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ABSTRACT 
The underlying goal of this work is to reduce the uncertainty related to thermally induced stress prediction.  
This is accomplished by considering use of non-linear material behavior, notably path dependent thermal 
hysteresis behavior in the elastic properties. 

Primary novel factors of this work center on two aspects. 

1. Broad material characterization and mechanistic material understanding, giving insight into 
why this class of material behaves in characteristic manners. 

2. Development and implementation of a thermal hysteresis material model and its use to 
determine impact on overall macroscopic stress predictions. 

Results highlight microcracking evolution and behavior as the dominant mechanism for material property 
complexity in this class of materials.  Additionally, it was found that for the cases studied, thermal 
hysteresis behavior impacts relevant peak stress predictions of a heavy-duty diesel particulate filter 
undergoing a drop-to-idle regeneration by less than ~15% for all conditions tested.  It is also found that 
path independent heating curves may be utilized for a linear solution assumption to simplify analysis. 

This work brings forth a newly conceived concept of a 3 state, 4 path, thermally induced microcrack 
evolution process; demonstrates experimental behavior that is consistent with the proposed mechanisms, 
develops a mathematical framework that describes the process and quantifies the impact in a real world 
application space. 
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NOTATION 
Parameter Description 

CPSI Cells Per Square Inch.  Sometimes used as the generic term for honeycomb cell density 
(including in other unit systems than those implied by the name) 

t Honeycomb web thickness or time 

OFA Open Frontal Area (Area or Volume Fraction of “Air” in the Honeycomb Structure) 

CFA Closed Frontal Area (Area or Volume Fraction of “Solid” in the Honeycomb Structure) 

L Honeycomb cell pitch (unit cell spacing) 

ACT Asymmetric Cell Technology (The hydraulic diameter ratio of the large divided by the 
small honeycomb cells) Typically ≥ 1.0 

GSA Specific Geometric Surface Area (surface area per unit volume) 

 Density 

CTE Coefficient of Thermal Expansion  

  Coefficient of Thermal Expansion or coefficient associated with crack closure and 
reopening rates, based on subscript. 

  Poisson’s ratio 

E Elastic modulus 

a,b,c Either crystalline axis notation or arbitrary constants 

S Strength 

I Second area moment (i.e. Moment of Inertia) 

C Coefficient of integration - typically indicates the initial condition differential equation 

T Temperature 

To Reference temperature 

Trev The temperature at the last reversal (last temperature where  changed signs) 

P Porosity 
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Nb3 Microcrack density parameter 

n Normalized microcrack density 

noc Normalized microcrack density – “open” cracks (fraction of the total microcrack density) 

ncc Normalized microcrack density– “closed” cracks (fraction of the total microcrack density) 

nac Normalized microcrack density– “active” cracks (fraction of the total microcrack density 
impacting the apparent material moduli) 

SDF Stress Duration Factor 

to Characteristic time – atomic oscillation frequency or characteristic time for a fatigue 
analysis (using power law life model) 

k Boltzmann’s constant 

h Planck’s constant 

A Avogadro’s number 

Kb,h,noc,ncc Reaction Rate Term associated with subscript (kinetic healing rate, breaking rate, etc.) 

 Displacement, Crack Opening Displacement 

  Stress or Standard Deviation 

Ub,h Activation energy associated with subscript mechanism (bond breaking, healing, etc.) 

hb ,  Modified activation volume associated with subscript mechanism (bond breaking, 
healing, etc.) 

f  Fracture surface energy for calculating critical grain size for microcracking 

 Proportionality constant relating to grain geometry 

 Constant coefficient 

 Constant coefficient 

 Constant coefficient 

H( . ) Heaviside function 

〈. 〉 Macaulay brackets 
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KI,II,III Stress Intensity Factor in fracture modes I, II or III.  Subscript “c” indicates the “critical” 
value. 

GIC,IIC,IIIC Strain Energy Release Rate in fracture modes I, II or III.  Subscript “c” indicates the 
“critical” value. 

 Coefficient of Static Friction 

 Circular natural frequency 
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1  INTRODUCTION 

1.1 PRODUCT & APPLICATION  
Catalytic converters and diesel particulate filters are employed by nearly every vehicle in the developed world 
(Figure 1.1 and Figure 1.2).  These products are based on a highly engineered, technical ceramic materials such as 
Cordierite, Aluminum Titanate, Silicon Carbide and other compositions.  Substrates and filters are required to 
operate in the notoriously harsh environment of a vehicle exhaust system, where they are exposed to extremely 
high temperature, thermal transients, mechanical loads (both static and dynamic) as well as various atmospheres 
and chemical exposures.  The components must remain robust and last the designed vehicle life while maintaining 
favorable hydrodynamic characteristics (such as low pressure drop across the device).   

 

Figure 1.1:  Left:  Example Vehicles which utilize cordierite honeycomb substrates and filters.  Right:  Examples of various sizes and shapes 
of the honeycomb ceramic products.  [Corning, Inc., 2012] 

 

 

 

Figure 1.2: Example Honeycomb Ceramic Catalytic Converter (Left:  Polluted Exhaust enters, Purified Gas Exits Component, Right:  Close up 
view of Honeycomb Structure) [Corning, Inc., 2012] 

These materials have unique, nonlinear material behavior that is driven directly because of features at a variety 
of length scales.  In fact, length scale definitions play an important role in the analysis of porous, microcracked, 
honeycomb ceramic materials.  Figure 1.3 pictorially shows examples of approximate length scales related to the 
microcracked, porous, honeycomb ceramics studied in this work.  These notations and features will be referenced 
frequently throughout the body of this work. 
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As shown, the fully macroscopic length scale is a classic meter scale defined by “full” components.  The mesoscopic 
length scale is a transition scale bridging the material microstructure to the macroscopic component.  This length 
scale typically consists of the characteristic honeycomb structure and properties.  The microscopic length scale 
typically consists of the material microstructure within a single web of the honeycomb.  The microscopic length 
scale is commonly used to define features such as the material porosity, crystallite domains, microcrack length, 
material composition phases, etc.  The nano length scale is of the order of nanometers in length and typically 
represents features such as grain boundary phases, sub-micron crystallography, and other typical material 
characteristics of this size.  It should be noted that, as is typical in these applications, these definitions and length 
scales are not overly firm rules; instead, they are loosely defined and are considered general guidelines.  In fact, 
many features tend to bridge length scales and make some analysis and homogenizations moderately ambiguous. 

The work contained herein will focus on characterization and prediction of the thermo-mechanical behavior of 
these materials at the macroscopic length scale during severe application based load events. The macroscopic 
behavior will be shown to be driven by features at lower length scales, thus experiments and subsequent analysis 
will be conducted across these length scales throughout this work.   

1.2 PROBLEM DESCRIPTION & PRODUCT DESIGN 
Opportunity exists to practically improve thermal shock prediction accuracy of cordierite honeycomb substrates 
and filters. This will be evaluated by examining material behavior, thermal shock temperature events and 
specifically the development and evaluation of a non-linear material constitutive model will be examined. 

Figure 1.3:  Length Scale Definition Related to Microcracked, Porous, Honeycomb Ceramics 
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Inherently, these honeycomb ceramic substrates are used in a highly multi-physics design space.  First and 
foremost, these materials must meet their intended purpose of helping exhaust systems meet emission 
requirements, and doing so with as minimal of a parasitic loss to the system efficiency as possible.   

Second, these parts are exposed to extremely harsh environments, such as mechanical loads and highly transient 
temperature fields which must survived over the lifespan of the vehicle.  The thermo-mechanical behavior of these 
materials is the central theme of this study.   

Finally, cost is a key constraint in material selection and design optimization – though we will not explicitly deal 
with the topic here.  In summary, an overview of basic performance and key design factors are provided in Table 
1.1. 

Table 1.1:  Performance Constraints 

Design Requirement Example Key Metrics Primary Field of 
Physics  

Meet Emissions 
Requirements 

 Substrates: high conversion efficiency 

 Filters:  high filtration efficiency Reactions & 
Hydrodynamics 

Minimize Parasitic Losses  Low pressure drop (low impedance to flow) 

Survive in Harsh 
Environments 

 High melting temperature 

 Very high thermal shock resistance 

 Chemically stable 

Thermo-Mechanics 
& Reliability 

(Focus of study) Survive Processing Steps 
(coating, canning, transport) 

 Adequate mechanical strength 

 Chemically stable 

Cost  Raw materials & manufacturing process Economics 

 

While the scope of work here is clearly defined to be focused on the thermal-mechanical behavior of these 
materials under various applied loadings, it is critical to maintain a basic linkage to the other key design attributes.  
For example, it is usually the case that optimization for the mechanical behavior usually comes at a direct penalty 
to hydrodynamic performance (Figure 1.4).   

 

Figure 1.4:  Typical Design Spectrum Trade Offs. SML = Soot Mass Limit, P = Pressure Drop. Strength = Mechanical Strength 
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The work herein attempts to accomplish several objectives:  1) to assess current state of the practice thermal shock 
modeling, 2) begin laying a foundation for a modular, phenomenological, multiscale material model to describe 
the non-linear temperature dependent stiffness properties of these materials and 3) to determine the significance 
of the non-linear material behavior on the thermal shock performance in realistic operating conditions. 

1.3 SCOPE 
Reduction of macroscopic modeling uncertainty is the overall goal of this work.  The initial assessment regarding 
the sources of uncertainty suggest that a specific focus should be made to reduce error in the stress prediction 
portion of the analysis (section 3.2 and Appendix 11.2).  This objective will be pursued first by experimental 
observation of material behavior (section 4), followed by development of a path dependent, thermal hysteresis 
constitutive material model (section 5).  The material model will be presented in a phenomenological 
representation describing how features at a variety of length scales impact the overall macroscopic material 
behavior.  The technical work will generally follow a “Define-Measure-Analyze” methodology, where various 
experimental measurements will be made to observe material mechanisms and then subsequent analysis will be 
conducted to describe the observations.  

1.3.1 Not in Scope 
It is not considered part of this work to develop or refine any thermal or hydrodynamic models.  Likewise, 
prediction of stress based damage initiation is considered, however damage localization and propagation at the 
macroscopic length scale is not considered in detail herein.   
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2 CORDIERITE MATERIAL OVERVIEW 

2.1 COMPOSITION 
As previously mentioned, ceramic honeycomb substrates and diesel particulate filters are commercially 
manufactured and sold using several base material compositions including Cordierite (2MgO·2Al2O3·5SiO2), 
Aluminum Titanate (Al2TiO5) and Silicon Carbide (SiC).  As the benchmark material in this report, commercial 
honeycomb cordierite substrates are characterized extensively throughout the remainder of this work.  This 
section provides a general overview of key microstructure attributes related to the study of the macroscopic 
material behavior.   

Fundamentally, cordierite is a crystalline material that may be a naturally occurring geological mineral, however 
the materials studied are all synthetically reaction formed variants.  Figure 2.1 provides an overview of the ternary 
phase diagram and provides a visual description of where cordierite is formed in the alumina-magnesia-silicate 
system and its neighboring phases.   While we will be assuming the measured material is predominantly cordierite, 
there may be low percentages of secondary phases as well, with the predominant secondary phase in the 
microstructure typically being sapphirine or spinel.   

 

Figure 2.1:  Ternary Phase Diagram: Alumina-Magnesia-Silicate System (Reprinted from Levin, 1964) 
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2.2 CRYSTALLITES 
Most commercial cordierite materials are composed of a large fraction of hexagonal crystals (with some 
orthorhombic crystal fraction present as well) of very small length scales (typically less than <10 microns in length 
and several microns in width).  Bubek1 provides a nice summary and characterization of single crystal performance, 
including elastic constants and coefficients of thermal expansion.  Toohill2 also provides some insight into stiffness 
components of geological forms of cordierite and Bruno3,4 et al measure in situ lattice expansion of synthetic 
cordierite up to 1200°C, also showing micrographs of the crystallites. 

While Bubek1 provides insight into the elastic anisotropy associated with cordierite crystals, it is reasonable to 
consider these anisotropy ratios somewhat weak relative to the anisotropy in the thermal expansion coefficients.  
Figure 2.2, provides an example image showing the relative expansion coefficients in the various principal crystal 
directions with values similar to those reported by Taylor5 and later by Bruno4 (Secant coefficient, 25°- 800°C). 

Table 2.1:  Cordierite Single Crystal Elastic Constants as Reported by Bubek1 

Parameter Value 

Ea 148.03 GPa 

Ec 127.19 GPa 

Gac 47.30 GPa 

aa 0.2844 

ac 0.3401 

 

 

 

Figure 2.2:  Coefficient of Thermal Expansion of Cordierite Crystal [Figure from Bruno, 20084]  

Note the large anisotropy ratio and resulting coefficient of thermal expansion (CTE) contrast between the A and 
C axes of approximately 5.2E-6 K-1.  The A-axis shows the largest thermal expansion, while the C-axis yields a 
significant negative expansion coefficient.  This strong anisotropy of the cordierite crystal is a key attribute and 
reason why cordierite is used in these commercial applications.    
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2.3 DOMAINS 
In typical extruded synthetic cordierite honeycomb materials, groups of crystallites tend to be arranged in similar 
directions.  These groups of similarly oriented crystals are referred to as domains.  While the primary grains in 
these bodies are crystallites, the secondary grain type may be defined as a domain.  In general, it is typically useful 
to consider a group of similarly oriented crystals as having properties, such as expansion coefficients and elastic 
constants, like that of single crystals.  Bruno6 has published example images of the raw surface of such cordierite 
microstructures with manually drawn domain boundaries labeled, as well as discussing some of the implications 
of misorientation at these boundaries.  

These domains may be experimentally observed in variety of manners including petrographically thin slices 
examined with polarized light microscopy7 or via Electron Back Scattered Diffraction (EBSD), examples of which 
will be shown in later sections.   

Average crystalline orientation may also be quantified via x-ray diffraction (XRD) and consolidated into a single “I-
ratio” parameter1,4 and is often referenced with respect to the effective thermal expansion anisotropy, often 
quantifying preferential alignment in the direction of extrusion.   

Many of the microcracks which occur in these synthetic cordierite materials tend to primarily occur at the domain 
boundaries (with some exceptions).  Bruno6 has shown clear preference of microcracking to originate and 
propagate at these domain boundaries in various cordierite compositions.  Additionally, the domain boundaries 
have been found to often be composed of thin (<5nm) glassy phases.  Transmission Electron Microscopy (TEM) 
images by Dr. Indrajit Dutta at Corning, Inc. clearly show this feature in Figure 2.3. 

 

 

As will be described later in this document, it is believed that the domain misorientation at these boundaries is 
the dominant stress inducing mechanism for thermal loads.  Additionally, it is hypothesized that the bilinear 
behavior of elastic modulus with respect to temperature in non-microcracked cordierite is likely due to the 

Figure 2.3:  TEM Image of Microcracked Domain Boundary in Cordierite Sample 
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softening temperature of this interfacial glassy phase.  This glassy domain boundary is also a potential mechanism 
for high temperature creep.  Although technical efforts focused exclusively on the grain boundaries are minimal 
in the current work, further characterization, atomistic simulation and understanding of these boundaries is 
recommended as an area for future academic studies to consider. 

2.4 MATERIAL POROSITY 
Porosity and pore morphology characterization are primary engineered microstructure features in this class of 
material.  The porosity of cordierite honeycombs directly impacts coatings applied to the substrates, filtration 
efficiency (for diesel particulate filters), permeability and impedance to gas flow (i.e. impacts hydrodynamic 
efficiency), material strength, bulk density and many other performance attributes.  In general, there are two key 
types of porosity in these materials, open and closed porosity8.  In general, the porosities formed within the 
industrial honeycomb cordierite materials are a result of several mechanisms including 1) particle packing voids, 
2) inherent migration of material phases during the reaction forming process and 3) the removal of material via 
sacrificial pore formers during the firing process of the ceramic.  These types of sacrificial pore formers tend to 
lead an interconnected network of open porosity, while some of the porosity left behind after solid state reaction 
and migration of material may sometimes yield a fraction of closed porosity.  Obviously, the material porosity will 
strongly impact numerous effective material properties including mechanical (compliance, strength), 
hydrodynamic (permeability, filtration efficiency) as well as heat transfer properties (conductivity, bulk heat 
capacity, etc.).  Further characterization of material porosity will be widely explored throughout future sections. 
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3 STATE OF THE ART – THERMAL SHOCK 
A key attribute of current ceramic honeycomb substrates used for emissions control is the ability to survive the 
extremely harsh operational environment of an engine’s exhaust, which requires chemical stability and thermal 
shock resistance. Common ceramic materials such as mullite and alpha-alumina have coefficients of thermal 
expansion (CTE) 5-10 times higher than the commercial synthetic cordierite materials commonly used in the 
marketplace, rendering cordierite materials a thermally durable material for these applications.  Although much 
is known about the unique mechanisms that give cordierite substrates their high thermal shock resistance, few 
material models exist that accurately describe the highly porous and heavily microcracked ceramic material 
behavior.  

The overall driving force for this work is the ever-tightening design margin requirements and improved 
understanding of the fundamental mechanisms of thermo-mechanical material behavior.  In general, there are 
numerous methods used to assess and predict thermal shock performance and reliability of such systems.  Focus 
here is limited to methods which directly link thermo-mechanical properties of the parts to thermal shock 
performance, whether this is semi-empirical correlations or full physics based methods such as finite element 
simulations.  We will purposely disregard such approaches as the pure empirical methods of reliability analysis, 
since we are attempting to understand mechanisms of action with a semi direct linkage back to material 
characteristics.  

