among them. As depicted in Figure 9.12, the convergence rate of the DWR
method is 0.941.
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DWR estimated goal error (C.R.=0.942)

DWR error trend line

Global refinement goal error (C.R.=0.614)

Global refinement error trend line
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Figure 9.12: Errors of the problem 9.2 estimated
by different refinement techniques
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9.3 Thick-walled sphere subjected to thermo-mechanical loading with the goal of point value

9.3. Thick-walled sphere subjected to internal pressure and
temperature change with the goal of point value

In this example we implement the presented DWR method to estimate the goal error in
a thick-walled sphere under thermo-mechanical loading. In order to prove the accuracy
of the implemented error estimation method, the results are evaluated by analytical
solution. The analytical solution of this problem is stated in Appendix B. Let us
consider a sphere under pressure/temperature loads as illustrated in Figure 9.13.

θ

ϕ
x

y

z

PoI

Pin

Pout

Tin

Tout

rout

rin t

Figure 9.13: Model geometry and boundary conditions of
the thick-walled sphere (example 9.3)

The geometry parameters of the problem are

rin “ 5 m, rout “ 10 m, t

rm
“

2t
rin ` rout

« 0.66. (9.9)

Similar to the example 9.1, the operation conditions are

Tin “ 230˝K, Pin “ 25 bar,

Tout “ 290˝K, Pout “ 1 bar, (9.10)

and the material considered to be the same as problem 9.1 with properties (9.2).
In this example, we considered the displacement in x direction (ux) at point of

interest (PoI) as the quantity of interest. As depicted in Figure 9.13, the point of
interest is assumed to be at
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9.3 Thick-walled sphere subjected to thermo-mechanical loading with the goal of point value

r
PoI
“
rin ` rout

2 “ 7.5 m, ϕ “ 45˝, θ “ 60˝. (9.11)

According to the analytical solution (Appendix B), the exact value of the quantity
of the interest is 0.01831743.

In order to reach the error in the QoI of order 10´6, we require 9 refinement steps. In
each step, the primal model is discretized by an unstructured mesh with isoparametric
trilinear hexahedral (H8) Lagrangian elements and solved numerically. Similar to the
2D examples, the dual problem is solved on the primal mesh but with higher order
elements. The initial mesh and the refined meshes of 7th, 8th, and 9st refinement steps
are presented in Figures 9.14 and 9.15a-9.15c, respectively.

Figure 9.14: Initial mesh used to analyze
the thick-walled sphere of problem 9.3

(a) 7th refined mesh with
6646 elements

(b) 8th refined mesh with
14052 elements

(c) 9th refined mesh with
37152 elements

Figure 9.15: Refined meshes of the problem 9.3 based on
the pointwise quantity of interest Bux

Bx

ˇ

ˇ

PoI
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9.3 Thick-walled sphere subjected to thermo-mechanical loading with the goal of point value

The refined meshes of Figure 9.15, show that in this example, the presented refine-
ment method refines the areas near PoI and corners of the fixed boundary in the x
direction more than the other areas. This point is also clearly depicted in the spheri-
cal slice of the refined meshes shown in Figure 9.16. In these figures, the point at the
middle of the slice is the point of the interest.

(a) 7th refinement step (b) 8th refinement step (c) 9th refinement step
Figure 9.16: Spherical slice of the refined meshes of the problem 9.3 at radius r

PoI

The contour plots of the temperature change, displacement in x and r directions
for the primal problem in the last refined mesh are plotted in Figure 9.17a-9.17c, re-
spectively. Due to the symmetry of the solution, the couture plots of the displacement
in y and z directions are similar to the x direction. Contours of Figure 9.17, show a
very good agreement with exact solutions of the Appendix B.