The simplest and perhaps most widely referenced method of material comparison utilizes variations on the 
“thermal shock parameter (TSP)” figure of merit types of approaches.  These models are powerful and widely used 
throughout literature9,10&11 because of their apparent simplicity and use for screening various materials for 
thermal shock performance.  Unfortunately, their simplicity is also the disadvantage in usage on real world 
applications that tend to exhibit more complicated behavior than the assumptions allow.  As an example, the 
classic thermal shock parameter proposed by Hasselman11,12 can be viewed as a form of equation 3.1, which simply 
describes a uniaxial stress applied to a fully constrained block of isostropic material experiencing a uniform 
isothermal temperature change.  
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  3.1 

Pictorially, this can be visualized as shown in Figure 3.1.  Among the assumptions in this version of the TSP is that 
the body is elastically isostropic with temperature independent material behavior.  The body is also considered 
fully constrained, with a purely isothermal applied temperature.  Simple variations of the assumptions have been 
used to slightly modify this form (such as allowing the thermal strain to be referenced from various temperatures 
or different secant temperature ranges) – though even allowing for these simple extensions, the fundamental 
assumptions, analysis and limitations of such an approach remain similar. 
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Figure 3.1:  Thermal Shock Parameter (TSP) Diagram 

It should be noted that realistic transient thermal shock events such as the analysis of the Drop-to-Idle 
regeneration of a diesel particulate filter described in section 7.2 are much more complicated that such TSP 
approaches allow, though the basic concept of thermal expansion constraint resulting in a mechanical stress is 
consistent with the general analysis theme. 

3.1 FINITE ELEMENT MODELING OF THERMALLY INDUCED STRESSES 
The desired outcome and practical implementation of the current work is to improve the accuracy of predictions 
used in industry today.  Typical analysis of realistic thermal shock events is often performed by conducting a quasi-
static finite element simulation over the thermal shock event.  This approach13,14 has been used in industry for 
several decades to predict failure, identify root cause and contributing factors, design better products and test 
engine control strategies.  Figure 3.2 shows the general application of this approach, which has been used with 
reasonable efficacy.  Details of this approach can be found in more detail by Wilcox13, et al.  For example, Figure 
3.2 depicts a diesel particulate filter as an effective macroscopic continuum with a transient temperature field 
mapped to the honeycomb body.  This spatially non-uniform temperature field results in thermal expansion 
mismatches within the part, resulting in a state of stress.  Since the square cell honeycomb material is effectively 
orthotropic and has asymmetric strength in tension versus compressive, each stress component is examined and 
typically the time and location of peak tensile stress is evaluated to determine if a crack may form (generally 
orthogonal to the tensile stress). 



 

P A G E  | 34 

 

 

Figure 3.2:   Pictorial Depiction of a Macroscopic Thermal Stress Modeling.   (Left) Temperature Field Applied to Body.  (Middle) Resultant 
Stress Field.  (Right) Dissected Part showing a crack found correlating to high tensile stress region of model (lines along length are dissection 
cuts). 

In general, the traditional analysis work flow is typically broken into three parts (Figure 3.3): 

1) Defining Inputs 

2) Solving (stresses, strains, etc.)  

3) Failure Criteria and Post Processing 

This process template is unchanged throughout the remainder of this work; however individual components of 
this process and underlying assumptions are challenged and assessed for refinement.    

 

Figure 3.3:  Example of Thermal Shock Analysis Work Flow 
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Specifically, for consideration of thermal shock analysis in the remainder of this document, examination of 
material properties and the development of non-linear constitutive material relationships are reported.  Specific 
examples and analysis of observed material behavior and modeling methods will be presented throughout future 
sections.   

3.2 FAILURE CRITERION  
The failure criteria presented in this section are intended for application at mesoscopic and macroscopic length 
scales.  Fracture and failure at lower length scales is discussed in later sections (e.g. section 5) and is highly 
dependent on complex lower length scale geometry and material features such as porosity and microcracking.  In 
these cases, features such as local stress concentrations, frictional contact, cohesive zone fracture, thermally 
activated kinetics (diffusion, slow crack growth, etc.) become important.  Additionally, the primary work 
conducted herein focuses on the stress analysis, not macroscopic fracture and failure criteria, which is 
recommended as a topic for future study.  The intent of this section is to provide a basic framework for which to 
apply results presented section 7. 

3.2.1 Rankine Criterion 
Perhaps the most common and simplest brittle material failure criterion is called the Maximum Normal Stress 
criterion, also known as the Rankine criterion15,16.  This criterion simply states that if any normal stress component 
equals the associated strength in the corresponding direction, failure will initiate.  Mathematically, this can be 
described as the ratio of stress to strength being less than 1.0 to prevent initiation of failure (equation  3.2).  
Additionally, directionally dependent strength (e.g. orthotropic materials) can be accounted for by comparing the 
strength and corresponding stress component directly.  Likewise asymmetric tensile and compressive strengths, 
(ST and SC ) may also  be directly compared to the associated stress. 
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 3.2 

This criterion may also be used at the mesoscopic length scale in principal stress space, as presented by equation 
3.3.  It is common to treat the mesoscopic material as isostropic, thus directional dependency may be neglected.  
Note that this variation also allows for asymmetric tensile and compressive strengths to be utilized, as will be 
experimentally described in section 4. 
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 3.3 

Given the honeycomb geometry of the structures yield a high specific surface area and the natural elasticity 
boundary condition that a stress normal to a free surface is equal to zero, as well as the square honeycomb shape 
aligning directly with a Cartesian coordinate system, the resultant stresses within the material are by definition 
highly oriented and uniaxial (or potentially biaxial), lending credibility to the use of such component based normal 
stress failure criteria in this brittle material.  For example, the case of a far field biaxial load applied in plane with 
the honeycomb is shown in Figure 3.4.  This condition yields a state of stress within the webs where, the horizontal 
webs have a uniaxial state of stress in the horizontal (x) direction, and the vertical webs have a uniaxial state of 
stress in the vertical (y) direction.  This is because the stress in the vertical direction cannot be efficiently 
transferred to the horizontal web as a result of the free surface.  In other words, while there is a state of biaxial 
load applied to the macroscopic model, the local state of stress is highly uniaxial, aligned in the direction of the 
honeycomb webs. 
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Figure 3.4:  Honeycomb with Biaxial Load.  Mesoscopic stresses components in the webs are dependent on the honeycomb web direction 
with respect to applied load, honeycomb slenderness ratio (L/t) and free surface orientation.   

Additionally, it will be shown that the tension-compression strength asymmetry is significant for this class of 

material, often ranging from  ~ 3 50C

T

S

S
   or more.  In the case of thermal shock loads (with no externally 

applied forces), the condition of static equilibrium results in regions of tensile stresses balanced by counteracting 
compressive stresses within the body.  In practice, the region of tensile stress is often concentrated to the region 
of high thermal gradients and thus exists in a domain of smaller volume than that of the compressive stress 
domain.  In order to maintain equilibrium, the magnitude of the tensile stress is therefore correspondingly higher 
than the compressive stresses.   

In summary, (2) key conditions are typical: 

1. Tensile stresses are larger than compressive stresses 

2. Compressive strength is significantly larger than tensile strength 

Thus, compressive terms in the failure criterion may often be neglected for simplification. 

3.2.2 Mohr-Coulomb Criterion 
Although not often discussed throughout this work, mechanical loads are applied to this material in some 
applications, primarily in a state of compression such as system assembly steps (“canning”) and related tests (e.g. 
isostatic strength).  In these cases, it may be critical to consider the mixed tension and compressive material 
behavior.  Often in cases where mixed load states are possible, criterion such as Mohr-Coulomb may be used, as 
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described in Table 3.1 (mesoscopic).   Similar variation may be applied at a macroscopic length scale, if directional 
components are considered in place of principal stresses.  Regardless, the tensile – compression asymmetry is 
maintained.   

 Table 3.1:  Mohr-Coulomb Failure Criterion 

Stress State Criteria 

1max 3min0, 0     1max 3min1, 1
T CS S

 
   

1max 3min0, 0    1max 3min1, 1
C CS S

 
   

1max 3min0, 0    1max 3min 1
T CS S

 
 


 

1max 3min0, 0    1max 3min 1
C TS S

 
 


 

 

 

 

Visually, both the Rankine and Mohr-Coulomb criteria are generally similar and may be viewed in terms of their 
failure envelopes.  Figure 3.5 shows these envelopes for two dimensional situations where a state of stress inside 
the shaded region indicates likelihood of material survival and a state of stress at the boundaries indicate 
likelihood of material failure. 



 

P A G E  |  3 9  

 

Figure 3.5:  Failure Envelopes.  (Left = Rankine, Right = Mohr-Coulomb) (St and Sc represent uniaxial tensile and compressive strengths, 
respectively) 

3.2.3 Probabilistic Criterion 
Given that the honeycomb shape forces states of normal (and often highly uniaxial) stress at any given point in 
the body (Figure 3.4), as well as the fact that in thermal shock loading the peak tensile stress and corresponding 
tensile strength are the dominant factors, a simplified Rankine criterion may be utilized.  Extending this concept, 
it is known that brittle materials, including ceramics, are generally considered to exhibit probabilistic strength and 
failure characteristics17,18.  In fact, the flexural strength of the cordierite honeycomb materials will be shown to 
reasonably exhibit classic Weibull probabilistic strength distributions shown in section 4.1.2.  Given this fact, the 
strength term in the Rankine criterion may be substituted by a Weibull cumulative distribution function (CDF) and 
the updated stress-strength relationship may be stated in terms of equation 3.4 17. 
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Where the two parameter Weibull CDF contains variables, Pf = probability of failure, = stress, So = characteristic 
Weibull strength and m = Weibull modulus.  The classic stress-volume term17-19 often included in brittle material 
strength functionals is not included here as the specific cordierite honeycomb studied has been shown to exhibit 
little to no measurable probabilistic volume effects19. 

Additionally, it is known that this class of material may exhibit some form of time dependent behavior of strength 
driven by slow crack growth and characterized by static or dynamic fatigue (section 4.1.2.2).  Thus, a traditional 
Power-Law Life Model [equation  3.5] can be incorporated into the probabilistic criterion by use of a strength 
knock-down factor.  This term, labelled as “SDF” (Stress Duration Factor) effectively states that only a fraction of 
the measured strength may be utilized if the stress is applied for a long enough time.  The stress-time 
superposition principal is stated to be proportional through a power-law, with the power-law constant defined as 
the reliability (or “fatigue”) exponent. 

Rankine Criterion

(S
t
,S

t
)

(S
c
,S

c
)

1

2



 

P A G E  | 40 

 1

1 2

2 1

nt

t




 
  
 

 

 3.5 

Equation 3.5 has several practical implications.  Specifically, it states that for any stress exposure over time, there 
are other effective combinations of stress and time that produce equivalent levels of damage in the material.  This 
can also be expressed for a time varying stress signal (Figure 3.6, Left).  Analogously, there are sets of conditions 
that exist where the material fails at a relatively high stress and low amount of exposure time and a relatively low 
stress for a long amount of exposure time; similar in concept to the classic fatigue “S-N” curves found in most 
mechanics of materials textbooks15.  This concept is the basis for many accelerated reliability test protocols.  It is 
simply assumed here that stress-time similitude relationship is represented by equation 3.5. 

 

Figure 3.6:  Power Law Life Model & Stress Similitude.  Left:  Time varying stress has equivalent constant stress fatigue time.  Right: Power 
Law Life Model, Stress-Time Superposition 

Using this relationship and further rearranging, practically useful forms for the Stress Duration Factor (SDF) which 
knock down the effective material strength as a function of exposure time (equation 3.6) may be found.   

 

 
  

1

,

max

n
o

f

n

f

t
SDF

t

where

t
t dt

t




 
   
 

 
   

 


 

 3.6 

The term n = dynamic fatigue constant, tf = effective fatigue time of a time varying stress normalized to the max 
value in the signal and to is the characteristic fatigue time associated with the So measurement, usually obtained 
from the strength (MOR) experiment.  Further substitution leaves us with the time dependent, probabilistic failure 
criterion (equation 3.7) used for failure predictions of such models as shown in section 7.  
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 3.7 

3.3 PROPAGATION OF ERROR 
As described in Figure 3.3, there are numerous steps and parameters in a thermal shock analysis.  Given that the 
goal of this analysis is to predict likelihood of component failure – it is proposed here that an assessment of the 
process should be considered to identify regions of highest uncertainty.  This can be accomplished by two key 
methods. 

First, a functional form to predict the Probability of Cracking (Pc) is given by a maximum normal stress failure 
criterion equation which assumes the probabilistic Weibull strength distribution presented in equation 3.7.  Using 
this functional form, a parameter uncertainty analysis can be conducted to assess where in the process to focus 
efforts to improve overall failure prediction accuracy.  More details can be found in the appendix, section 11.2. 

Using this equation and knowledge of the uncertainty of the input parameters, it can be shown that the dominant 
source of uncertainty in the overall failure prediction likely comes from the stress term, , (Figure 3.7, variable 
definitions provided in section 11.2).  Thus, it is fair to say that if the goal is to improve the failure prediction 
accuracy, it is recommended to focus on improving accuracy of predicting stress.  A fully detailed analysis including 
variable definitions and assumed values is presented in the appendix, section 11.2. 

 

 

Uncertainty Values at Peak  
 ( = 1.88) 

Parameter Value % of Total 

 1.21E+00 96.25% 
m 9.87E-08 0.00% 

So 2.97E-02 2.35% 
t 8.41E-04 0.07% 

to 8.41E-04 0.07% 
n 1.59E-02 1.26% 

Figure 3.7:  Result of Analytical Propagation of Error Analysis:  Indicating most of the prediction uncertainty is a result of the stress () term. 
Left:  Graph of stacked uncertainty of each variable.  Individual components are difficult to identify in plot due to very small relative 
percentages, as indicated in table.  Right:  Table of individual component values at peak total uncertainty (=1.88 MPa) 
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3.4 VARIABLE TRANSFORMATIONS:  MEASURABLE PARAMETERS 
Improvements in stress prediction accuracy are considered important due to the direct relationship found in many 
thermal shock experimental evaluations.  While reliability is typically driven in stress space, experimental systems 
typically require relationships to physically measurable parameters (such as reporting results in temperature space 
or defining “failure temperature”).  Thus, a relationship between the measurable parameter (i.e. temperature) 
and stress is developed for various tests.  Such relationships often produce a “lensing” effect that magnifies 
uncertainty when transforming between parameter spaces.  Specifically, a reasonably small uncertainty in stress 
can lead to a relatively large uncertainty in measurable parameter space (i.e. temperature).  Figure 3.8 shows an 
example of this error magnification.  For this case, several cordierite DPFs were tested on a burner system 
(pumping hot gas through the DPF) and was incrementally increased in maximum inlet gas temperature with each 
cycle.  The resultant axial stress increased in a linear relationship with the increasing inlet gas temperature. While 
±15% repeatability is adequate to bound the test results between parts, a ~250°C window of uncertainty is seen 
from the transformation between stress space and temperature.  Due to this fact, it is also reasonable to assume 
practically small enhancements to stress prediction accuracy may in fact lead to larger than expected accuracy 
improvements in reliability predictions.  For example, if a ±15% uncertainty in predicted stress translates into 
±100ºC (200ºC range) uncertainty in the peak survival temperature of the part, it may be reasonable to assume 
that a small reduction of uncertainty in the stress term (e.g. of ±7.5%), may result in a narrowing of the range of 
peak failure temperature by ~100 ºC (from 200 ºC to 100ºC); which is considered a very significant and valuable 
improvement – enabling margin of safety factor reductions and enabling use of lower cost materials.  

 

Figure 3.8:  Burner Test - Maximum Stress Response - Uncertainty "Lensing" 

It should be made clear here that it is understood a linear material assumption is often reasonable and may result 
in most of the mechanisms of action and overall stress state in the body of interest adequately described.  
However, of specific interest herein is the consideration of secondary effects, such as material non-linearity, to 
produce reasonably small changes in results.  It is not expected to completely change the major stressing 
mechanisms in most analyses.  This impact will be quantified in more detail near the end of this document. 
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3.5 OPTIONS FOR STRESS PREDICTION IMPROVEMENTS 
Given the results of the propagation of uncertainty analysis (Figure 3.7, Figure 11.11), efforts to improve prediction 
confidence should be focused on stress prediction enhancements.  In general, Figure 3.3 describes the process 
flow for predicting stresses in the body.  With this diagram, there are three primary input fields for such an 
analysis. 

1. Geometry definition 

2. Applied Loads and Boundary Conditions 

3. Material Behavior 

Given that the error generated in the stress solution originates with these three assumptions.  The primary work 
in this paper will be constrained to enhancing material behavior models and assumptions.  Specifically, 
constitutive material models will be developed and tested for the non-linear, path dependent thermal hysteresis 
behavior observed in these porous, honeycomb ceramics.   

4 MATERIAL CHARACTERIZATION AND MEASUREMENTS 
The nature of this study primarily consists of following a Define-Measure-Analyze procedure.  As such, this 
investigation begins with a wide variety of material characterizations following a top-down approach.  Beginning 
with macroscopic observations followed by subsequent refinements of interesting behaviors with lower length 
scale characterization and analysis.  The following section consists of numerous tests with a summary of 
measurements listed in Table 4.1.   

Much of this work focuses on observing constitutive material behavior and phenomenological relationships to 
microstructural mechanisms.  Macroscopic tests such as Young’s modulus quantify engineering constants as a 
function of time and temperature and will be used later for stress predictions.  Likewise, honeycomb dimensions 
and coefficient of thermal expansion measurements will allow full definition of an orthotropic thermo-elastic 
Hooke’s law.  Strength measurements are also used to compare against stress analysis results, as well as helping 
identify key material mechanisms of action; such as comparing Young’s modulus and Strength as a function of 
temperature, allowing inference of the state of microcracks as a function of temperature.  Dynamic fatigue 
strength measurements to be described by the kinetic theory of fracture to help estimate material parameters or 
validate micromechanical material assumptions.   

Lower length scale measurements are reported and observed primarily for confirmation of underlying 
mechanisms of action as well as for model development purposes reviewed in future sections. 
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Table 4.1:  Summary of Experimental Measurements 

Length Scale Category Measurement 
Method 

Purpose 

Macroscopic Young's Modulus Sonic Resonance Orthotropic Elastic Behavior 

Temperature Dependent Elastic Behavior & Thermal Hysteresis 

Time-Temperature Dependent Behavior:  Slow Thermal Rates 

In-Situ Contact 
Ultrasonics 

Time-Temperature Dependent Behavior:  Fast Thermal Rates 

Laser Ultrasonics Stress Dependent Behavior & Single Web Measurement (Meso) 

Tensile Strength Modulus of Rupture  Uniaxial Tensile Strength 

Dynamic Fatigue 
(Flexural) 

Time Dependent Strength:  Slow Crack Growth 

Compressive Strength A-axis Compression Compressive Strength 

Thermal Expansion Dilatometery Coefficient of Thermal Expansion (CTE) 

Mesoscopic Honeycomb Geometry Optical Microscopy Honeycomb dimensions (web thickness, cell density) 

Young's Modulus Laser Ultrasonics Validate Homogenization 

Tensile Strength Modulus of Rupture Extract from Macroscopic Measurement 

Mesoscopic Compressive Strength A-axis Compression Extract from Macroscopic Measurement 

Skeletal Density Mercury Intrusion Material Density excluding porosity 

Crystal Alignment X-Ray Diffraction Bulk Crystal Alignment.  Complimentary to EBSD measurements. 

Microstructure Image TEM Determine Structure of Domain Boundaries (i.e. glassy?) 

SEM Visualize porosity, crystallites, domains, microstructure 
morphology 

SEM - EBSD Material compositional phases and domain orientations 

Porosity Mercury Intrusion Porosity and pore size distribution 

X-Ray Tomography 3D porous material geometry, porosity, pore morphology, etc. 

 

Given that the effective macroscopic material behaves as an orthotropic material with respect to the honeycomb 
features, it is helpful to define orientation notations.  Figure 4.1 describes the principal material coordinate system 
relative to the square cell honeycomb geometry where the subscripts “1-3” indicate the principal Cartesian axis 
of the macroscopic material (such as those typically measured by sonic resonance).  The square cell honeycomb 
is effectively orthotropic in Cartesian space with principal material axes X1,X2,X3.  However, the global coordinate 
system may change independently from the material axes and is often aligned with macroscopic system geometry 
or loading as is convenient for the specific problem.  Thus it is often important to pay specific attention to the 
difference between material direction notation and global coordinate systems, as these often change on a case 
by case basis in practice. 
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Figure 4.1:  Coordinate System Definition with Respect to Honeycomb Orientation.  The square cell honeycomb is effectively orthotropic in 
Cartesian space with principal axes X1,X2,X3.  However, the global coordinate system may change independently with respect to the material 
axes.   

Several common orientations are shown for example describing how a macroscopic measurement in the defined 
X-direction may be indicative of different material orientations.  Effective properties may be obtained in any 
arbitrary rotation by use of traditional orthotropic direction transformations20. 

4.1 MACROSCOPIC MEASUREMENTS 

4.1.1 Young’s Modulus 
Detailed analysis and constitutive model development in later sections will be heavily focused on effective 
behavior of the Young’s Modulus.  As such, numerous Young’s Modulus measurements were made using several 
different methods in order to observe material behavior with respect to time, temperature and stress.  
Additionally, many of the other material measurements are also used to relate to Young’s Modulus, such as the 
relationship between cellular geometry, porosity and the material stiffness. 

4.1.1.1 Sonic Resonance 
Sonic Resonance is a method of characterizing Young’s modulus of the honeycomb, porous ceramic materials as 
a function of temperature.  In general, a rectangular cross section bar is used, typically of size 12.7 mm X 25.4 mm 
X 127 mm (H x W x L).  The bar is then suspended inside of a tube furnace by high temperature threads (Figure 4.2 
& Figure 4.3).  As the kiln temperature changes, the flexural resonance frequency of the beam is then measured 
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by monitoring the response of the detecting transducer during exciting transducer frequency sweeps.  The results 
of which are often viewed as a 3D surface (“Waterfall Plot”) of response Amplitude vs. Time and Frequency. 

 

Figure 4.2:  Sonic Resonance Test Description - View of Test Specimen – [ASTM C119821] 

 

 

Figure 4.3:  Diagram of High Temperature Sonic Resonance Test 

Once the resonance frequency is measured, the dynamic Young’s modulus can be calculated via equation 4.1. 
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 4.1 

Where, 

E = Young’s modulus, (Pa) 
m = mass of the bar (g) 
b = width of the bar (mm) 
L = length of the bar (mm) 
t = thickness of the bar (mm) 
ff = fundamental resonant frequency of the bar in flexural (Hz) 
C1 = correction factor for fundamental flexural mode to account for thickness of bar, Poisson’s Ratio, etc. 
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Further details and assumptions, including a functional form of the C1 parameters can be found in the ASTM 
standard21-23.  While the ASTM only provides solutions for isotropic materials, it should be noted that for 
honeycomb samples the effective material stiffness is orthotropic.  The impact of this is minor for material 
orientations that have a large shear modulus with respect to the flexural direction.  For example, the Young’s 
modulus in the honeycomb extrusion direction (X1 direction of Figure 4.1) is well estimated by this test.  Likewise, 
the so called “tangential” modulus (X2 & X3 direction Figure 4.1) is estimated well if oriented with G23 (shear 
modulus) in the “out of plane” direction of the flexure.  If G23 is “in plane” then the effects of orthotropic materials 
must be explicitly considered in the equation relating the flexural resonance frequency and effective elastic 
modulus.  This can be done by finite element analysis (see Appendix 11.3) or by potentially modifying the 
equations of beam resonance to include orthotropic material behavior24,25. 

4.1.1.1.1 Thermal Hysteresis 
Sonic resonance methods of measurement lend itself to efficient characterization of Young’s modulus with respect 
to temperature.  Most results reported in this section will be at the macroscopic length scale (per ASTM).  The 
axial Young’s modulus for this cordierite 200/12 honeycomb is shown in Figure 4.4. Additionally, the tangential 
modulus (E2 & E3) was measured to be 46.17% of the axial modulus (E1) at room temperature.   

 

Figure 4.4:  First Thermal Cycle - Macroscopic Elastic Modulus – Axial Direction 

The Young’s Modulus shows a path dependent thermal hysteresis behavior (different path on heat up and cool 
down) which will be discussed in more detail throughout this report.  Additionally, it may be noted that the final 
cooling curve data point does not fully return to the initial heating point at room temperature.  This difference is 
partially due to a visual plotting artifact.  The initial heat up point is made at approximately 20°C, whereas the final 
measurement shown in this plot was performed at 55°C.  The real difference between these points when the 
sample is fully returned to room temperature is due to microcracking kinetic behavior; as the sample sits at normal 
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ambient temperature for additional time, the result will slowly return to its initial condition.  Additional 
measurements will be shown in future sections quantifying this relaxation event.  It should be noted that the 
material sample measured in Figure 4.4 had been sitting at ambient conditions for more than 1-2 years prior to 
testing.  In order to eliminate this small (but measurable) artifact, the sample was exposed to an initial 
temperature cycle to effectively “reset” the material prior to further characterization.   

An important data set for analysis in later sections is provided in Figure 4.5, where an experiment consisting of 
multiple temperature ramps are conducted continuously to demonstrate path dependent behavior of the 
material.  Figure 4.5 shows data beginning from 1200°C and progressively experiences thermal cycles.  Plotted in 
the familiar Modulus vs. Temperature space, one can see the overall thermal hysteresis loop similar to Figure 4.4, 
however there are numerous internal hysteresis paths measured at intermediate temperatures.   A more detailed 
examination of this data is discussed in section 6. 

 

To describe this path dependent, kinetic material behavior mathematically, it will later be shown that unwrapping 
the dynamic signal in time space will prove beneficial.  The same data shown in Figure 4.5 is also portrayed in 
Figure 4.6 as a dynamic system.  In this case, the time dependent load (temperature) is shown in red.  The 
measured response (Young’s modulus) is shown in blue.  This test with preconditioning (initial heat up cycle) and 
kiln cooling consists of approximately 5 continuous days of thermal cycling with a target kiln ramp rate of 4°C/min.   

 

Figure 4.5:  Thermal Hysteresis Test - Path Dependent Behavior of Cordierite - Axial Direction - Macroscopic 
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This data set is reported at the macroscopic (as measured) length scale.  It will be shown again in the analysis 
section 6 of this report for model understanding and may be converted to the mesoscopic length scale by 
multiplication factors provided in section 4.2.2.   

As shown, Figure 4.4 - Figure 4.6 followed a thermal path described in Table 4.2.  Step 0-1 indicates the pre-
conditioning step and subsequent steps are used for data analysis.  Set points of 25°C may not actually be reached 
in the measurement due to excessive cooling times from 55°C to 25°C in the kiln.  Thus, the lowest measured 
temperature is typically deemed acceptable at some point after 55°C threshold is reached. 

 

Figure 4.6:  Time Space - Thermal Hysteresis Test - Path Dependent Behavior - Axial Direction - Macroscopic 
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Table 4.2:  Thermal Path - Set points 

Step Target Temperature [°C] 

0 25 

1 1200 

2 25 

3 650 

4 25 

5 950 

6 25 

7 1200 

8 950 

9 1200 

10 250 

11 1200 

12 250 

13 950 

14 25 

 

Apparent in this data, the thermal hysteresis behavior clearly shows varying degrees of path dependency 
corresponding to the material thermal history and internal state of microcracks within the body.  Given that this 
dataset will be discussed in more detail later, it will not be scrutinized here.  However it is noted that the specific 
set points and order of steps were specifically selected to activate various microcrack states in this material.   

4.1.1.1.2 Time Dependent Behavior – Slow Thermal Rates 
Several tests were conducted to investigate the impact of time dependent material behavior using the sonic 
resonance test.  Both heat up and cool down thermal dwell responses were measured.  The thermal ramp rates 
were practically limited by kiln capabilities, thus only “slow” ramp rate effects were considered.  Further time 
dependent characterization at differing rates and conditions are studied via ultrasonic (laser & contact) methods 
in sections 4.1.1.2 and 4.1.1.3.     

Time dependent behavior upon heating is studied in order to help quantify the kinetics of thermally induced 
microcrack healing, postulated to behave as a sintering or surface diffusion type of behavior.  Various thermal 
ramp rates and temperature dwells are measured to observe the significance of this behavior.  Similarly, thermal 
dwells on cooling (in addition to cooling rate variations) are tested to study slow crack growth kinetics of the 
microcracks, which is also hypothesized to be related to the dynamic fatigue behavior of the material measured 
in other sections. 

To begin, the first experiment varied the thermal ramp rates as widely as possible within kiln hardware limits, 
noting the baseline tests are conducted at a target of 4°C/min.  The heat up rates were varied between 0.4-
20°C/min, where 20°C/min is the maximum obtainable ramp of the kiln and the thermal uniformity significantly 
suffers as a result.  The cool down rates were varied between 0.4°C/min and ramped up to the maximum cooling 
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rates possible by natural cooling (starting around 50°C/min and slowly decreasing as the kiln gets cooler).   Table 
4.3 summarizes the test matrix considered. 

Table 4.3:  Test Matrix - Kiln Ramp Rates 

Test # Heat Up Rate [°C/min] Cool Down Rate [°C/min] 

1 0.4 0.4 

2 20 ~5 (varying 201) 

3 8 As Fast as Possible 

~(501) 

4 0.4 As Fast as Possible 

~(501) 

 

Figure 4.7 and Figure 4.8 shows the time-temperature response and the measured ramp rates throughout the 
cycles. 

 

Figure 4.7:  Thermal Ramp Rate Profiles - Sonic Resonance (Time vs. Temperature shown) 
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Figure 4.8:  Thermal Ramp Rate Profiles - Sonic Resonance (Measured Ramp Rates Shown) 

Noting that the sonic resonance frequency sweep at each measurement point requires approximately 1-2 minutes 
per sweep, it is likely that there is a time-temperature-modulus averaging and time lag error component to the 
reported values at fast ramp rates, though the magnitude of this was not explicitly characterized here.  Figure 4.9 
provides a direct comparison between these four thermal cycles in terms of their calculated macroscopic Young’s 
modulus.   

 

Figure 4.9:  Young’s Modulus Thermal Hysteresis Curves for Various Ramp Rate Cycles.  Heat up curves show only minor sensitivity to ramp 
rate while cool down curves may indicate some kinetic behavior. 
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As shown, the heat up curves are reasonably stable with respect to ramp rate, though there is some minor 
accelerated stiffening shown for the slowest heat up cycles.  Likewise, the cooling cycles all show the standard 
path dependent hysteresis behavior, though there are some apparent differences between cases.  The fastest 
heat up cycles (Tests #2-3) show both slightly delayed heat up stiffening and lower magnitude modulus at high 
temperature – continuing into a lower modulus during the cool down segment.  This is likely due to path 
dependent microcrack healing kinetics (fast rates yield less complete healing reactions).  Interestingly, the shape 
of the cool down response curves differs between the cases, with the fastest cool down cases having the smallest 
rates of change and the slowest tests showing the most sudden onset and accumulation of microcrack softening.       

Next, a study of thermal hold times was conducted.  Several tests were run to examine the apparent Young’s 
modulus kinetic behavior as a function of hold time and temperature.  It is expected that the microcrack healing 
mechanism is a thermally activated kinetic process and therefore should create time dependent behavior in the 
Young’s modulus during the heat up cycle.  Likewise, it was unknown if time dependent microcrack initiation and 
growth is experienced during cool down, however based on the dynamic fatigue testing results, it was considered 
worthwhile to examine the response of the material with respect to cool down thermal dwells.  Table 4.4 describes 
the three tests measured to help characterize these behaviors. 

Table 4.4:  Thermal Dwell Experiments with Sonic Resonance Testing 

Test # Purpose 

1 Heat and Hold at Various Temperatures 

2 Heat and Hold – Cyclic Response 

3 Cool and Hold at Various Temperatures 

 

The first test ramped temperature to a prescribed set point value and held there for 10hrs, after which it returned 
to room temperature.  The response was recorded throughout the entire test.  The same sample was then heated 
to an incrementally higher temperature where it again was held for 10hrs and subsequently returned to room 
temperature.  This process was repeated for each cycle while the thermal soak temperatures were increased by 
100°C increments from 800°C to 1200°C.  The (7) thermal heat-up/cool-down loops are described in Table 4.5.    
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Table 4.5:  Heat Up Soak Test - Time-Temperature Set Points 

Segment Soak Temperature 
[°C] 

Hold Time      
[hrs] 

1 800 10 

2 900 10 

3 1000 10 

4 1100 0 

5 1100 10 

6 1200 0 

7 1200 10 

 

Results of this testing can be shown in Figure 4.10 in Young’s Modulus versus Temperature space.   The Y-axis 
(Young’s modulus) is normalized to the initial starting value at room temperature.  As shown, several key 
observations can be made.  First, the amount of stiffening during the thermal soak increases as a function of 
temperature, and eventually decreases as the upper saturation limit is approached (between 1100-1200°C).  This 
is consistent with a thermally activated kinetic process of microcrack healing (surface bonding) with a limited 
potential number of available sites.  The kinetic healing rate increases with respect to temperature, yet the total 
available microcracks available for healing is a self-limiting factor that is fully saturated by ~1200°C.  Second, the 
kinetics are reasonably slow – taking place over several hours of hold time at these temperatures, thus it may be 
reasonable to assume these reaction rates negligible if the material experiences fast heat up times (e.g. 
>1000°C/min) relative to the 4°C/min rates used in this kiln study.  Third, the process seems fully reversible if the 
material is cooled and held at room temperature to effectively “reset” the initial starting condition.   
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Figure 4.10:  Heat and Hold Results - Young's Modulus Normalized to Initial Room Temperature Value 

Given that the maximum change during hold existed at ~1000°C, the response can be further examined in time-
space as a dynamic signal (Figure 4.11).  It is clearly seen that the rate of increase may asymptotically approach a 
value with time, though the exact functional form of the kinetic behavior should be considered in more detail 
later.   
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Figure 4.11:  Heat and Hold Results - Time Response at 1000°C 

In order to confirm reversibility and cyclic behavior of this heat and hold kinetic behavior, another test was 
conducted at 1000°C with multiple thermal cycles to check material response.  In this case, additional cycling 
shows a semi-permanent increase in heat up curves – for example, looking at the difference between cycle 1 and 
cycle 2 in Figure 4.12 shows an increase in the heating curve between 800° - 1000°C.  This increased stiffness 
behavior is then repeated in cycle 3.  During cycle 4, the temperature is brought to 1200°C, and subsequently 
cooled causing an apparent “resetting” of the material to its initial state as shown by cycle 5.  This path dependent 
behavior is hypothesized to be due to partial healing of the microcrack population, causing a redistribution of the 
microstresses, which is not overcome until additional healing takes place by experiencing higher temperatures  
(1200°C).    
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Figure 4.12:  Thermal Dwell Response:  Heat and Hold at 1000°C for 5hrs 

While measurements reported in Figure 4.10-Figure 4.12 show thermally driven kinetic behavior in these materials 
related to microcrack healing, additional experiments were conducted to investigate slow crack growth kinetics 
related to the cooling cycle.  Figure 4.13 shows a stepped cooling soak test was conducted in a similar manner as 
the heating tests in Figure 4.10.  The experiment itself consisted of a sequence of thermal cycles on a single sample, 
as outlined in Table 4.6.  The sample was heated from room temperature to 1200°C within each segment followed 
by a cooling cycle to the desired soak temperature and held there for 10hrs, after which was then returned to 
room temperature.  This process was followed by a test segment which ramped from room temperature to 1200°C 
and returned to room temperature before the next test was conducted to “reset” the material.    
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Table 4.6:  Test Sequence - Cool and Hold Experiment 

Segment/Loop Soak Temperature 
[°C] 

Hold Time [hrs] 

1 500 10 

2 25120025 0 

3 400 10 

4 25120025 0 

5 300 10 

6 25120025 0 

7 200 10 

8 25120025 0 

9 100 10 

10 25120025 0 

 

Figure 4.13 shows small decreases in Young’s modulus during each of the thermal soak steps, increasing in 
magnitude as the temperature is reduced.  During the soaks between 400°- 500°C, very little relaxation was 
observed whereas during the 100° - 300°C soaks, a measurable decay rate was shown – though still reasonably 
small in magnitude.   
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Figure 4.13:  Young's Modulus Thermal Hysteresis Loops w/ 10hr Thermal Soak on Cooling 

As an example, Figure 4.14 shows the Young’s Modulus versus hold time response during the thermal soak at 
100°C.  In this case, an exponential softening rate is observed. 

 

Figure 4.14:  Relaxation during Thermal Hold at 100°C (Cooling Curve) 

Following standard exponential decay functionals, the data can be fit by equation 4.2. 



 

P A G E  | 60 

   0

t

aE t E e E    
 4.2 

 

Where E0, , Ea are fit constants.  The term (E0 + Ea) indicates the initial value at time equal to zero.  Ea is an 
asympototic value and is a rate of decay constant, sometimes called the time constant. 