(a) ∆T contour (b) ux contour (c) ur contour

Figure 9.17: Solution contour plots of the primal problem 9.3 in the last refined mesh

The comparison between the estimated error by DWR method and the exact error
calculated based on the exact goal value of 0.01831743 is shown in Figure 9.18. This
comparison shows the good accuracy of the employed method even for a singular QoI
in a 3D problem. In this plot, the estimated error shows a monotonic decrease by
increasing the total number of the DOFs with convergence rate of 0.807.
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9.3 Thick-walled sphere subjected to thermo-mechanical loading with the goal of point value
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Figure 9.18: DWR estimated and exact errors
in the QoI of the problem 9.3

For assessing the agreement between exact and estimated error curves, the so-called
effectivity index parameter is calculated and presented in Figure 9.19.
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Figure 9.19: Evolution of the goal error
effectivity index of the problem 9.3

Figures 9.18 and 9.19 show that for the coarse meshes (initial and first three refined
meshes), the presented method overestimates the true error (εes

J
ą ε

J
, θε ą 1), but

with further refinements the exact error is underestimated. In this example, although
in the first three refinement steps, DWR method overestimates the exact error, with
more refinements the θε lies in the range of 0.9-1.0, which proves the accuracy and
efficiency of the presented error estimator and mesh refinement methods.

These goal error estimation results considering the DWR method, are also pre-
sented in tables 9.4 and 9.5 (It should be noted that the point value and estimated
error results in these table are rounded and the other presented data are calculated
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9.3 Thick-walled sphere subjected to thermo-mechanical loading with the goal of point value

based on the original results with higher precision). In these tables, the first row
corresponds to the initial mesh. These results show that, after the fourth refinement
step, the average value of the goal error effectivity index (θε) and effectivity in the QoI
(θQoI) are 0.9470574 and 0.9999586, respectively.

Table 9.4: Goal error estimation results of the problem 9.3 using DWR method

Refinement
step

DOF
(Primal)

DOF
(Dual)

Jpuhxq ε
J

εes
J

04 228 1220 0.018086918 2.3051ˆ10´4 3.8655ˆ10´4

1 456 2704 0.018077492 2.3994ˆ10´4 3.7329ˆ10´4

2 1300 8404 0.018198115 1.1932ˆ10´4 1.5822ˆ10´4

3 2224 14788 0.018266274 5.1158ˆ10´5 5.8697ˆ10´5

4 4588 31356 0.018267977 4.9455ˆ10´5 4.8563ˆ10´5

5 8036 56456 0.018285846 3.1586ˆ10´5 2.9590ˆ10´5

6 16380 116004 0.018305114 1.2317ˆ10´5 1.1807ˆ10´5

7 34792 253752 0.018307450 9.9815ˆ10´6 9.2985ˆ10´6

8 67696 504792 0.018313350 4.0815ˆ10´6 3.7934ˆ10´6

9 180744 1355592 0.018314369 3.0621ˆ10´6 2.8906ˆ10´6

Table 9.5: Relative error and effectivity indices of DWR method in the problem 9.3

Refinement
step

DOF
(Primal)

ηex
J

ηes
J

θε θQoI

04 228 1.2584ˆ10´2 2.0925ˆ10´2 1.676923077 1.008518668
1 456 1.3099ˆ10´2 2.0231ˆ10´2 1.555748206 1.007279727
2 1300 6.5138ˆ10´3 8.6193ˆ10´3 1.326035290 1.002123740
3 2224 2.7928ˆ10´3 3.2031ˆ10´3 1.147366608 1.000411572
4 4588 2.6999ˆ10´3 2.6513ˆ10´3 0.981962737 0.999951302
5 8036 1.7243ˆ10´3 1.6156ˆ10´3 0.936818751 0.999891054
6 16380 6.7243ˆ10´4 6.4461ˆ10´4 0.958595492 0.999972158
7 34792 5.4492ˆ10´4 5.0765ˆ10´4 0.931580080 0.999962717
8 67696 2.2282ˆ10´4 2.0709ˆ10´4 0.929411765 0.999984272
9 180744 1.6717ˆ10´4 1.5780ˆ10´4 0.943975642 0.999990634

4 Initial mesh
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9.4 Thick-walled sphere under thermo-mechanical loading with point value derivative goal