Table 4.7:  Exponential Decay Constants at 100°C 

Parameter Value Units 

E0 241 MPa 

Ea 3304 MPa 

 1.182E4 seconds 

 

The curve fit provides an estimated exponential decay time constant on the order of 3.3hrs.  A similar fit can also 
be completed across all the measured thermal hold cycles.  Results indicate that at higher temperatures, such as 
500°C, the decay magnitude is negligible and can be ignored (as described by a lack of microcracking).  The decay 
rate continues to increase progressively as temperature is lowered.  In all cases with a reasonable signal to noise 
ratio, the time constant remains moderately consistent between 3.0-3.5 hrs.  An example of these relaxation 
curves can be found in Figure 4.15. 

 

Figure 4.15:  Relaxation Curves during Thermal Cool Down Holds - Normalized to Initial Value During Hold 
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As shown, all cases yield less than 10% total decay in magnitude, though the kiln cooling rate continually slows as 
the temperature decreases, which is a convoluting factor in the decay magnitude.   

It should be noted that all cool and hold experiments held the total test time to be roughly constant, as well as 
the heat up and initial cool down rates.  This is shown in Figure 4.16 for several of the tests using 10°C/min as the 
nominal ramp rates. 

 

Figure 4.16:  Time-Temperature Cycle of the Cool and Hold Experiment 

4.1.1.2 In-Situ Contact Ultrasound    
In order to measure material response to fast (realistic) thermal ramp rates, a custom contact ultrasonic test 
fixture was developed.  Kilns are not a valid way obtaining heating and cooling rates similar to those found in real 
world applications; whereas a forced convection test may be able to more reliably create such thermal ramp rates.  
Thus, a lab test where preheated air was pumped through a test sample was used to heat and cool the sample 
quickly.  The plugged cordierite honeycomb filter sample was sized approximately 50.8mm diameter by 152.4mm 
long.  The air upstream of the filter was heated by two methods, 1) electric pre-heater and 2) a catalyzed diesel 
oxidation catalyst (DOC).  Diesel fuel was injected just upstream of the DOC over which the fuel oxidized and 
released heat, enabling significant heating and cooling rates and temperatures to be experienced. 

During this test, a transmission ultrasonic fixture was actively sending and receiving longitudinal waves across the 
honeycomb webs.  For temperature isolation of the transducers, a Macor waveguide was used between the 
transducer and the specimen.  Additionally, a water-cooling jacket was placed around the transducer to further 
remove any heat.  The Macor waveguides were put in direct contact with the test specimen and the assembly was 
spring loaded to maintain contact pressure.  Figure 4.17 and Figure 4.18 show the specimen and ultrasonic 
transducer configuration and Figure 4.19 shows a picture of the part installed in the test unit.  The ultrasonic 
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measurement sampling rate was collected as quickly as possible, which resulted in an approximately 1Hz 
collection rate.    

 

 

 

 

 
Figure 4.18:  In-Situ Ultrasonic Measurement Specimen and Test Fixture Set Up 

Figure 4.17:  In-Situ Ultrasonic Measurement Diagram 
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Thermocouples were inserted into the diesel filter channels from the outlet face, according to the layout shown 
in Figure 4.20.  Thermocouple numbers 2, 5 and 8 are spaced radially along the mid-length of the filter, directly 
along the path of the ultrasonic measurement.   

 

 

The heating rate labels in the following plots take the secant rate between 100°C on heat up and the maximum 
temperature obtained in the test.  Likewise, the labeled cooling rate is the secant rate from the maximum 
temperature to 450°C on cooling.  These were simply calculated as shown by equations 4.3-4.4. 
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 4.4 

In general, the time-temperature curves were like that shown in Figure 4.21.  This specific case was a “controlled 
heating” test labeled as 1175°C/min heating rate.  Note that the “near skin” thermocouple (TC8) always shows a 
temperature difference as compared to most of the core of the filter due to thermal boundary conditions and 

Figure 4.19:  Test Unit - Heated Air is Pumped Through Test Specimen 

Figure 4.20:  Thermocouple Map - In Situ Ultrasonic Modulus Testing 
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non-uniform gas flow.  This temperature difference varies with ramp rate and test conditions – though typically 
faster rates create larger differences, where the example below is perhaps the worst-case temperature differential 
considered. 

 

Figure 4.21:  Example Time-Temperature Response along DPF Radial Mid-Length 

4.1.1.2.1 Time Dependent Behavior – Fast Thermal Rates 
Provided these conditions, two primary experiments were conducted.  First, the transverse (aka “Tangential”) 
macroscopic Young’s modulus was measured as a function of heating rate.  The heating rate was varied from 
20°C/min to more than 1175°C/min.  Results show similar response and effectively no significant temperature 
rate dependency during heating (Figure 4.22).   As previously discussed in the Sonic Resonance testing, it seems 
that the kinetics during this loading cycle is significantly slower than the rates considered here (on the order of 
hours). 
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Figure 4.22:  Transverse (”Tangential”) Young's Modulus versus Heating Rate 

The second experiment examined the cool down rate effects – however this was practically more challenging due 
to the obvious path dependent behavior of the material.  For example, moderately small differences in peak 
temperature can yield substantial differences in material behavior on cooling, and this experimental setup had 
practical limitations with temperature control capability.   

Results shown in Figure 4.23 suggest minimal sensitivity to cooling rate between 20-1394°C/min cooling rates for 
peak temperatures less than approximately 1100°C.  The slowest rate at 20°C/min average temperature was 
tested to greater than 1200°C and clearly shows a different cooling path (similar to the baseline sonic resonance 
and laser ultrasonic tests).  However, as temperature continues to cool to room temperature, the apparent 
Young’s modulus did not return to its starting condition immediately.  This apparent difference was found to be a 
kinetically driven slow crack growth mechanism.  When the sample was held at room temperature for several 
hours, it was confirmed to again return to the original starting Young’s modulus value, with an exponential time 
constant on the order of 8-9 hrs at room temperature, similar in nature, but slightly longer times compared to 
those results found in Figure 4.14 - Figure 4.15.   
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Figure 4.23:  Transverse (”Tangential”) Young's Modulus versus Cooling Rate 

In general, this data tends to show minimal kinetic behavior at fast thermal ramp rates when peak temperatures 
are less than ~1100°C.  Though we know that the microcrack healing reaction is fundamentally a thermally 
activated kinetic reaction, the available data measured here is unable to strongly quantify relevant kinetic 
parameters.   There may be some time dependent slow crack growth relaxation when peak temperatures are 
~1200°C+ and cooling rates are reasonably fast.  It should also be noted at this point that the intent of data 
provided in Figure 4.22 - Figure 4.23 are not necessarily to be quantitatively as accurate as the Sonic Resonance 
or Laser Ultrasonic measurements; it is solely the intent to probe the functional behavior of the material at much 
faster thermal ramp rates than those experienced in kiln based measurements.  There are systematic errors in the 
data reported by assuming uniform modulus material across the ultrasonic path (i.e. impact of thermal boundary 
layer) – however it was determined through analytical calculation that the impact of this is not likely to change 
the overall conclusions of these observations.  Additionally, the temperature dependent Macor waveguide 
response was measured to be minimal compared to the change in modulus of the cordierite material and was 
numerically corrected for as necessary.   

4.1.1.3 Laser Ultrasonics 
Ultrasonic techniques are a reasonably standard method of characterizing Young’s modulus in materials.  
Typically, a piezoelectric transducer is used to generate the ultrasound signal.  It is then transferred to the sample 
of interest via direct physical contact.  There are methods of air coupling and other non-contact methods; 
however, each technique differs in applicable frequency spectrum, signal strength, spatial resolution, etc.   

One such method of ultrasonic inspection of materials is via laser induced ultrasound26.  While these ultrasonic 
methods can be performed in numerous modes of wave propagation, (i.e. shear waves, lamb waves, guided 
waves, Rayleigh waves, etc.) we are only considering direct longitudinal wave generation and detection herein.  
With this method, a relatively low power density laser pulse (relative to laser ablation power densities) is focused 
on the sample surface.  During this pulse, a rapid thermal expansion event triggers an acoustic wave traveling 
through the sample.  On the opposite side of the sample, a laser interferometer is placed to measure the instant 
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the wave reaches this surface, thus measuring the time-of-flight of the wave.  Knowing the path length of the 
wave and the time from generation to receiving of the signal, the wave velocity may effectively be calculated.  
Figure 4.24 shows a basic depiction of the measurement technique.  Figure 4.25 provides an example of the 
ultrasonic signal received from the continuous wave laser interferometer.  The initial wave was measured to 
define the time of flight of the signal.  Figure 4.26 provides an image of an example experimental set up at room 
temperature.  A similar set up was conducted for high temperature testing by encapsulating the sample inside of 
a box furnace with windows cut into the sides for the lasers.  All components of these systems are commercially 
available; however the overall unit was custom built at Corning Incorporated.  Images of the complete system are 
shown in Figure 4.27, including the box kiln. 

 

Figure 4.24:  Laser Ultrasound Measurement 

 

Figure 4.25:  Example Measurement Response Signal (Time of Flight) 

Dynamic Young’s modulus can be estimated by relating a product of the speed of sound and material density to 
the Young’s modulus of the material (equation 4.5). 
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Figure 4.26:  Example Experimental Set Up of Laser Ultrasonic System (Image Courtesy of Dr. Chong An, Corning Inc.) 
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As shown, the system has the capability to measure in excess of 1200°C, and some ability to vary the atmosphere 
inside of the kiln via purging the volume with a gas, such as Nitrogen.  Additionally, some control is available for 
adjusting the relative humidity within the kiln as well, though quantifiably more challenging.   

All tests used a 100-micrometer laser spot size.  Cordierite sample lengths varied between 50mm to >305mm.  
The measurements were usually performed on a single web of the honeycomb structure since the laser spot size 
is of small enough dimension.  The material density is usually based on the mesoscopic effective continuum 
assumption, (i.e. meso=o*(1-P)).  However, since the results are simply a linear multiplier of density, it is often 
convenient to report the results as the specific Young’s Modulus; that is the term:  E/ Likewise, all analysis is 
assumed to be conducted on non-dispersive longitudinal waves only. 

4.1.1.3.1 Comparison to Sonic Resonance 
A direct comparison between Laser Ultrasonics measurements and Sonic Resonance testing was found to directly 
correlate on the heat up and initial cool down phases of the measurements.  The final cool down portion of the 
test (<400C) was not compared due to the inability of the box kiln used in the laser ultrasound system to cool at 
the same rates as the smaller tube furnaces used in the Sonic Resonance tests.  Results clearly give similar values 
between tests (Figure 4.28); however, the laser ultrasound measurement does show significantly more 
measurement noise than the sonic resonance test (related to the accurate identification of the ultrasonic time of 
flight within the sample, i.e. time measurement resolution). 

Figure 4.27:  Overview of Laser Ultrasonic System with High Temperature Kiln (Image Courtesy of Dr. Chong An, Corning Inc.) 
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Figure 4.28:  Sonic Resonance vs. Laser Ultrasonic Characterization of the Axial Young's Modulus of the Cordierite Honeycomb 

4.1.1.3.2 Stress Dependent Young’s Modulus – Uniaxial Compression 
A custom-built loading system, shown in Figure 4.29, was used for this experiment in order to be placed within 
the Laser Ultrasonic measurement unit. The custom system consisted of a high precision bench vise with a 
mounted button type load cell.  A compressive stress was increased by tightening the vise.  The use of a fiber mat 
material (e.g. Unifrax XPE AV2i) at each loading surface of the test sample was included to avoid surface contact 
pressure localizations.  Due to the mat material induced load relaxation behavior, at least 30 minutes hold time 
(with vise tightening to compensate) was applied before any measurements were taken.  When a series of 
measurements continued over several days, the last stress level of the day was left over night.   In other words, a 
load set-point was provided for each step.  That load was maintained at steady state for a minimum of a 30-minute 
hold before conducting the measurement (adjusting the crosshead displacement to compensate for any 
relaxation).   
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Figure 4.29:  Laser Ultrasonic System with Uniaxial Compressive Stress – Transverse Modulus Measurement 

Honeycomb samples were cut in cubes of 50.8mm in each dimension.  Elastic modulus values were obtained from 
the ultrasonic time-of-flight measurements with the Laser Ultrasonic system.  The data evaluation procedure is 
well described in previous sections.  All results are reported as macroscopic, homogenous material (smeared) 
properties – with results proportional to the time of flight measurements as well as the bulk material density and 
sample length.   

4.1.1.3.3 Crack Growth with Applied Uniaxial Compression 
The topic of crack growth with an applied uniaxial compression stress has been an area of research for many years 
and is often recognized as a complex failure mode in brittle materials.  Several common compressive failure modes 
are considered in the literature and are described in detail by sources such as Kolari27 and testing standards28.  
Figure 4.30 shows typical fracture patterns in uniaxial compression tests and pictorially describes several of the 
common compression failure modes.   
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Figure 4.30:  Compressive failure modes: a) plastic yielding, b) cone failure, c) axial splitting  [Redrawn similar to Kolari, 200727] 

Of specific interest to this work is the case shown as axial splitting (sometimes called axial slabbing).  Axial splitting 
is a primary failure mode for many brittle materials including concrete and ceramic materials.  The remainder of 
this study was built with the hypothesis that cellular ceramic materials may exhibit axial splitting failure modes 
under compression forces and that microcrack growth and accumulation may show this directional dependence 
(i.e. damage anisotropy).  This assumption is central to measurements and interpretation of the data, in that the 
axial splitting mechanism does not significantly change the macroscopic stress field. 

These assumptions become important when trying to measure and quantify damage growth (specifically of 
microcracks).  Whereas under a tensile load, damage accumulation of a microcracked material may be monitored 
by a change in elastic modulus in the direction of applied stress, however the case of uniaxial compression is 
different.  In compression the stiffness in the direction of applied stress is generally unaffected by axial splitting 
crack formation – however the stiffness in the directions orthogonal to the direction of the applied stress is 
reduced due to the axial splitting crack formation and growth.  There are numerous theories describing 
mechanisms of this behavior – such as the commonly known “wing-crack” model as well as others29-38.  While a 
detailed description of such theories will not be covered herein, it is hypothesized by the author that this type of 
mechanism is relevant to the materials tested in this work. 

For example, samples experimentally brought to structural failure typically showed axial splitting failure mode as 
shown in Figure 4.31, along with secondary crack branches and crushing.  Higher porosity materials (e.g. >50% 
porosity) are also observed to be at risk of alternative failure modes, such as localized powderization and material 
crushing at the contact faces. 

 

a) b) c)
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Figure 4.31:  Example of Failed Sample - Axial Splitting Failure Mode 

For the test shown, the stress was applied in the honeycomb “axial” direction (X1 direction) and the Young’s 
modulus was measured orthogonal to the stress (Stress in X1 direction, modulus measured along X2).  As shown in 
Figure 4.32, to effectively test the assumption that damage should be orthotropic and oriented preferentially in 
the direction of the applied stress, the largest reduction in apparent modulus should be in the direction orthogonal 
to applied load.  Orientations shown here follow similar notations as Figure 4.1. 

 

Figure 4.32:  Load and Ultrasound Measurement Orientations (Honeycomb = Axial Stress, Transverse (“Tangential”) Young’s Modulus) 

The measured transverse modulus (E2) response can be plotted as a function of applied compressive stress.   Figure 
4.33 shows the material response over two load cycles plus a thermal heat treatment.  Initially, the transverse 
modulus remains constant with applied stress until it reaches a critical level, at which time damage (softening) is 
observed.  Prior to sample fracture, the sample is unloaded, where the modulus remains largely unchanged upon 
load removal (with some addition softening upon unloading).  The second load cycle shows a permanently reduced 
modulus equaling the unloading portion of the first cycle.  Peak stress slightly exceeded that of the first cycle, and 
additional small damage was measured on subsequent unloading.  At this point, the sample is visually undamaged 
(no macrocracks) – however the transverse Young’s modulus is nearly 30% lower than its initial condition 
indicating damage accumulation due to the stress exposure.  The hypothesis that this damage was created by 
microcrack growth suggests that, like the Sonic Resonance thermal hysteresis curves for modulus, the microcracks 
may be thermally healed with temperature exposure.  Thus, the damaged sample was then put into a furnace and 
heated to 1200°C at 4°C/min, soaked at 1200°C for 30 minutes and then cooled at 5°C/min.  After the sample 
returned to room temperature, Young’s modulus was re-measured and thermal microcrack healing was directly 
apparent as the Young’s modulus returned to its initial condition prior to stress exposure. 
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It should be noted that Figure 4.33 was normalized in the X-axis (applied stress) to macroscopicmax = 4.83 MPa.  
No visual cracking or damage was apparent on the sample tested.  Thus, it was concluded that applied stress 
induced damage accumulation was seen in this material, preferentially oriented in the direction of applied load; 
and was fully recoverable upon heat treatment (thermal healing).  This is similar data as presented by the author 
in Bruno, et al39. 

 

Figure 4.33:  Transverse Modulus vs. Applied Axial Compressive Stress – Orthotropic Damage39 

4.1.2 Strength 
A typical method of measuring uniaxial tensile strength of brittle materials utilizes beam bending and is reported 
as the flexural strength.  All tests reported here utilized 4-point bend configurations as described in the ASTM 
C1674-1140 standard and shown by Figure 4.34. 

 

Figure 4.34:  4 Point Bending Test Description - Semi Articulated Test Fixtures – [ASTM C1674-1140] 

Typical test specimen dimensions are like that of the “Sonic Resonance” test specimens, approximately 12.7mm 
H x 25.4 mm W x 127 mm long.  Load spans of 19.05mm and support spans of 88.9mm were used unless otherwise 
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noted.  Testing was conducted with a 1112N (250lbf) load cell on various load frames. Loading is typically 
performed with displacement rate control at approximately 0.381 mm/min load rate at room temperature and 
0.0254 mm/min for high temperature tests. 

Stress is then easily calculated by the typical flexural relationship (equation 4.6).  It should be noted that the value 
of the second area moment (“Area of Inertia”), I, is somewhat inconsistently used within the industry.  By default 
a simply homogeneous rectangular cross section is assumed (equation 4.7).  Alternatively, the expression can 
easily be modified to include the explicit square cell honeycomb geometry by modifying the moment of inertia as 
listed in equation 4.841.  The resultant stress gives the mesoscopic length scale stress, which can then be 
subsequently homogenized to other length scales as desired.  For simplicity to the reader, the summation term 
listed in equation 4.8 is found to be equal to the simple solution shown in equation 4.9. 
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 4.9 

Variations to the standard Modulus of Rupture (MOR) procedure include performing this test inside of a kiln at 
high temperature, where fixtures are typically made of a dense alumina to withstand the temperatures (typically 
up to ~1200ºC). 

Additionally, a similar test can be conducted to characterize the slow crack growth behavior of materials, 
commonly referred to as Dynamic Fatigue (ASTM C1368-10 & ASTM C1465-08(2013)e1)42,43.  The primary 
difference of this test is that it is usually performed in load rate control (versus the displacement rate in standard 
MOR testing).  Additionally, the analysis of the results is different in that it calculates crack growth rates, 
specifically in its purpose to define “n”, the so-called fatigue exponent (which defines the sensitivity of strength 
to applied stress rate) as defined in Figure 11.9 and equation 11.25. 
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Additional detailed analysis with examples of the flexural behavior and associated analysis assumptions are 
detailed in Appendix 11.4. 

4.1.2.1 Modulus of Rupture 
Characterization was conducted as a function of temperature, performed inside of a box kiln at 4°C/min thermal 
ramp rate.  The 4-point flexural strength testing was conducted after ~15 minutes thermal stabilization hold.  At 
this point, the mechanical loading to fracture of each specimen was conducted sequentially, one after the other 
for a total of 5 continuous specimens.  The entire mechanical testing sequence of breaking all 5 samples took 
approximately 15 minutes at temperature to complete (averaging 3 minutes per sample including sample 
placement and preparation).  Figure 4.35 shows a plot of the average strength data overlaid with the Young’s 
modulus as a function of temperature during a single heat up – cool down loop, normalized to the respective room 
temperature values.    

 

Figure 4.35:  Normalized Young's Modulus (Axial Direction) and Modulus of Rupture (MOR) as a Function of Temperature (Path Dependent 
Results).  Each MOR point shown is the average of 5 samples tested.   

The Young’s modulus as shown was measured via Sonic Resonance, and each point represents a single 
measurement during the temperature ramp, since it is a non-destructive test.  Each data point shown in the MOR 
strength curve is the average value of (5) samples tested at the indicated condition.  In summary, there were (16) 
total test conditions measured, at (5) samples each totaling (80) parts tested to failure.  The line between 600-
950°C indicates a test in which the sample was heated from room temperature to 950°C, then cooled to 600°C 
prior to conducting the MOR strength test, showing equivalent results as the samples brought to 600°C directly 
for testing.   This provides evidence of minimal microcrack healing prior to 950°C.   

Likewise, it is interesting to note that the apparent strength continues to substantially increase after cooling from 
1200°C until ~800°C.  It is hypothesized that this is due to continued time-temperature kinetic behavior of the 
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microcrack healing phenomenon.  It is suggested for future testing that this time dependent MOR behavior should 
be studied in more detail, since this observation may be advantageous to demonstrate microcrack healing kinetics.   

In general, this study shows that both Young’s modulus and tensile strength show path dependent thermal 
hysteresis behavior – with some functional form differences between the two metrics.  Finally, a point which 
should be considered by the reader is the apparent lag in strength rise on heating when compared to the stiffening 
on heating for Young’s modulus.  This apparent delay in MOR rise as compared to Young’s Modulus stiffening may 
be an indicator to help differentiate between thermally “closed” and “healed” microcracks.  

4.1.2.2 Dynamic Fatigue 
Time dependent strength is a widely known phenomenon with glass and ceramic materials42-49.  This observed 
material behavior is usually attributed to slow crack growth mechanisms such as stress-corrosion cracking or sub-
critical crack growth behavior.  Standard terminology in the literature45-51 and test standards42,43 label time 
dependent failure of materials as “fatigue” – though this does not necessarily imply the same mechanisms as 
classic cyclic fatigue in materials such as metals.  In general, (3) primary categories of fatigue are described in the 
literature, 1) static, 2) dynamic and 3) cyclic fatigue.    

Static fatigue is often described as delayed failure under constant load where time to failure is reduced with 
increased applied load.  For example, it is commonly known that glass with applied static load may experience 
delayed fracture corresponding to slow crack growth44,50-54 associated with crack tip stress corrosion mechanisms.   

Dynamic fatigue describes applications of varying load rates (as opposed to the constant loads in static fatigue 
applications).  Materials such as ceramics and glass often show a correlation between the applied stress rate and 
apparent strength.  Static fatigue and dynamic fatigue are assumed to be related via slow crack growth analysis 
(or subcritical crack growth)42,43,51 where dynamic fatigue may sometimes be advantageous in terms of testing and 
may be more functionally relevant to many time varying load applications.  The observed exponential or power-
law trend of crack velocity versus stress intensity (typical v-KI plots)45,46,53,54 are the basis for using power-law life 
models, such as that described in section 3.2.3.  Additionally, static and dynamic fatigue testing of materials is 
often considered redundant in their ability to characterize Region I crack velocity versus stress intensity (v-KI)51 
behavior and is one reason only dynamic fatigue measurements are presented here.  Static and dynamic fatigue 
behaviors are often characterized on time scales of seconds, hours, days and years with fracture mechanisms 
occurring at time scales much slower than the speed of sound in the material and should not be confused with 
very high stress rate events, such as ballistics, explosions and similar fields of study. 

Cyclic fatigue is typically associated with materials such as metals which are observed to experience degraded 
strength as a function of number of applied stress cycles (due to dislocation motion, etc.).  This behavior is 
fundamentally linked to a stress reversal cycle moving material defects (e.g. dislocations).     The reader is referred 
to available books51,54,55, articles in the literature44-48,50,52,53, and relevant ASTM standards42,43 for further 
background information on this topic.    

The work in this section experimentally characterizes dynamic fatigue behavior and is directly used in both 
macroscopic failure predictions for thermal shock reliability (e.g. section 3.2.3) as well as in developing 
microstructural mechanism understanding and constitutive model development (section 5).  Typical stress rates 
characterized in laboratory testing vary over four orders of magnitude, spanning approximately from 10-4 - 10-1 
MPa/sec at the macroscopic length scale (see Figure 4.36 as example).  Observed macroscopic stress rates in 
application are described in chapter 7, varying within generally similar macroscopic stress rates for this material.  
This range of stress rates are assumed to lie within the quasistatic range of behavior and should not be assumed 
to be in the same range as dynamic events such as shock waves, ballistic impact or similar events.   
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The dynamic fatigue behavior of cordierite presented in this section is the initial experimental observations that 
lead the author to a connection with the Kinetic Theory of Fracture (Figure 4.38) and subsequent extensions into 
constitutive material model development.   

Results shown here assume standard macroscopic length scale.  The 4-point flexural modulus of rupture testing 
used a load span of 38.1mm, a support span of 101.6mm which creates an effective moment arm of 31.75mm.  
Testing was done on (20) samples at each of (4) stress rates totaling 80 samples tested per experiment.  Each 
stress rate differed by an order of magnitude (thus 4 orders are spanned in this work).  The primary objective of 
this testing is to extract the “dynamic fatigue exponent”, n.  Because this experiment is performed at temperature 
(within a kiln), and ambient atmosphere, the overall test is extremely slow to complete (estimated at 
approximately 5 weeks of work to complete one data set).   

Results show that the uncoated cordierite material studied in this report present a dynamic fatigue constant of 
n=38 as shown in Figure 4.36.   

 

Figure 4.36:  Dynamic Fatigue (Flexural MOR) Results of 200 CPSI/ 12 mil / 1.0 ACT (31 cells/cm2  /  0.3048 mm), Cordierite Honeycomb 
(Macroscopic) - Tested at 400°C 

Within each stress rate, (20) samples were tested and allowed for a Weibull distribution analysis, as provided by 
Figure 4.37.  Results indicate no substantial change in Weibull modulus as a function of stress rate.   
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Figure 4.37:  Dynamic Fatigue (Flexural MOR) Result of 200 CPSI/ 12 mil / 1.0 ACT (31 cells/cm2  /  0.3048 mm), Cordierite Honeycomb 
(Macroscopic) - Tested at 400°C - Weibull Distribution of Individual Stress Rates 

Also, as a reference to the reader, it was observed that while the classic slow crack growth relationship accurately 
describes the stress rate dependent behavior of the flexural strength (Figure 4.36), alternative theories may fit 
the data equally well, such as the classic “Kinetic Theory of Fracture” as presented by Hansen and Baker-Jarvis56 
and shown by Figure 4.38.  This method describes the fracture event as a thermally activated kinetic process in 
which an activation energy, U, and activation volume, , are fit in a similar manner as the slow crack growth 
parameters are in the ASTM standard analysis.  This observation is used as an entry point for theory development 
in future sections. 
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Figure 4.38:  Dynamic Fatigue (Flexural MOR) Results of 200 CPSI/ 12 mil / 1.0 ACT (31 cells/cm2  /  0.3048 mm), Cordierite Honeycomb 
(Macroscopic) - Tested at 400°C - "Kinetic Theory of Fracture" Fit (same raw data as Figure 4.36 with a different theoretical fit) 

Noting length scale effects, the data shown in Figure 4.36 - Figure 4.38 are based on the macroscopic 
measurements of a honeycomb with a 200 CPSI cell density and 12 mil web thickness (31 cells/cm2  /  0.3048 mm).  
Thus, the effective open frontal area (area fraction of air) is calculated as 68.9% (Figure 11.6, equation 11.25) 
which allows us to estimate the effective mesoscopic strength of an individual web in the axial direction by 
equation 4.10 (Rule of Mixtures). 
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As an additional data point, similar dynamic fatigue testing was performed using the same material composition, 
but extruded as a different honeycomb geometry.  This additional testing utilized a honeycomb of 300 CPSI cell 
density, 9 mil web thickness (46.5 cells/cm2, 0.2286 mm) and 1.3 ACT ratio (hydraulic diameter ratio).   Note that 
the 300/9, 1.3 ACT parts reported here are tested at room temperature – though there is negligible difference in 
strength between 25°C and 400°C for this material (as shown in Figure 4.35).   Figure 4.39 shows the Weibull 
strength distributions of each tested stress rate.   
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Figure 4.39:  Dynamic Fatigue (Flexural MOR) Result of 300 CPSI/ 9 mil / 1.3 ACT Cordierite Honeycomb (Macroscopic) - Tested at Room 
Temperature - Weibull Distribution of Individual Stress Rates  

As shown, the data are reasonably well described by Weibull distributions again, however the Weibull modulus 
(shape factor) is slightly higher (m=28-32) than previous testing of the 200/12 configuration.  This is considered 
normal variation over time from manufacturing variability.  Based on the authors experience, m=15 would be 
considered near the low end of the spectrum and m=30 would be near the upper end of the spectrum of typical 
values for this material class.  In general, a value of m=20-25 is common.  Speculation on why this variation exists 
in these measured data sets are explicitly not made here.  Plotting the measured strength with respect to the 
stress rate (Figure 4.40) allows the estimation of the dynamic fatigue constant for the 300/9 1.3 ACT honeycomb 
samples, where n = 36.   
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Figure 4.40:  Dynamic Fatigue (Flexural MOR) Results of 300 CPSI / 9 mil / 1.3 ACT Cordierite Honeycomb (Macroscopic) - Tested at Room 
Temperature. 

Using equation 4.10, and a calculated OFA of 71.25% for the 300/9 ACT geometry, we can directly compare results 
between the two honeycomb geometries measured in Figure 4.41.  Clearly there is a significant offset between 
effective strength magnitudes at a macroscopic length scale between the two different honeycomb geometries, 
however when the honeycomb volume fraction is accounted for the two results show similar material strength at 
a mesoscopic length scale.  This mesoscopic equivalence is expected since the underlying material composition 
remains unchanged between these two geometries (though it should be noted that they were manufactured 
nearly 3 years apart from each other).  Figure 4.41 shows this comparison visually side by side comparing both 
honeycombs and length scale homogenization effects. 
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Figure 4.41:  Dynamic Fatigue Results - Honeycomb Comparison (Left:  Macroscopic, Right:  Mesoscopic).  Dynamic fatigue response is 
independent of honeycomb geometry and is shown equivalent at the mesoscopic length scale.  

The effect of the honeycomb geometry is a scalar offset in strength magnitude and does not impact the effective 
dynamic fatigue behavior of the material (since this slow crack growth mechanism exists at a micro/nano length 
scale only).  In all cases shown, the dynamic fatigue exponent varies between n=36 to n=38 which is well within 
the certainty of the measurement.   

4.1.2.2.1 Discussion and Additional Material Configurations 
Due to the time and effort required to conduct the dynamic fatigue tests, limited additional data is provided in a 
consistent manner (i.e. only opportunistic testing was conducted during this work, and may not be on the same 
lot of parts).  However, it is interesting to note that several other tests were conducted which may be of interest 
for future consideration, specifically the relationship of dynamic fatigue exponent “n” and temperature.  
Substantial speculation is present in the following paragraph and should be considered appropriately. 

For example, the impact of temperature on the dynamic fatigue constant of the same cordierite composition with 
standard commercial catalytic coating, a relationship between dynamic fatigue and test temperature is found 
(Figure 4.42).  This data helps show that dynamic fatigue constants are likely temperature dependent.  
Additionally, it is reasonable to see that with increasing temperatures, the dynamic fatigue constant increases 
(the sensitivity to stress rate decreases).  There also seems to be a potential time-temperature superposition 
principal at play, in that a very fast stress rate increases the apparent strength of the material and asymptotically 
approaches the high temperature strength of the material (prior to material softening).  This exact 
micromechanics mechanism of action is currently unknown (and largely unstudied) in this material class, however, 
based on these observations, it is likely that the dynamic fatigue and slow crack growth mechanism is potentially 
linked to the interstitial glassy phase present at the domain boundaries (Figure 2.3).   
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Figure 4.42:  Dynamic Fatigue Data – Commercially Coated 200 CPSI/ 12 mil / 1.0 ACT (31 cells/cm2  /  0.3048 mm), Cordierite Honeycomb.  
400°C vs. 800°C, Macroscopic 

Other material compositions, such as porous aluminum-titanate materials have classically been found to show 
similar values of dynamic fatigue constant, n, with similar increases in n with elevated temperatures between 400-
800°C.  As a rule of thumb for the reader, it is the authors experience that most commercially available 
honeycomb, porous, oxide ceramics used in the diesel particulate filter applications often provide a low 
temperature (<400°C) n values between n=20-50.   

Additionally, the measured force-displacement curves should closely be monitored in future tests; especially those 
at high temperature with respect to the linear elastic assumptions.  For example, an experimental, non-
microcracked, porous cordierite with high residual glass content was tested in dynamic fatigue at 1100°C – which 
is higher than the glass phase softening temperature of this material (~900°C) – as is shown in the Young’s Modulus 
measurement by sonic resonance (Figure 4.43).   
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Figure 4.43:  Axial Young's Modulus (Macroscopic) of Experimental, Non-Microcracked Cordierite by Sonic Resonance 

Due to the ability of the glass to viscously flow in this experimental composition (apparent material creep), the 
flexural tests showed interesting results (Figure 4.44).  As shown, the measured response at high stress rates (i.e. 
7.7E-2 MPa/s) remains linear elastic response with brittle fracture; however the slow stress rates (i.e. 6.9E-5 
MPa/s) clearly show creep deformation which may clearly impact the interpretation of results.  Creep due to 
viscous flow is not explicitly considered in this document, though it should be considered in future studies.  It 
should be noted here that the primary cordierite material composition that is investigated in this report exhibits 
much lower magnitude creep behavior than described by the material in Figure 4.44 and creep is generally 
neglected in future analyses.   
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Figure 4.44:  Example Force-Displacement Curve Measured at 1100°C on Experimental, Non-Microcracked Cordierite Composition Showing 
Creep Deformation 

4.1.2.3 Compressive Strength 
A traditional uniaxial compression test is conducted here with several minor optimizations.  Figure 4.45 shows a 
general picture of the load frame and test fixture configuration.  A Zwick Kappa DS50 load frame is used.  A Zwick 
brand 10kN load cell and compression platens are also utilized.  The upper platen is hemispherically articulated 
while the bottom platen is fixed.  Due to the extra articulation provided by the compressible filter material used 
in contact with the sample, the articulation provided in the fixture itself was not utilized in the reported testing.  
When the fixture could articulate, it was found that excessive sample and fixture movement resulted in alignment 
and sample stability problems which led to non-uniform loading and premature sample failure.  Thus, prior to 
testing each group of parts, the platens were closed in direct contact with each other to approximately 8000N 
load, at which point the top platen was locked in place (articulation locked).  After which, the load was removed 
and testing was conducted.  It should be noted that the authors have found that other fixture configurations may 
not require articulation lock out, depending on the specific equipment being used.   
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Figure 4.45:  Load Frame with Upper Test Area Compression Testing (Left:  Full Load Frame, Right:  Close Up of Upper Test Area) 

It was found through significant trial and error that the results of this testing on high porosity honeycomb ceramic 
materials were highly sensitive to the contact conditions of this compression test.  Numerous iterations of 
improved end conditions were studied, including but not limited to epoxy end potting the sample, Kynar polymer 
coating the end faces of the samples, using various interface sheets such as thick paper (index cards, folder paper, 
etc.), PTFE sheets alone and in combination with most other features, refractory ceramic fiber non-woven mat 
material blankets (such as Unifrax XPE AV2i, CC-Max 4HP, etc.) and many other combinations were also tried.  For 
reasons still unknown, affiliates in Corning’s research lab in France found that the use of a 15mm thick air filter 
material (Viledon P15/500) material tended to work the most reliably of the various conditions tested, and thus 
was used throughout this work.  The addition of thin PTFE sheets at each interface layer was also utilized, however 
it practically makes the assembly very unstable (like pinching a sample between slippery unstable surfaces) thus 
physically handling these assemblies required some practice.  The final configuration “stack up” is shown in Figure 
4.46 with a 25.4mm diameter, 25.4mm long cylindrical sample which was core drilled from full honeycomb parts.  
The end faces of the sample are machined and ground to be flat, parallel with each other and perpendicular to 
the honeycomb axis.  Tolerance is checked with traditional high-quality machining squares. 