In order to evaluate the efficiency of the implemented adaptivity method, the
estimated errors are compared with the results of other mesh refinement strategies.
This comparison is presented in Figure 9.20. In the weighted Kelly method, the weights
are considered to be pr2` 0.12q´1. The results show that the employed DWR method
with convergence rate of 0.9072 has the best efficiency among selected methods.
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C.R. stands for "Convergence Rate"

DWR estimated goal error (C.R.=0.807)

DWR error trend line

Global refinement goal error (C.R.=0.463)

Global refinement error trend line

Kelly method goal error (C.R.=0.675)

Kelly method error trend line

WKelly method goal error (C.R.=0.592)

WKelly method error trend line

Figure 9.20: Errors of the problem 9.3 estimated
by different refinement techniques

9.4. Thick-walled sphere subjected to internal pressure and
temperature change with the point value derivative goal

In this part, as the last example, the problem of Section 9.3 is studied with goal of the
point value derivative Bux{Bx at the same point of interest (PoI). The DWR method
has been implemented to estimate the error of the current pointwise singular goal and
refine additively to optimally minimize the goal error. In order to show the accuracy
and efficiency of the proposed method, the results have been compared with the exact
solution. According to the analytical solution Appendix B, the exact value of the goal
in this example is JpBxuxq “ 0.00407859.

In this example, the initial mesh is considered to be the same as the problem 9.3.
In order to reach the error level of 10´7, 9 refinement steps on the initial mesh are
required. Figures 9.21a-9.21d show the refined meshes after the 5th, 6th, 7th, and 8st

refinement steps, respectively.
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9.4 Thick-walled sphere under thermo-mechanical loading with point value derivative goal

(a) 5th refined mesh with 2243 elements (b) 6th refined mesh with 3916 elements

(c) 7th refined mesh with 7808 elements (d) 8th refined mesh with 16565 elements

Figure 9.21: Refined meshes of the problem 9.4
to optimize the error of the pointwise goal of Bux

Bx

ˇ

ˇ

PoI

In order to depict the refinement process around the point of the interest (PoI), the
slice of the refined meshes of the Figure 9.21 at azimuthal angle ϕ “ 45˝ are presented
in Figure 9.22.

Since the exact solution of this problem is the same as the example 9.3 (see Ap-
pendix B) and only the meshes are different, the primal solution of this example is
roughly the same as the previous one. Despite the equality in the primal solution, the
dual solutions are quite different. Figures 9.23a and 9.23b show the elevated represen-
tation of the dual solutions for evaluating uxpPoIq (problem 9.3) and Bux

Bx

ˇ

ˇ

PoI
(problem

9.4), respectively. These plots relate to the dual solutions on the ϕ “ 45˝ slice plane
in the last refined meshes of the corresponding problems.

126



9.4 Thick-walled sphere under thermo-mechanical loading with point value derivative goal

(a) 5th refinement step (b) 6th refinement step

(c) 7th refinement step (d) 8th refinement step

Figure 9.22: Slice of the refined meshes of
the problem 9.4 at azimuthal angle ϕ “ 45˝

(a) Regularized Green function for
evaluating uxpPoIq in problem 9.3

(b) Regularized derivative Green function for
evaluating Bux

Bx

ˇ

ˇ

PoI
in problem 9.4

Figure 9.23: Elevated representation of the dual solutions
on the ϕ “ 45˝ slice plane of the 9th refinement steps (scaled differently)
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9.4 Thick-walled sphere under thermo-mechanical loading with point value derivative goal

In table 9.6, the goal error estimation results of the presented DWR method are
presented in each refinement step. Studying the estimated error, shows a convergence
rate of 0.752 for the implemented DWR and refinement methods.