Upper Test Area 

Crosshead Moves Upward 

Crosshead Moves Upward 

Load Cell 

Articulated 
Platen 
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Figure 4.46:  Close Up of Sample Configuration (Between Upper and Lower Platens) 

During insertion of the sample assembly within the platens, a blue foam template is used for sample alignment 
relative to the platens.  This foam template has a cut out for the sample itself in the center, as well as being cut to 
the same size as the platens. Thus the sample can be easily aligned for direct loading along the center of the load 
string.  This assembly is discarded after testing (materials are not reused).   

 

Figure 4.47:  Sample Undergoing Compression 

The compression test itself is conducted beginning with a 50N preload; then a 6.4mm/min crosshead displacement 
rate.  The test was typically conducted until either a load drop (followed by additional 1mm of travel) was observed 
or a pure crosshead travel limit was met.  The maximum force recorded was then used as the measure to calculate 
the effective compressive strength of the sample.  An example of the force response as a function of test time is 
shown in Figure 4.48.  The sample images show different test fixtures as previously described since this example 
was measured by a different laboratory within Corning Incorporated. 

Blue Foam used for sample 
alignment relative to fixture only 
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Figure 4.48: Example Test Response (Courtesy of Yassine Kilali, Corning, Inc.) 

It was observed that several common failure modes occurred in these honeycomb samples.  Specifically, axial 
splitting was most common for low porosity materials (e.g. <50% porosity) and powderization of the material was 
more common for higher porosity materials (e.g. >50% porosity).  Figure 4.49 and Figure 4.50 show examples of 
these various sample failure modes resulting from this uniaxial compression testing. 
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Figure 4.49:  High Porosity (~60%) Material After Compression Failure.  No cracking was found.  Powderization of both end faces was 
observed in addition to sample length reduction. 

 

Figure 4.50:  Uniaxial Compression Example Failure Modes (Top View of Samples) Top: 33% Porosity Material, Bottom: 60% Porosity 
Material. 
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After recording the peak force in the load-displacement response, the strength is then simply calculated in two 
ways.  First, a simple force divided by cross sectional area of the cylinder is calculated, 

2
maxmax

R
F

Area
Force

u   .   This yields the effective macroscopic strength.  Next, a mesoscopic material 

strength which removes the impact of honeycomb geometry can simply be calculated by a volume fraction 

correction, i.e. 
OFA
macro

meso 


1


 , similar to the axial MOR and Young’s modulus corrections in the axial direction.   

4.1.2.3.1 A-Axis Uniaxial Compression Strength 
The compressive strength measurements are reported in the mesoscopic strength section (4.2.4.1) for simplicity.  
Results for the macroscopic length scale are discussed there and are simply scaled by the appropriate honeycomb 
volume fraction.   

4.1.2.3.2 Reversal Cage 
A second test fixture was studied and utilized in this work for measuring uniaxial compressive strength of these 
materials.  This fixture, called a “reversal cage” was custom designed and manufactured by Zwick with several 
considerations.  First, this is a stable, self-aligning fixture with applied load.   The load frame operates in a manner 
similar to a tensile test; however, the direction of applied load is “reversed” locally on the sample itself, putting it 
in compression.  Additionally, the spacing, lengths and dimensions of the fixtures are compatible with the same 
compression samples discussed in the standard platen-based testing (25.4mm x 25.4mm cylindrical samples, or 
longer lengths).  Third, a high temperature nickel alloy “S2” capable of testing these ceramic parts in excess of 
1000°C (and possibly to 1200°C at low loads and short times) while fitting inside of the kiln is used.  Finally, the 
fixture is designed to be compatible with the laser speckle extensometer.  Figure 4.51 shows an image of the 
reversal cage with a sample loaded in between two metallic spacer blocks. 
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Results with this test fixture can be very similar to the optimized compression platen method shown in the 
previous section when interface material is used in a similar manner (Teflon sheets + Viledon foam).  An example 
data set shows a 60% porosity ceramic honeycomb material undergoing uniaxial compression testing between 
two test labs as well as (3) different test fixture setups. 

As shown (Figure 4.52), this high porosity honeycomb material (primarily Aluminum Titanate) shows parity of 
results between test labs and test fixtures when the Teflon and Viledon materials are used.  However, when no 
Viledon “mat” material or Teflon is used, the apparent strength of the sample is reported as erroneously much 
lower due to the locally higher contact stresses causing premature, localized sample failure. 

 

Figure 4.51:  Reversal Cage Fixture for Uniaxial Compression 
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Figure 4.52:  Uniaxial Crush Testing Results, Fixture Comparison (Experimental 60% porosity honeycomb material 350/12, honeycomb A-
axis).  “Standard” indicates traditional flat compression platens.  

It is interesting to note that this apparent test fixture sensitivity is a function of material properties.  For example, 
it was observed that the deviation of results with respect to contact interface material tended to become 
pronounced with honeycomb materials exceeding 50% porosity (an approximate threshold value).  Below this 
material porosity threshold, results were found to be similar in tests with and without the Viledon mat.  For 
example, in direct comparison to the results shown in Figure 4.52, the values shown in Figure 4.53 (using a lower 
porosity material) show apparent insensitivity to the Viledon mat material usage in the test.  This is interesting for 
several reasons.  First, this difference correlates with an observed failure mode difference in materials where low 
porosity parts (<50% porosity) fail via classic splitting types of brittle failure, whereas higher porosity materials 
(>50% porosity) fail via local crushing and powderization providing a practical indication for the experimentalist 
suggesting that if they are observing local material powderization as the failure mode, that they should consider 
modifying the contact interface material.  Secondly, for future high temperature tests, it may be beneficial to 
study low porosity compositions so that the high temperature limitations of Teflon and the Viledon mat are 
overcome.  Contrarily, it suggests that high temperature testing of high porosity compositions may prove 
practically challenging and would warrant investigation of using alternative contact interface materials (such as 
polycrystalline alumina or mullite fiber mat materials (i.e. see Interam brand from 3M or similar materials by 
Unifrax, LLC).   

Fixture
Test Location

Standard w/MatReversal Cage - w/ MatReversal Cage - No Mat
Lab 2Lab 1Lab 2Lab 2

6.0

5.5

5.0

4.5

4.0

3.5

Pe
ak

 S
tr

es
s 

[M
Pa

]

Experimental Ceramic B, 350/12, 60% Porosity



 

P A G E  | 94 

 

Figure 4.53:  Uniaxial Crush Testing Results, Fixture Comparison (33% porosity, 400 CPSI / 4 mil (62 cells/cm2 / 0.1016 mm) honeycomb, 
cordierite material, A-axis).  “Standard” indicates traditional flat compression platens. 

4.1.3 Coefficient of Thermal Expansion 
Measuring thermal expansion of these porous, microcracked cordierites is somewhat challenging due to the wide 
temperature range required as well as the very low effective coefficient of thermal expansion of the material.  In 
order to measure such materials, a dual pushrod dilatometer is used to measure the differential expansion 
between a reference material and the material of interest.  The reference material used is a proprietary high 
temperature, low expansion glass-ceramic composition made by Corning Incorporated.  Testing was limited to 
1000°C due to limitations with the reference material.  Absolute measures, such as single pushrod or laser 
dilatometers are not typically used due to limitations with the accuracy, since the materials being characterized 
typically have near zero coefficients of thermal expansion (the CTE is 1-2 orders of magnitude lower than many 
“typical” materials).  Though not exact, ASTM E228-11(2016)57 is used as a general reference to the procedure. 

Additionally, equipment calibration is typically different on the heating and cooling cycles, thus there is a minor 
offsets between heating and cooling that is a test borne artifact and is the reason why there is a discontinuity 
between presented heating and cooling curves at 1000ºC.  The CTE is typically reported in the secant form, as 
shown in Figure 4.55, with the reference temperature set at 25ºC. 
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Figure 4.54:  Thermal Expansion (Strain) Measurements of Cordierite in the Axial/Extrusion Direction.  Discontinuity 
between heating and cooling curves is due to measurement system calibration.  

Figure 4.55: Coefficient of Thermal Expansion (CTE) Measurements of Cordierite in the Axial/Extrusion Direction.  
Discontinuity between heating and cooling curves is due to measurement system calibration.  
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Following material orientation definitions shown in Figure 4.1, the industry standard naming convention of “axial” 
and “tangential” notations represent the “X1” and “X2” directions, respectively.  The so called “tangential” (X2) 
coefficient of thermal expansion is shown in comparison to the axial direction in Figure 4.56.  As shown, the X2 
direction tends to be approximately 0.44*10-6 [1/°C] higher in magnitude compared to the axial direction.  This is 
primarily due to the preferred crystalline alignment with respect to extrusion direction, as measured by I-ratio 
(section 4.3.1). 

 

Figure 4.56: Coefficient of Thermal Expansion (CTE) Measurements of Cordierite in the Axial/Extrusion & Tangential/In-Plane Directions 

The coefficient of thermal expansion results are equivalent at both Meso and Macroscopic length scales and are 
independent of the square honeycomb geometry. 

4.2 MESOSCOPIC MEASUREMENTS 

4.2.1 Honeycomb Dimensions 
A diesel particulate filter was measured and defined as the default standard for analysis in the future sections of 
this work.  All material measurements were cut from so called “sister samples” of heavy duty, cordierite DPFs with 
the following basic characteristics.  Industry standards for these materials state honeycomb dimensions in imperial 
units such as “cells per square inch” and “mils” and thus are reported as such herein.    

 Honeycomb cell density/web thickness:  200 CPSI / 12 mil (31 cells/cm2  /  0.3048 mm) 

 Uncoated, 12”D x 11”L (304.8 mm Diameter x 279.4 mm Length) DPF 

 Nominally 50% porosity 

Using an optical microscope, the square celled honeycomb dimensions were physically measured to be 199 cells 
per square inch (30.85 cells/cm2) with a web thickness of 11.82 mil (0.30 mm). 
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The characterization and measurements of honeycomb dimensions are commonly performed with an optical 
microscope or alternative imaging system.  Most of the measurements reported in this study were obtained via a 
Nikon AZ100 microscope.   

For standard testing, the operator manually adjusts the optical zoom on the Nikon AZ100 between 6.25X and 50X 
as necessary to obtain a good quality image of the features of interest.  Typically, cell density of the honeycomb 
shape is measured by counting at least 10 cells in various directions and then measuring the total linear distance 
across these cells.  This process is repeated in several directions and locations.  Based on this measurement, the 
area density (number of cells per unit area) can be directly calculated.   

Web thickness of the honeycomb typically requires higher magnification than the cell density measurements.  
Again, the web thickness in numerous locations and orientations are measured with manually selected edge 
definitions.   

   

 

 

Figure 4.58:  Example Web Thickness Measurements via Optical Microscopy (12.5X Mag) 

Figure 4.57:  Example Cell Density Measurements via Optical Microscopy (6.25X Mag) 
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4.2.2 Meso-Macro Homogenization Constants 
A detailed homogenization discussion is provided in Appendix 11.5.  Based on these methods, the scaling 
coefficients for a 200/12 honeycomb geometry with 2 mil (0.0508 mm) fillets are listed in Table 4.8.  The elastic 
engineering constants are scaled by their mesoscopic value, where Em indicates the mesoscopic “web scale” 
Young’s modulus.  While the RVE finite element method reported assumes the mesoscopic web is isostropic, the 
beam analogy approach proposed by Meda and Treacy58 (Table 4.9) uses knowledge of the sonic resonance results 
of the axial and tangential ratio (E2/E1) to compensate for the web scale transverse isotropy.  Em in this case is 
assumed to be derived from the axial (extrusion) direction of the honeycomb material.  Poisson’s ratio of the web 
is assumed to be 0.25 for this case (which is likely too large for this material, though is not well characterized). 

Table 4.8:  Meso-Macro Honeycomb Homogenization Constants for a 200/12 Structure.  Units based on industry standard Imperial units. 
SI in parentheses. 

Method CPSI/t 
[CPSI/mils] 

(cells per cm2 
/ mm) 

Fillet 
Radius 
[mils] 
(mm) 

E1/Em E2/ Em= 
E3/ Em 

G12 / Em 
=G13/ Em 

G23/ Em 12=13 23 

RVE 200/12            
(31 /  0.305) 

2 
(0.0508) 

0.311 0.180 0.072 0.0034 0.25 0.037 

Meda - 0.311 0.143 0.082 0.0039 0.25 0.042 
 

The E2/E1 ratio measured by macroscopic Sonic Resonance was experimentally obtained to equal 46.17%.  Utilizing 
this ratio, and the equations in Table 4.9, we can solve for the web scale Young’s modulus transverse isotropy 
ratio, as shown in equation 4.11.  Assuming a honeycomb geometry of 200 CPSI and 12 mil web thickness (31 
cells/cm2  /  0.3048 mm), we find an Et/Ea ratio equal to 84.5%, indicating minor mesoscopic asymmetry is 
measured.   
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Table 4.9:  Modified Meda-Treacy Homogenization Method for Transversely Isostropic Mesoscopic Material  

Property Meda-Treacy58  
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Where, Ea = the “axial” Young’s Modulus in the mesoscopic web material and Et = transverse modulus in the web.  
We maintain an assumption of a single Poisson’s ratio due to lack of knowledge about directionally dependent 
Poisson’s ratio at the mesoscopic length scale. 

4.2.3 Young’s Modulus 

4.2.3.1 Laser Ultrasonics 
One advantage of the laser ultrasound system is that it can test a variety of sample shapes and sizes directly.  
Given the spot size of the laser used in this study is approximately 100 micrometers in diameter, a direct 
measurement of a single web is possible at the mesoscopic length scale.  To date, this is one of the only known 
methods to measure the in situ Young’s modulus directly at a mesoscopic length scale. 

12G



 

P A G E  | 100 

4.2.3.1.1 Sample Preparation 
All testing starts with a cube of the honeycomb material manually cut from a full sized, uncoated, part.  The laser 
was aligned to an individual web near the center of the specimen.  After each test was conducted, a number of 
webs were removed from the cube of material via manual cutting and sanding from the top and bottom surfaces, 
making the honeycomb block shorter in height; however the width and length of the sample in the measurement 
directions were not changed (Figure 4.59).  The slightly smaller block was then reinserted into the test fixture, 
where time of flight measurements were again recorded.  Then the sample was again removed and the height 
was further decreased by the same method.  This process was repeated until only the single web was remaining 
and measured.  The initial cube started at roughly 50mm in each direction. 

 

 

Figure 4.59:   Sample Preparation at Various Levels of Thinning (Red mark indicates general area of laser spot on a consistent web).  Left = 
Initial sample, Right = progressive reduction of number of webs through the sample height. 

 

4.2.3.1.2 Sample Orientation & Measurement Definitions 
All tests were measured in two material directions, X & Y (axial and tangential, respectively).  Additionally – all 
testing had the pulsed laser source & laser interferometer aligned to a consistent, single web, aligned directly 
across the sample from each other and also aligned in the X or Y direction (Figure 4.60). 
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Figure 4.60:  Sample Orientation 

All values reported aligned the lasers in the mid-span of the webs as indicated in Figure 4.61.  Aligning the laser at 
the center posts (intersection of webs in the Y & Z directions) was also conducted, but not reported in this 
document.  Results showed generally similar values as the mid-span measurements. 

 

 

Figure 4.61:  Pictorial Diagram of Cellular Cross Section and Where the Laser is Focused 

Results showing the measured elastic modulus versus the number of honeycomb webs in sample height is 
provided in Figure 4.62.  Specifically, Figure 4.62 shows that the modulus in the axial and tangential directions are 
reasonably different with an anisotropy ratio of approximately 1.4-1.5 for in situ, larger samples.  As the outer 
webs were removed from the samples, the results remained nearly constant until a single web was left.  In this 
case, an apparent decrease in axial modulus occurred, reducing the anisotropy ratio to a value of approximately 
1.2.  This apparent decrease in anisotropy ratio is currently unexplained.  Current hypotheses include sample 
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handling damage causing stiffness reduction or potential for residual stress relief after removing neighboring 
honeycomb channels (implying stress dependent Young’s modulus) – though none of these have been studied in 
enough depth to explain the observation.  Additionally, it should be noted that numerous other material 
compositions and honeycomb geometries were tested (but not documented here) during this time and a similar 
trend in the reduction of axial elastic modulus was seen in all cases when measuring a single web (versus a web 
contained within a honeycomb structure). 

 
Figure 4.62:  Specific Elastic Moduli of Cordierite Honeycomb Web 

This anisotropy ratio was used to confirm the predictions of the sonic resonance modal analysis (discussed in other 
sections).  It is also not currently known how sensitive this measurement is to microstructural features such as 
apparent surface porosity (where the surface differs from bulk porosity). 

4.2.4 Strength 

4.2.4.1 Compressive Strength 
The uniaxial compressive strength was measured for several cordierite compositions of varying cell geometries 
and porosities.  Figure 4.63 provides the uniaxial compressive strength of these material compositions at the 
mesoscopic length scale (i.e. strength is corrected for volume fraction in the axial direction in a similar manner as 
elastic modulus, e.g. equation 4.10).  The data that is directly comparable to the composition reported in the other 
sections is the material with a porosity of 50%, as indicated by the blue circles in the figure.  All results reported 
as Mesoscopic were calculated by correcting the macroscopic test samples cross sectional area by the calculated 
closed frontal area (i.e. solid volume fraction). 
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Figure 4.63:  Uniaxial Compressive Strength - Mesoscopic Length Scale 

Interestingly, the strength measurements tend to show a reasonably large Weibull modulus varying between 
m=25-38 for each case, apart from the composition studied at 55% porosity, which showed a clearly lower Weibull 
modulus of m=17.  The reason for this difference is unknown.  For the compositions considered, it is assumed that 
the effective uniaxial compressive strength is largely independent of microcrack density, and highly dependent on 
bulk density and pore morphology, however, it is widely known that strength in brittle materials is a highly 
localized parameter and is strongly associated with local morphology and structural features which are practically 
difficult to parameterize in real materials.  Visible failure modes of these samples did not indicate any obvious 
differences to help describe the lower than anticipated Weibull modulus of the 55% porosity samples, however, 
the bulk failure modes did tend to shift from axial splitting to powderization between 50% porosity to 57% porosity 
samples (similar to Figure 4.49), thus a potential hypothesis for the lower Weibull modulus observed in the 55% 
porosity samples may be due to be an artifact of the failure mode transition region (splittingpowderization).    

Specifically, the compression strength of the “sister sample” to the material in the other sections of this document 
is listed below.  The honeycomb was nominally a 200 CPSI / 12 mil web (31 cells/cm2  /  0.3048 mm), structure 
with 50% porosity cordierite material.  The measured compressive strength showed a characteristic Weibull 
strength of 29.3 MPa at mesoscopic length scale with a Weibull modulus of 27.6.  This is slightly lower than the 
material presented in the previous plot, due to the fact that the previous material was made in a research 
environment while the part tested in Figure 4.64 were samples from a slightly different manufacturing process.  
For relative comparison, mesoscopic material strengths show a roughly 5X ratio of uniaxial compression versus 
tensile strength (MoR) in this specific cordierite composition (i.e. the compression strength is approximately 5 
times larger than the tensile strength). 
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Figure 4.64:  Compressive Strength of 50% porosity Cordierite 

Including all of the porous cordierite honeycomb compositions available for testing in this study, a clear 
relationship can be seen between porosity (as measured on 1 sample in each group via mercury intrusion) and 
uniaxial compressive strength.  Again, this data has been normalized by the volume fraction (OFA) of the 
honeycomb structure and is reported as the mesoscopic strength of the porous material.  Obviously, a wider range 
of values is seen for the material composition nominally at 33% porosity; however, this was partially due to the 
fact that numerous manufacturing lots and many parts were pooled together in the data set, whereas the other 
porosity groups contained only 1-2 manufacturing lots at most.  Additionally, it is common to experience increased 
variability as strength magnitude increases (i.e. strength converges toward zero as porosity increases).    

Two fits are shown that provide reasonably good quality and are consistent with equations discussed section 4.4, 
Table 4.14; the exponential and differential schemes originally used for elastic modulus relationships with 
porosity.  Note that a fundamental relationship between strength and elastic modulus is not implied since strength 
is driven by local features and Young’s modulus is an integrated, volume average global metric; however, it is 
practically common that these parameters are tightly correlated and behave in similar manners.  Also note that 
there are 320 total strength measurements in this data set.  Fitting was once again performed in Matlab using LAR 
robust fitting methods.   
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Figure 4.65:  Uniaxial Compressive Strength vs. Porosity - Mesoscopic Scale (Room Temperature) 

Again, noting that this data set was composed of numerous cordierite compositions, manufacturing lots, 
honeycomb geometries, etc.  Due to these differences (especially the honeycomb geometry differences 
between groups), the macroscopic measurements do not directly correlate with the mesoscopic results – as is 
shown by Figure 4.66. 
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Figure 4.66:  Meso vs. Macroscopic Compressive Strength Correlation (same data as Figure 4.65) 

4.2.4.2 Fracture Toughness 
Fracture toughness was not directly measured in this work; however, several key notes can be made as a reference 
to the reader.  First, some data has been published on the characterization of KIC of similar materials via a double 
torsion test (see Shyam59) with values reported at the mesoscopic length scale, between 0.3-0.6 MPa√m, 
depending on stress rate and temperature.  Rising R-curve behavior (i.e. increasing KIC as a function of crack length) 
should likely be considered however, this is not explicitly measured or reported in herein.  It should also be noted 
that these reported values assume linear elastic fracture mechanics (LEFM).  If LEFM is violated (for example, with 
apparent anelastic stress-strain behavior), the reported results can drastically change since much of the 
mechanical energy can be dissipated by mechanisms other than crack surface creation.  In all, there are some 
basic insights toward the fracture behavior of these materials measured, however much is currently unknown and 
is an area of opportunity for future study.   

4.3 MICROSCOPIC MEASUREMENTS 

4.3.1 X-Ray Diffraction:  Crystal Alignment 
I-Ratio1,3,4 measurements are made on Bruker D4 Endeavor XRD instruments.  The phase analysis is a semi-
quantitative analysis that uses a calibration curve method to measure the minor phases in cordierite compositions.  
The I-Ratio metric is calculated based on the degree of average crystalline orientation of cordierite crystallites 
parallel and perpendicular to the extrusion direction.  The in-situ value is typically compared to a powderized 
sample of the same material, assuming that the powder is likely to be randomly oriented. 

The XRD measurements of average crystal alignment are reported in Table 4.10.   Note that a value of 0.66 
indicates fully random crystal alignment.  This fact helps cross validate the asymmetry in the CTE measurement 
between axial and transverse directions. 
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Table 4.10:  I-Ratio Measurements of Cordierite by X-Ray Diffraction 

Sample I-Ratio [unitless] 

Powder 0.66 

Axial                                 
(Direction of Extrusion) 

0.43 

Transverse          
(Orthogonal to Extrusion) 

0.86 

 

4.3.2 SEM:  Microstructure Images of Pore and Crystals 
Several microstructural measurements were conducted at Corning Incorporated with the help of Drs. Bryan 
Wheaton and Ron Parysek.  A Hitachi SU-70 Field Emission SEM with YAG backscatter detector is the primary 
equipment used to image the samples in this document.  Backscattered Electron images of the raw surface of a 
single honeycomb web are shown in Figure 4.67 at various magnifications.  As shown, the porosity is clearly visible 
(black color).  At higher magnifications, the hexagonal individual crystallites are evident along with the preferential 
domain alignments.    
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Figure 4.67:  SEM Image of the honeycomb web surface at various magnifications 

Further magnification shows the individual crystallite structure (Figure 4.68). 
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Figure 4.68:  Individual cordierite crystallites shown along with a single microcrack at several magnifications (5000X Top, 2500X Bottom) 

In addition to showing the cordierite crystallites, these regions also show microcracks.  Of specific interest is the 
bottom image of Figure 4.68 which apparently shows a crack tip at the surface.  Notice that there is clearly a 
discontinuous crack tip which visibly looks like multiple small cracks.  Additionally, it is obvious that the material 
structure is highly irregular and is not practically like crack propagation through a homogeneous model material 
(e.g. glass).  Though the cracks generally follow grain boundaries, that is not a universal truth and both inter and 
intra granular cracking is present.  Additionally, most cracks either originate or terminate in a pore surface – 
though that is somewhat challenging to define clearly due to the inherent 3D connectivity of the structure and 
porosity. 
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Further examination using polished cross sections visually show a 2D slice of the honeycomb web.  Visually, one 
can see the highly interconnected porosity present in this material, though much of the interconnectivity is 
inherently 3-dimensional and thus apparently isolated pores in a 2D slice may in fact be, (and are likely to be) 
connected in 3D as is the definition of bicontinuous materials.   

 

Figure 4.69:  Polished Cross Section of a Single Honeycomb Web 

For mechanical properties, the largest microcracks are considered the most important (by the factor of crack 
radius cubed); however, it is interesting to mention that one can visibly see radiating cracks from the apparently 
small porosity in the 2D slice shown in Figure 4.70, (of course, the change in size in the third dimension is unknown) 
in addition to the larger microcracks and porosity.  It should be noted here that the microcracks visible in the 
polished cross section are not necessarily representative of the inherently thermally induced microcracks within 
the material.  Other factors such as epoxy embedding induced stresses, physical handling and polishing, etc. are 
likely to create additional cracks and crack extension in the material – though the quantification of such is not 
currently possible.   
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Figure 4.70:  Polished Cross Section with cracks radiating from pores. 

4.3.3 SEM:  Electron Backscatter Diffraction (EBSD) 
Drs. Bryan Wheaton and Ron Parysek at Corning Incorporated also helped perform the EBSD measurements on 
the region shown in Figure 4.71.  Both the “top view” of the web surface (orthogonal to the cross-sectional view) 
and web cross sectional views were imaged and analyzed, as shown in Figure 4.71.   

 

Figure 4.71:  EBSD Views - SEM Images, Polished Cross Sections 

Of specific interest to the problem of thermally induced microcrack evolution is the domain size and orientation 
information.  More importantly, the domain misorientation (the difference in alignment angle at domain 
boundaries) is a key driver in the generation of stresses upon temperature change at a microstructural scale.  Thus, 
a criterion to define domains based on misorientation angle is chosen.  Based on previously shown microstructural 
images of the domain boundaries, it should be clear to the reader that boundaries are not perfectly discrete, sharp 
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boundaries such as those commonly used to describe, for example, precipitate phases within metal alloys or 
heterogeneous material boundaries in composite materials, etc.  Thus, the angle tolerance used to define a 
boundary inherently changes the resulting discretized domain map.  Figure 4.72 shows an example of this, where 
the top image provides the SEM microstructure with domains defined in color (random color labels per domain) 
where domain boundaries are created anywhere that exhibits greater than 15° misorientation angle.  Clearly, the 
domain size is generally on the order of the solid strut width.  The bottom image is the same EBSD data with a 1° 
misorientation angle tolerance – clearly showing that most of the apparent “domains” converge toward single 
crystallites themselves thus defining a “fuzzy” boundary definition.   The spatial resolution of these maps was 
EBSD sampled at 1 micron pixel size with a field of view of 1052 x 312 pixels.       

 

Figure 4.72:  EBSD Domain Orientations - Cross Sectional View – TOP:  >15 degree misorientation angle, BOTTOM:   >1 degree misorientation 
angle 

Likewise, the top view section can be visualized in a similar manner.  Figure 4.73 and Figure 4.74 show similar 
domain maps from the top view.  Small black color pixels within domains that look visually like internal closed 
porosity or noise are in fact secondary material phases (non-cordierite) or glassy phases without crystal definition.   
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Figure 4.73:  EBSD Domain Size Map: Top View, >15° Misorientation Angle 

 

Figure 4.74:  EBSD Domain Size Map: Top View, >1° Misorientation Angle 

The cordierite/indialite (indialite is a polymorph of cordierite) pole figures from the EBSD analsysis are commonly 
used methods for assessing crystalline texture and orientation within bulk materials.  As such, the results are 
provided in Figure 4.75. 
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Figure 4.75: EBSD Pole Figures - Cordierite Orientation (LEFT:  Cross Sectional View,  RIGHT:  Top View) 

Results indicate strong preferential crystal alignment in the direction of extrusion.   Additionally, the crystals, 
within plane of the extrusion direction (such as Top View) also have preferred orientation and thus may not be 
fully considered transversely isotropic in terms of purely crystal orientation, though in practice it may be a 
reasonable assumption.    

Due to the fact that these are 2-dimensional cross sections slicing through 3-dimensional domains, a direct size 
distribution analysis is not directly meaningful60-62 (e.g. the cross sectional area depends on spatial location of 
where the 3D domain was sliced), thus standard statistical descriptors of domain size are not well defined.  As 
such, a table of the measured effective 2D diameter of the largest domains is listed for each of the domain maps 
shown (Table 4.11).   Regarding notation in the table, if the “Domain Size” indicates the “Largest 10” domains are 
18 microns, then this means that the 10th largest domain as indicated in the relevant EBSD image is 18 microns.  
Likewise, the 1000th largest domain as measured is 6.9 microns, etc.   

Table 4.11:  EBSD Domain Sizes 

View 
Largest 
Rank # Misorientation Threshold [°] Domain Size [m] 

Cross Section 10 1 18.0 

Cross Section 100 1 11.0 

Cross Section 1000 1 6.9 

Cross Section 10 15 34.0 

Cross Section 50 15 26.0 

Cross Section 100 15 23.0 

Top View 10 1 18.0 

Top View 100 1 13.0 
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Top View 1000 1 7.9 

Top View 10 15 45.0 

Top View 50 15 35.0 

Top View 100 15 31.0 

 

Misorientation of the apparent domains can also be computed.  As previously mentioned, the misalignment of 
domains (in conjunction with crystal thermal expansion anisotropy) is the driving factor for thermally generated 
microcrack formation.  Using the domain definitions described in Figure 4.72 - Figure 4.74, the misorientation 
angle at domain boundaries can be calculated.  Results shown in Figure 4.76 and Figure 4.77 show the 
misorientation angle distribution of the Indialite.  The misorientation angles are shown to be spread across the 
entire 0-180° orientation spectrum, though in a generally decreasing probability fashion.  For the case of 1° domain 
threshold, it is apparent that most of the domains have similar orientations as their neighbors, though some small 
fraction has significantly different orientations.  However, if the domain threshold ignores these small angle 
neighbors and considers them the same domain (e.g. >15° angle orientation boundary), the distribution visually 
looks more of a so called “bathtub” curve, representing a moderately non-trivial misorientation distribution, with 
some bias towards each end of the spectrum. 

 

 

Figure 4.76:  Misorientation Angle Distribution - Indialite-Indialite Domain Boundaries (1° domain threshold) 
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Figure 4.77:  Misorientation Angle Distribution - Indialite-Indialite Domain Boundaries (15° domain threshold) 

The misorientation distribution of the Indialite grains to the Sapphirine phase (the largest minor phase) show a 
more well behaved misorientation distribution, peaking around 50° misorientation, though still filling the entire 
angle range.   

 

Figure 4.78:  Misorientation Angle Distribution - Indialite-Sapphirine Boundaries (15° threshold) 
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The misorientation angles can also be visualized spatially, overlaid on the EBSD phase map.  Figure 4.79 shows this 
with boundary lines colored by misorientation angle.  Visually, there seems to be some clustering of the high and 
low angles, though it is reasonably random by visual inspection.   

 

 

Figure 4.79:  EBSD Phase Map with Domain Boundaries (15° threshold) - with boundary colors indicating misorientation angle.  (Top = full 
field of view, Bottom = Zoomed In region) 

Finally, the raw Euler Angles in Bunge convention (Figure 4.80) show some preferential domain alignment in 1 
and  angles, though admittedly, this is somewhat more ambiguous to interpret than the pole figures and I-ratio 
measurements previously provided. 
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Figure 4.80:  Euler Angles Histogram (All Phases) 

Additionally, several statistics can be reported regarding domain sizes – noting that these are 2D cross sectional 
analysis only and are likely misleading regarding actual size distributions in 3D.  Results with associated probability 
density function (PDF) fits are shown in Figure 4.81, with fit parameters labeled in Table 4.12. 
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Figure 4.81:  Domain Size Distributions with Fits (15° Misorientation Domain Boundary Threshold) 

 

Table 4.12:  Distribution Fit Parameters (Units = Micrometers or Micrometers2), 15° Misorientation Domain Boundary Threshold 

Distribution Parameter PDF                                      
Distribution Type (Values) 

Max/Min Values 

Domain Diameter Lognormal                                         
(mu= 1.53, sigma= 0.866) 

144.78/1.41 

Domain Equivalent 
Radius 

Lognormal                                              
(mu= 0.48, sigma= 0.807) 

35.88/0.56 

Domain Area Weibull                                           
(A=19.32, B=0.544) 

4045/1 

Domain Perimeter Weibull                                                     
(A= 23.58, B= 0.871) 

984/4 
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It should be noted here that several attempts by the author to synthetically generate representative 
microstructures as shown by the EBSD image in 3D with statistically representative domain sizes and orientations 
was largely unsuccessful (to the accuracy deemed necessary by the author) and is recommended for an area of 
future work.  This included some basic attempts at 1) writing a Voronoi based microstructure generator, 2) basic 
pseudo grain grown models via control of nucleation site and growth rates as well as 3) the use of publicly available 
software such as Dream.3D63.  This work stream was prematurely stopped since it was not explicitly required for 
completion of the overall thesis. 

4.3.4 Porosity:  Mercury Intrusion Porosimetry 
The data from mercury intrusion porosimetry is often expressed in several parameters, including bulk porosity (as 
intruded by the mercury) and an effective pore size based on the increment intrusion volume with respect to 
applied pressure.  Table 4.13 provides a summary of the measurements, where “d10” indicates the cumulative 
10th percentile size (effective pore diameter).  The other parameters labeled “dXX” indicate the cumulative 
percentile pore size as well, where “d50” (indicating the 50th percentile) is interpreted as the median pore size 
diameter.  Figure 4.82 provides a log plot of the differential mercury intrusion as a function of pore size diameter.   

Table 4.13:  Mercury Intrusion Porosimetry Data 

Parameter Unit Value 

Porosity % 50.38 

Bulk Density g/cm3 1.21 

Apparent 
Density g/cm3 2.43 

Fixed Density g/cm3 2.52 

d10 micrometer 11.49 

d25 micrometer 16.02 

d50 micrometer 20.77 

d75 micrometer 26.32 

d90 micrometer 38.42 
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Figure 4.82:  Pore Size Distribution via Mercury Intrusion (note reversed X-axis) 

4.3.4.1 Material Density 
Cordierite crystal density is commonly reported and assumed in this document as 2.52 g/cm3.  This is reasonably 
similar to the values reported by Bubek1 and Toohill2 (though slightly lower).  Works by Bocker64 suggest more 
typical forms of cordierite yield density values lower than its glass phase and approximately equal to 2.51 g/cm3.  

It should be noted that effective density at larger length scales can be easily estimated by a rule of mixtures volume 
fraction, in terms of material porosity and honeycomb geometry.  Specifically, if we simply multiply the apparent 
density of a single crystal (or the in situ density of a non-porous, polycrystalline body) by the solid fraction of 
material (1-P) and the solid fraction “closed frontal area” of the honeycomb, we arrive at an estimate of the 
effective macroscopic density.  Equation 4.12 provides this relationship in terms of porosity, “P”, and honeycomb 
open frontal area, “OFA”, as well as the effective polycrystalline density, o. 

    POFAoeffective  11   4.12 

4.4 POROSITY AND ELASTIC MODULUS 
Many equations relating porosity to elastic constants are provided in the literature6,8,65-74 with generally differing 
results and bounds, the relationship is often strongly related to the specific morphology of the porosity in question 
(anisotropic pores, closed vs. open porosity, spherical vs. non spherical particles, etc.).  This is a well-studied area, 
and comparison of existing models to measured data will be considered herein. 