Table 9.6: Goal error estimation results of the problem 9.4 using DWR method

Refinement
step

No. of
active cells

DOF
(Primal)

DOF
(Dual)

Jpuhxq εes
J

05 24 228 1220 0.0040080330 5.1673ˆ10´5

1 66 604 3516 0.0040145317 5.6670ˆ10´5

2 206 1352 8652 0.0040611361 1.5183ˆ10´5

3 570 3652 24884 0.0040643595 1.3162ˆ10´5

4 1207 7000 48780 0.0040729112 5.1874ˆ10´6

5 2243 12296 87708 0.0040755768 2.7976ˆ10´6

6 3916 21256 153256 0.0040758990 2.4849ˆ10´6

7 7808 40448 297952 0.0040772540 1.2573ˆ10´6

8 16565 82084 613376 0.0040776165 9.1346ˆ10´7

9 34317 164412 1242428 0.0040780227 5.3869ˆ10´7

Considering to the analytical solution, the true error in the quantity of interest is
calculated by

εJ “ Jpχex ´ χhq “ Jpχexq ´ Jpχhq

“ Bxu
ex
x pPoIq ´ Bxu

h
x pPoIq “ 0.00407859´ Bxuhx pPoIq. (9.12)

Based on the formula (9.12) and the results of table 9.6, for DWR method, the true
error in the quantity of the interest is calculated and compared with the estimated
error in Figure 9.24. This comparison indicates that the exact and estimated errors
show very good accordance even for a singular goal of the point value derivative in 3D.
Moreover, as depicted in Figure 9.24, the estimated errors show a monotonic decrease
by increasing the total number of the DOFs, which indicates the stable convergence
of the refinement process.

5 Initial mesh
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9.4 Thick-walled sphere under thermo-mechanical loading with point value derivative goal
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Figure 9.24: Estimated and exact errors of
the problem 9.4 for DWR method

In order to quantify this comparison and evaluate the accuracy of error estimate,
the goal error effectivity index, the ratio between the two curves of the Figure 9.24,
is calculated and plotted in Figure 9.25a. In this example, similar to the 2D case,
the DWR method underestimates the true goal error and after the third refinement
step θε lies in the acceptable range of 0.9-1.0. Figure 9.25a denotes that further mesh
refinements lead the error effectivity index to the ideal value of 1. Furthermore, θε
fluctuations are reduced while approaching to the ideal value. Moreover, as depicted in
Figure 9.25b, θQoI also keeps heading to the desired value of 1 by further refinements
which also implies the accuracy of the proposed method.
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Figure 9.25: The standard measures of the
DWR goal error estimator for the problem 9.4
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9.5 Chapter conclusion

Similar to the previous examples, comparing the DWR results with Kelly, weighted
Kelly (with pr2 ` 0.12q´1 weights), and global uniform refinement methods indicates
the optimal convergence rate and better efficiency of the presented DWR method. As
shown in Figure 9.26, the convergence rate of the DWR method is 0.752.
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Figure 9.26: Errors of the problem 9.4 estimated
by different refinement techniques

9.5. Chapter conclusion

In this chapter the numerical implementation of the adaptive thermo-mechanical finite
element formulation based on dual weighted residual (DWR) based goal-oriented error
estimation (GOEE), developed in Chapter 6, are discussed and the results are pre-
sented. The DWR a posteriori error estimation is employed to estimate the singular
pointwise quantity of interest in 2D and 3D problems and the results have been eval-
uated by comparing with analytical solution. In investigated examples, two singular
goals of point value and point value derivative are analyzed and meshes are refined
adaptively to minimize the error in the quantity of interest. In the refinement process,
local h-refinement allowing hanging node in 2D and 3D is adopted to enhance the
accuracy of analysis and quantity of interest.

The method has been applied to several numerical problems with analytical solu-
tions and the estimated errors are compared with the exact errors. These comparisons
show the very good accordance of the estimated and true goal errors even for singular
pointwise quantities of interest in 2D and 3D problems. In order to quantify these
comparisons, the goal error effectivity index is calculated. In all examples, after few
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9.5 Chapter conclusion

initial coarse meshes, the goal error effectivity index lies in the acceptable range of
0.9-1.0 and by further refinements approaches to the ideal value of 1.

In estimating the point value goal error, the employed DWR method in the initial
steps of the refinement process, which the meshes are still coarse, overestimates the
error but with further refinements the exact error is underestimated. In the examples
with point value derivative goal, the DWR method underestimated the actual goal
error. The evolution of error effectivity index in problems with point value goal is
smoother than the problems with point value derivation goals. Nevertheless, in ex-
amples with point value derivative as the quantity of interest, by refining the mesh,
the irregular behavior and fluctuations of the goal error effectivity index are decreased
and the mean value tends to the desired value of 1.

Moreover, in each example, apart from the analytical solution, the proposed goal-
oriented mesh adaptivity process have been compared with global uniform, Kelly and
weighted Kelly (W-Kelly) refinement techniques. This comparison shows that among
the selected error estimation and refinement techniques, the employed DWR method
is the most optimum and efficient one and the global uniform refinement has the
least convergence rate. On average, in the studied examples, the DWR, Kelly, and
W-Kelly methods show, respectively, 0.68%, 0.42%, and 0.26% higher convergence
rates compared to the global uniform refinement. This efficiency enhancement leads
to the considerable computational time saving; for example in the problem 9.1, by
implementing the proposed DWR method it is possible to reach the error tolerance of
10´6 by a mesh with only about 2% DOFs of a globally uniform refined mesh and this
difference grows exponentially by demanding higher estimation accuracies. Therefore,
we can sum up that implementing the developed DWR method into adaptive finite
element algorithm leads to economical computational meshes.

In conclusion, in all examples: the DWR errors show a monotonic decrease by
increasing the total number of the DOFs, which indicates the stable convergence of
the refinement process; the true and estimated errors are actually very close to each
other; the evolution of the goal error effectivity index shows the very good accuracy
of the implemented DWR methods; and the higher convergence rate of the employed
method compared to the other methods prove the efficiency of the employed refinement
technique.

In the future researches, the DWR method can be extended to the nonlinear ther-
moelastic problems, nonlinear constitutive models, or classical/non-classical fully cou-
pled dynamic thermoelasticity.
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Chapter 10

Conclusion

In this dissertation, after presenting the numerical applications of the developed error
estimation methods and discussing the results in Chapters 7-9, a brief conclusion of
the main findings is provided at the end of each chapter. In this chapter we summarize
the chapter conclusions and highlight all the main achievements of this research.

10.1. Summary of achievements

The main objective of this research was to develop and implement error estimation
and goal-oriented error estimation methods in thermoelasticity multifield problems and
subsequently apply the associated goal-oriented adaptive refinement schemes to control
the error in the quantity of interest. To this end, the adaptive thermoelastic finite
element formulation based on the recovery- and residual-based EE/GOEE methods
are developed in Chapters 5 and 6, respectively.

In the first part of this project, the recovery-based a posteriori EE/GOEE methods
have been developed for the finite element analysis of the thermoelastic problems. In
these error estimators we exploited different recovery techniques of L2-PR, SPR, and
WSPR. An rh-adaptive algorithm has been adopted in order to restructure and refine
the mesh given a specific (relative) error tolerance.

To evaluate the accuracy and performance of the developed error estimators, the
methods have been applied to several numerical problems including one problem with
available analytical solution. For this problem, the employed WSPR-based adaptive
method shows the best accuracy. In this part, two types of quantity of interest (QoI) on
different domains of interest (DoI) have been studied. It was shown that the adaptive
method based on GOEE requires only 1{3 of the DOF compared to a pure recovery-
based error estimation requiring the same error tolerance in the QoI. Furthermore, the
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10.1 Summary of achievements

error in the QoI can be controlled with the proposed GOEE which is not possible for
a pure recovery-based error estimation.

After studying the recovery-based error estimation in steady-state thermo-mechanical
problems and verifying the efficiency of the developed methods, the application of the
EE/GOEE methods was extended to the more elaborate dynamic thermoelasticity
problems. Similar to the CTE applications, here, different recovery-based error esti-
mators have been exploited, i.e., L2-PR, SPR and WSPR. Thermal and mechanical
shocks on different domains with similar quantities of interest (QoI) were studied and
the effect of the coupling parameter on the estimated errors were investigated. An
adaptive algorithm has been adopted to refine the mesh given a specific (relative) er-
ror tolerance. The method has been applied to several numerical problems including
one problem where an analytical solution is available on the axis of symmetry. In all
models, before estimating the error, the solution has been verified by comparing with
analytical solution or other literature.

In classical fully coupled dynamic thermoelasticity, for all error estimators, the
strong coupling shows lower error than the uncoupled problem. Moreover, the esti-
mated errors in all techniques, first rise very sharply then with increasing time, the
error reduces. After implementing the refinement, the error curves show a consider-
able decrease in estimated errors, which indicates the performance of the implemented
refinement strategy. Similar to the static thermoelastic problem, the WSPR predicts
the error more accurate and more effective than the other two estimators.

After studying the recovery-based error estimation, the residual-based a posteri-
ori goal-oriented error estimation in thermoelastic problems is investigated. In this
project, the feasibility of the dual weighted residual (DWR) method for thermoelastic
problems has been demonstrated for the computation of steady-state thermoelastic
solutions. The DWR a posteriori GOEE is employed to estimate the singular point-
wise quantity of interest in 2D and 3D problems and the results have been evaluated
by comparing with analytical solution. In investigated examples, two singular goals
of point value and point value derivative were analyzed and meshes have been refined
adaptively to minimize the error in the quantity of interest. In the refinement process,
local h-refinement allowing hanging node in 2D and 3D was adopted to enhance the
accuracy of analysis and quantity of interest.

The DWR method has been applied to several numerical problems with analytical
solutions and the estimated errors are compared with the exact errors. These com-
parisons show the very good accordance of the estimated and true goal errors even for
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singular pointwise quantities of interest in 2D and 3D problems. In order to quantify
these comparisons, the goal error effectivity index is calculated. In all examples, after
few initial coarse meshes, the goal error effectivity index lies in the acceptable range
of 0.9-1.0 and by further refinements approaches to the ideal value of 1.

In estimating the point value goal error, the employed DWR method in the initial
steps of the refinement process, which the meshes are still coarse, overestimates the
error but with further refinements the exact error is underestimated. In the examples
with point value derivative goal, the DWR method underestimated the actual goal
error. The evolution of error effectivity index in problems with point value goal is
smoother than the problems with point value derivation goals. Nevertheless, in ex-
amples with point value derivative as the quantity of interest, by refining the mesh,
the irregular behavior and fluctuations of the goal error effectivity index are decreased
and the mean value tends to the desired value of 1.

Moreover, in each example, apart from the analytical solution, the proposed goal-
oriented mesh adaptivity process have been compared with global uniform, Kelly and
weighted Kelly (W-Kelly) refinement techniques. This comparison shows that among
the selected error estimation and refinement techniques, the employed DWR method
is the most optimum and efficient one and the global uniform refinement has the
least convergence rate. On average, in the studied examples, the DWR, Kelly, and
W-Kelly methods show, respectively, 0.68%, 0.42%, and 0.26% higher convergence
rates compared to the global uniform refinement. This efficiency enhancement leads
to the considerable computational time saving; for example in the problem 9.1, by
implementing the proposed DWR method it is possible to reach the error tolerance of
10´6 by a mesh with only about 2% DOFs of a globally uniform refined mesh and this
difference grows exponentially by demanding higher estimation accuracies. Therefore,
we can sum up that implementing the developed DWR method into adaptive finite
element algorithm leads to economical computational meshes.

In conclusion, in all examples: the DWR errors show a monotonic decrease by
increasing the total number of the DOFs, which indicates the stable convergence of
the refinement process; the true and estimated errors are actually very close to each
other; the evolution of the goal error effectivity index shows the very good accuracy
of the implemented DWR methods; and the higher convergence rate of the employed
method compared to the other methods prove the efficiency of the employed refinement
technique.
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10.2 Outlook

10.2. Outlook

Within this work, both reover and residual-based GOEE and the associated AMR
methods show an excellent performance in estimating and minimizing the goal error
in thermoelastic problems, therefore, as future work, it is of interests to extend the
study to more complicated problems as follows:

• The recovery-based GOEE approach can be extended to the nonlinear QoI and
nonlinear constitutive models in classical thermoelasticity.

• The DWR method can be extended to the nonlinear thermoelastic problems
with nonlinear constitutive models.

• The EE and GOEE has not been studied in non-classical thermoelastic models,
yet. It is recommended to implement the developed methods in non-classical
fully coupled dynamic thermoelasticity models, such as Lord-Shulman (LS) [6],
Green-Lindsay (GL) [7], or Green-Naghdi (GN) [131] models.

• It is suggested to apply the introduced recovery-/residual-based GOEE tech-
niques in other coupled multifield problems (For example, magneto-thermoelastic
or magneto-electro-thermoelastic problems).

• In this research the material is considered to be homogeneous and isotropic.
The used error estimation techniques can also be use to analyze the error in
problems with other material properties. For example, heterogeneous orthotropic
or anisotropic materials.
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Appendix A

Analytical solution of a thick-walled
cylinder subjected to internal pressure and
temperature change

In order to extract the exact solution of a thick-walled cylinder under thermo-mechanical
loading in 2D, a general case of a very long cylinder with internal pressure and temper-
ature of Pi and Ti and external pressure and temperature of Po and To is considered.
Due to the axisymmetric conditions, the strain component εrθ is zero. For this case,
the strain-displacement and stress-strain relations considering plane strain conditions
are [3]

εrr :“ durprq
dr “

1
E
rσrr ´ νpσθθ ` σzzqs ` αT θT , (A.1)

εθθ :“ urprq

r
“

1
E
rσθθ ´ νpσrr ` σzzqs ` αT θT , (A.2)

σzz “ ν pσrr ` σθθq ´ EαT θT , (A.3)

where εij and σij are strain and stress tensor components in cylindrical coordinates,
and i, j P tr, θ, zu which are radial, azimuthal and axial directions in cylindrical coordi-
nate system, respectively, with r “

?
x2 ` y2 and θ “ arctanpy{xq. In above relations

θ
T
prq “ T prq ´ T0 refers to the temperature change, which for the model studied here

is [3]

θ
T
prq “ θo `

lnp ro
r
q

lnp ro
ri
q
∆θ

T
“ θo `

∆θ
T

lnpcq

´

ln ro
r

¯

, (A.4)

where c “ ro{ri, ∆θ
T
“ θi ´ θo, θi “ Ti ´ T0, and θo “ To ´ T0.

Following the approach stated in [3], the radial displacement and stress tensor
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components of exact solution of the thick-walled cylinder under thermo-mechanical
loadings, we obtain

urprq “
1` ν

2p1´ νq

„ˆ

1´ 2ν
1´ c2 ` 2p1´ νq θo∆θ

T

`
1´ ν ` ln

`

ro
r

˘

lnpcq

˙

r `

ˆ

r2
o

1´ c2

˙

1
r



α
T
∆θ

T

`
1` ν
E

r2
o

1´ c2
1
r

„ˆ

1` p1´ 2νqr
2

r2
i

˙

Po ´

ˆ

1` p1´ 2νqr
2

r2
o

˙

Pi



, (A.5)

εrrprq “
1` ν

2p1´ νq

„ˆ

1´ 2ν
1´ c2 ` 2p1´ νq θo∆θ

T

`
´ν ` ln

`

ro
r

˘

lnpcq

˙

´

ˆ

r2
o

1´ c2

˙

1
r2



α
T
∆θ

T

`
1` ν
E

r2
o

1´ c2

„ˆ

p1´ 2νq 1
r2
i

´
1
r2

˙

Po ´

ˆ

p1´ 2νq 1
r2
o

´
1
r2

˙

Pi



, (A.6)

σrrprq “
E

2p1´ νq

„

1
1´ c2

ˆ

1´ r2
o

r2

˙

´
ln
`

ro
r

˘

lnpcq



α
T
∆θ

T

`
r2
o

1´ c2

„ˆ

1
r2
i

´
1
r2

˙
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ˆ

1
r2
o
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1
r2
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, (A.7)

σθθprq “
E

2p1´ νq

„

1
1´ c2

ˆ

1` r2
o

r2

˙

´
ln
`

ro
r

˘

lnpcq `
1

lnpcq



α
T
∆θ

T

`
r2
o

1´ c2

„ˆ

1
r2
i

`
1
r2

˙

Po ´

ˆ

1
r2
o

`
1
r2

˙

Pi



. (A.8)

Considering the vector and tensor transformation from cylindrical coordinate sys-
tem to the Cartesian one, the displacement in x direction and its derivative with
respect to x, respectively, are

uxpr,θq “ urprq cospθq, (A.9)

εxxpr,θq :“ Buxpr,θq
Bx

“ εrrprq cos2
pθq ` εθθprq sin2

pθq. (A.10)
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Appendix B

Analytical solution of a thick-walled
sphere subjected to internal pressure and
temperature change

Consider a general case of a thick-walled sphere subjected to thermo-mechanical load-
ing with constant pressure and temperature of Pi and Ti applied on the inner surface
of r “ ri and pressure and temperature of Po and To applied on the outer surface of
r “ ro. Due to the symmetrical loading and geometry in both polar θ and azimuthal
φ directions the strain components of εrθ, εθφ, and εrφ are zero and εθθ “ εφφ. For this
case, the strain-displacement and stress-strain relations are [3, 132]

εrr :“ durprq
dr “

1
E
rσrr ´ 2νσθθs ` αT θT , (B.1)

εθθ “ εφφ :“ urprq

r
“

1
E
rp1´ νqσθθ ´ νσrrs ` αT θT , (B.2)

where εij and σij are strain and stress tensor components in spherical coordinates, and
i, j P tr, θ, φu which are radial, polar, and azimuthal directions in spherical coordinate
system, respectively, with r “

?
x2 ` y2 ` z2, θ “ arccospz{rq, and φ “ arctanpy{xq.

In above relations θ
T
prq “ T prq ´ T0 refers to the temperature change, which for the

model studied here is [3]

θ
T
prq “ θo ´

1´ p ro
r
q

1´ p ro
ri
q
∆θ

T
“ θo ´

∆θ
T

1´ c

´

1´ ro
r

¯

, (B.3)

where c “ ro{ri, ∆θ
T
“ θi ´ θo, θi “ Ti ´ T0, and θo “ To ´ T0.
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By solving the Navier equation (2.18) in the spherical coordinate system, consider-
ing the temperature distribution (B.3) and thermal/mechanical boundary conditions,
we obtain[3, 133]

urprq “
1` ν

2p1´ νq
ri ro
r3
o ´ r

3
i

„

r2
i ` ri ro ` r

2
o ´

r2
i r

2
o

r2 ´
2νpri ` roq

1` ν r



α
T
∆θ

T
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α
T
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3
i θiq
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3
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3
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3
i q
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1´ 2ν
E

r3
o Po ´ r

3
i Pi

r3
o ´ r

3
i

r, (B.4)
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2
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1` r3
o

2r3

˙

Pi. (B.7)

Considering the vector and tensor transformation from spherical coordinate system
to the Cartesian one, the displacement in x direction and its derivative with respect
to x, respectively, are

uxpr,θ,φq “ urprq cospφq sinpθq, (B.8)

εxxpr,θ,φq :“ Buxpr,θ,φq
Bx

“ pεrrprq´ εθθprqq cos2
pφq sin2

pθq ` εθθprq. (B.9)
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