When considering practical embodiments of materials with varying porosities, several key factors must typically 
be considered - specifically total porosity (volume fraction), pore morphology (shape of the microstructure), and 
critical thresholds based on these shape considerations (e.g. percolation limits) where the structure may become 
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effectively disconnected at porosities less than 100%, (i.e. stiffness becomes zero at porosities less than 100%).  
Thus, a description of these factors is required in functional forms for this material category.   

The data in Figure 4.83 is composed of several sources with specific considerations.  To begin, a value of the 
material at zero porosity should be defined if available.  This value, designated Eo, can be directly estimated in a 
polycrystalline cordierite material (equation 4.13) by the measurements of single crystals as reported by Bubek1.  
Assuming the polycrystalline material is composed of randomly oriented crystals, a simply 3-axis averaging can be 
performed assuming the elasticity in the “a” and “b” crystal axes are similar.  Data in future plots will often be 
normalized to this value. 

 

b

148 GPa +148 GPa +127 GPa
141 GPa

3 3
where,

E

a b c
o

a

E E E
E

E

 
  



 

 4.13 

Additionally, data reported by Hayashi75 is included to help provide some datapoints at reasonably low porosity 
levels (<10% porosity).  Due to a lack of relevant data, it was assumed that these low porosity data points of 
Hayashi were unmicrocracked.  Since the method of making this material is clearly different than the high porosity 
materials, it is reasonable to assume the pore morphology is substantially different than these higher porosity 
materials and is one primary reason why there is significant data scatter in the resultant functional fits. 

Finally, the higher porosity (>27%) material data points were measured from various cordierite honeycombs 
provided by Corning Incorporated.  These elastic modulus measurements were obtained from bars oriented in the 
axial (extrusion) honeycomb direction via sonic resonance.  Data points with porosity greater than ~40% all were 
formed with a sacrificial organic pore former helping to create the interconnected, “open foam-like” 
microstructure.  

Since these data sets were obtained at differing times from different sources, material characterization methods 
also differ between data groups.  Bubek1 describes the ultrasonic method used to characterize the natural 
cordierite single crystals.  Hayashi75 used a “resonance method” with sample size of 3x4x36-40mm, rectangular 
cylinder with mirror finish and plate shaped sintered bodies” – however details are somewhat unknown due to 
language and translation difficulties.  The Corning Incorporated samples were all measured via Sonic Resonance 
similar to ASTM C1198 21. 

The data, as originally measured, require several adjustments for direct comparison.  First, the measurements 
directly assume a macroscopic effective continuum (e.g. assuming the sample is a homogenized solid bar).  Thus, 
a correction for the volume fraction of material is made to account for the honeycomb structure, yielding the 
effective mesoscopic modulus of a single honeycomb web (equation 4.14).  Next, a correction for the 
microcracking on the effective elastic modulus is made by use of the classic non-interaction criterion10,76-78 of 
randomly oriented penny cracks (equation 4.15).  The resultant estimate of the non-microcracked modulus of the 
porous ceramic can then directly be compared to the other data of low porosity materials in the literature.  It 
should be noted here that this relationship of crack density is likely not very accurate, however it is easily applied 
and is consistent with legacy methods used in the industry.  Discussions of such theories are covered in a future 
section of this paper. 
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After applying these equations to the raw data, results may be plotted on the same axis (Figure 4.83).  Clearly 
there is the typical decay of elastic modulus with respect to increasing porosity.  Additionally, the results reported 
by Hayashi75 seem to be consistent with that of Bubek1  for zero porosity.  Lastly, the higher porosity materials 
from Corning, Inc. may be considered reasonable given the significant amount of data correction applied, though 
visually it may be reasonable to assume a differing pore morphology impact than the Hayashi75 results. 

 

Figure 4.83:  Young's modulus of porous cordierite (corrected for honeycomb geometry and microcracking as data allows) 

Several functional forms of the porosity relationship with elastic modulus are then considered.  While it is not the 
intent to derive these equations here, a brief comparison of results with respect to the current dataset is 
presented.  Pabst71 provides a general review of various methods of relating porosity to the elastic moduli, several 
of which are considered.  Of specific interest and discussion in the following paragraphs is classic work by 
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Hasselman79 (via the widely known extension of Hashin’s work80) as listed in equation 4.20 and the additional 
widely known work of Mori-Tanaka81 in equation 4.18 as elaborated in Bruno6 and Benveniste82.  The so called 
“differential scheme” is also widely used in the literature, as discussed by Bruno6, and is simplified into two 
solutions, known as the exponential form and the power law forms (equations 4.16-4.17).  Table 4.14 provides a 
list of the simplified functional forms of each equation considered in this section.   

Table 4.14:  Young's Modulus as a Function of Porosity - Various Functional Forms 

Name Number of 
Coefficients 

Equation Eqn  # 

Exponential71 1 
)exp( Pm

E

E

o

  
 4.16 

Differential 
Scheme6,71 

1  m

o

P
E

E
 1  

 4.17 

Mori-Tanaka6,81,82 1 

 

1

1
1















P

Pm

E

E

o

 
 4.18 

Pabst71 (2006), 
equation 34 

1 












P

Pm

E

E

o 1
exp  

 4.19 

Hasselman79 (1962) 1 

 PA
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E

E

o 11
1




  
 4.20 

Ramakrishnan and 
Arunachalam74 

0-1  
PP

P

E

E

oo 321

1 2




  
 4.21 

Voigt Bound           
(e.g. Rule of 

Mixtures) – Reuss 
Bound = 0 

0 
P

E

E

o

1  
 4.22 

 

As shown, each relationship provided lists either zero or one fit coefficient in the respective equations, listed 
consistently as “m” where appropriate.  Hasselman79 provides a well-known coefficient “A” that is commonly 
listed as a curve fit coefficient with classically unknown physical meaning71,79.  The results of Ramakrishnan and 
Arunachalam74 have no formal fitting coefficients, however in the case that the zero porosity Poisson’s Ratio is 
unknown, it is often treated as a constrained fit coefficient.   For most of the cases listed with the coefficient “m”, 
a direct meaning and solution can be found for trivial, hypothetical microstructures such as close packed spheres 
(as defined by Hashin80) or isolated spherical pores, etc.  For non-trivial, “real” material microstructures, the 
meaning of this parameter is not lost as a pore shape factor, however the exact value is typically obtained by 
fitting to experimental data.   There is no implied constraint from the current analysis that the value of “m” should 
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be consistent between each theory.  These functions are applied to the current data set using Matlab curve fitting 
via a nonlinear least squares method with “robust fitting” options and the least absolute residual (LAR) option 
along with “trust region” algorithms utilized.  Figure 4.84 shows the resultant curves. 

 

Figure 4.84:  The Impact of Porosity on Cordierite (Simple Forms) 

In general, the fit quality is reasonable with respect to each of the theories stated purposes.  First, the Rule of 
Mixtures and Ramakrishnan74 methods are intended to be upper bound theories and act accordingly with this 
data set.  None of the methods described heretofore have included a percolation limit, though for all practical 
purposes, several of the functions fit quickly approach E≈0 – specifically the Pabst71 exponential.  The so called 
Differential Scheme6,71 has two possible solutions, an Exponential71 and Power Law6,71 form.  Each yields generally 
similar results and tend to best fit data at low porosities.  Also of note, the Hasselman79 and Mori-Tanaka6,81,82 
theories both tend to do a generally better job fitting the high porosity data.  All methods (except the pure 
exponential form) equal a value of 1 at a porosity of 0, and also equal 0 at porosity of 1.   

Finally, it should be noted here that the Hasselman79 and Mori-Tanaka6,81,82 equations yield identical results and 
their respective fit coefficients are equal in magnitude and opposite in sign.     
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Based on this observation, it can be found that the Hasselman79 and Mori-Tanaka6,81,82 equations can be set equal 
to each other.  Then solving for the unknown coefficients, we find that m = -A.  (equations 4.23-4.24), proving that 
when Mori-Tanaka6,81,82 methods can be simplified in the listed form, the results effectively equal those of Hill and 
Hasselman79.  In this case, the classically “unknown” meaning of the Hasselman79 “A” coefficient becomes clearly 
defined as the pore shape factor.   
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Table 4.15:  Fit Coefficients of Standard Theories – Porosity vs. Young’s Modulus 

Name Eqn  # Fit Coefficient 

Exponential71 4.16  m = 6.47 

Differential Scheme6,71 4.17 m = 5.49 

Mori-Tanaka6,81,82 4.18 m = 14.65 

Pabst71 (2006) 4.19 m = 5.88 

Hasselman79 (1962) 4.20 A = -14.65 

Ramakrishnan and 
Arunachalam74 

4.21 = 0.32 

Voigt Bound                       
(e.g. Rule of Mixtures) – 

Reuss Bound = 0 

4.22 - 

 

In these cases, the pore morphology factors and fit coefficients are considered constants with respect to porosity.  
Practically, it is unlikely that realistic materials made over such a range of porosity will have constant pore 
morphology factors.  In fact, even within the range of the materials produced by Corning, Inc., the lower porosity 
materials have clearly different morphologies with significant “closed” pores in samples near ~27% porosity and 
fully “open” porosity for the higher porosity samples.  Examples of the porous microstructures (polished cross 
sections) are shown in the SEM images of Figure 4.85.   
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Figure 4.85:  Example Microstructure Comparison (Left = ~27% Porosity | Right = ~65% porosity).  Porosity on right is mostly 
interconnected in 3D (bimorphic/bicontinuous) where porosity on left has a large fraction of closed pores.  Size uniformity is also 
significantly different between samples. 

Though the results provided by Figure 4.84 are of generally reasonable quality, several key parameters of interest 
are lacking from these models.  First, a percolation limit is typically desired for many porous materials.  That is, an 
upper porosity limit where Young’s modulus equals zero (e.g. a highly porous material may effectively become 
mechanically disconnected prior to porosity reaching 100%).  Second, as previously discussed, it is very likely that 
pore morphology of a material changes as a function of bulk porosity itself.  Both phenomena can be directly 
accounted for with minor modifications to the equations.     

For example, we can simply adjust the constant pore morphology factor (i.e. “m”), to be a function of porosity 
(i.e. low porosity materials have a different pore shape than high porosity materials).  In its simplest form, we will 
substitute the pore shape factor “m” with a linear function of porosity – though this is an arbitrary choice of a 
functional without some more definitive justification.  

 bPam    4.25 

Where “a” and “b” are the linear coefficients and will be fit to the data set; “P” remains the porosity ranging from 
0-1.  Additionally, to enforce a percolation limit, we can simply substitute a normalized porosity parameter relative 
to the percolation limit, Pmax (i.e. the porosity at which E=0).   

 

maxP

P
P   

 4.26 

Clearly, this only works for those functions which allow these substitutions and assumptions to be made.  For 
example, the pure exponential solution does not allow for percolation limits to be applied.  After consideration of 
the functionals with these proposed substitutions, only (4) remain as viable candidates.  Table 4.16 provides a 
summary. 



 

P A G E  | 128 

Table 4.16:  Young's Modulus as a Function of Porosity - Modified Functional Forms 

Original Equation 
Name                   

Number of 
Coefficients 

Modified Equation Eqn  # 

Differential 
Scheme6,71 
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Voigt Bound           
(e.g. Rule of 

Mixtures) – Reuss 
Bound = 0 
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 4.30 

 

It should be noted here, that once again the Mori-Tanaka6,81,82 and Hasselman79 equations provide identical results 
with m = -A substitution, however Hasselman79 only remains valid if Pmax=1, where Mori-Tanaka6,81,82 can 
accommodate any other reasonable Pmax within the 0-1 interval.   Thus, in the next figure the Mori-Tanaka6,81,82 
result will be shown whereas the Hasselman79 equation will not, effectively leaving only (2) interesting functions 
to be fit, the modified differential scheme and the modified Mori-Tanaka6,81,82 scheme (Figure 4.86). 
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Figure 4.86:  Modified Functional Fits - Young's Modulus vs. Porosity.  Assumes linearly varying pore morphology factors and percolation 
limit coefficients. 

Interestingly, the results of both functions tend to converge on a similar fit, only differing slightly at high porosities.  
The fit coefficients are listed in Table 4.17 and graphically in Figure 4.86.  Additionally, it is interesting to note that 
the percolation porosity was best found to be 100% porosity for both cases, suggesting that only the pore 
morphology factor is significant for this material category. 

Based on the curve fit exponents and the visual assessment of the fits, either the “standard” Mori-Tanaka equation 
( 4.18) or the modified differential scheme are recommended for use with the current data set.  While the 
Modified Mori-Tanaka function ( 4.28) yields similar results as the modified differential scheme, the fit coefficient 
“b” is suspicious to the author based on known values of the shape factor published in literature65-67,71,83.  Whereas 
the results of the Differential Scheme “m” provide an interesting interpretation.  Based on this fit, it is suggestive 
that “m” may be porosity dependent in a way that suggests at P=1, m=1.  That is, as 100% porosity is reached, we 
become independent of pore shape.  The complimentary statement is that the material is more sensitive to pore 
shape as porosity decreases.   Perhaps realistically, alternatives to the linear functional should be considered, such 
as a Gaussian type of curve, where m=1 @ P=0 & 1. 
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Table 4.17:  Fit Coefficients of Standard Theories – Porosity vs. Young’s Modulus 

Name Fit Coefficient 
“a” 

Fit Coefficient 
“b” 

Fit Coefficient 
“Pmax” 

Differential Scheme6,71 7.54 -6.46 1.0 

Mori-Tanaka6,81,82 6.65 29.09 1.0 

Hasselman79 (1962) -6.65 -29.09 1.0 

Voigt Bound                       
(e.g. Rule of Mixtures) – 
Reuss Bound = 0 

- - 0.595 

 

 

Figure 4.87:  Fitted data for linear, porosity dependent "m" factor 

It is also interesting to note that comparisons of these numerous porosity relationships with respect to elastic 
constants and porosity are somewhat common in the literature, as previously discussed.  However, experimental 
trends and results often significantly differ in functional shape between various materials, which is why this topic 
continues to be discussed frequently.  As an example, the comparison of elastic constants with respect to porous 
aluminum nitride ceramics by Yoshimura84 provides a nice comparison of various models, however due to the 
significant difference in porosity range of interest and the obvious pore morphology differences to the cordierite 

m



 

P A G E  |  1 3 1  

materials studied here, very different conclusions regarding which of the models best describe the material 
behavior are found. 

Table 4.18:  Elastic Modulus Data 

 

4.5 POROSITY AND X-RAY TOMOGRAPHY 
It is noted here that this section avoids use of many equations to focus on overall methodologies and 
measurement results.  If the reader is interested in the math used herein, please refer to the references provided, 
as all calculations made in this section follow equations derived directly from these texts.  The goal of this section 
is a review of the methods as applied to characterizing porous ceramic materials. 

Material ID Source
Sample, Test 

Method
Cell Density 

[CPSI]
Web Thickness 

[mils] CFA
E (As Measured) 

[GPa] E/CFA [GPa]
E, Non-Microcracked 

Estimate [GPa]
Porosity 

[%] Nb3

1
Corning, Inc.,  

2016
Honeycomb, 

Sonic Resonance 284.78 12.10 0.37 4.3161E+00 1.1775E+01 6.2223E+00 50.31 0.502

2
Corning, Inc.,  

2016
Honeycomb, 

Sonic Resonance 280.18 9.27 0.29 3.1854E+00 1.1128E+01 5.5665E+00 49.88 0.562

3
Corning, Inc.,  

2016
Honeycomb, 

Sonic Resonance 291.46 11.94 0.37 3.9300E+00 1.0738E+01 7.6063E+00 55.68 0.232

4
Corning, Inc.,  

2016
Honeycomb, 

Sonic Resonance 288.15 7.08 0.23 2.2546E+00 9.9861E+00 6.5727E+00 55.70 0.292

5
Corning, Inc.,  

2016
Honeycomb, 

Sonic Resonance 291.58 11.96 0.37 1.6410E+00 4.4760E+00 3.9697E+00 67.06 0.072

6
Corning, Inc.,  

2016
Honeycomb, 

Sonic Resonance 307.49 9.02 0.29 1.2962E+00 4.4517E+00 3.4310E+00 66.39 0.167

7
Corning, Inc.,  

2016
Honeycomb, 

Sonic Resonance 295.78 11.97 0.37 1.6134E+00 4.3682E+00 3.7089E+00 69.27 0.100

8
Corning, Inc.,  

2016
Honeycomb, 

Sonic Resonance 290.89 12.26 0.37 2.2201E+00 5.9286E+00 4.7231E+00 66.11 0.144

9
Corning, Inc.,  

2016
Honeycomb, 

Sonic Resonance 292.76 12.46 0.38 3.1026E+00 8.1477E+00 7.6234E+00 65.05 0.039

10
Corning, Inc.,  

2016
Honeycomb, 

Sonic Resonance 283.06 12.37 0.37 3.3095E+00 8.8776E+00 5.7792E+00 61.38 0.302

11
Corning, Inc.,  

2016
Honeycomb, 

Sonic Resonance 281.33 12.55 0.38 4.0955E+00 1.0876E+01 7.4542E+00 58.80 0.258

12
Corning, Inc.,  

2016
Honeycomb, 

Sonic Resonance 288.05 12.25 0.37 3.7025E+00 9.9371E+00 6.0986E+00 56.77 0.354

13 Bubek - 2009
Single Crystal, 

Ultrasound - - 1.00 1.4031E+02 1.4031E+02 1.4031E+02 0.00 0.000

14
Corning, Inc.,  

2013
Honeycomb, 

Sonic Resonance 204.80 11.90 0.31 3.4198E+00 1.0975E+01 5.5040E+00 48.57 0.559

15
Corning, Inc.,  

2010
Honeycomb, 

Sonic Resonance 380.00 4.95 0.18 4.7643E+00 2.5963E+01 1.3892E+01 34.40 0.489

16
Corning, Inc.,  

2010
Honeycomb, 

Sonic Resonance 617.00 3.00 0.14 4.5092E+00 3.1426E+01 1.4492E+01 27.87 0.657

17
Corning, Inc.,  

2010
Honeycomb, 

Sonic Resonance 881.00 3.20 0.18 4.9504E+00 2.7359E+01 1.2113E+01 27.40 0.708

18 Hayashi, 1998

Solid Body - 
Unclear due to 

translation - - 1.00 8.7700E+01 8.7700E+01 8.7700E+01 10.30 0.000

19 Hayashi, 1998

Solid Body - 
Unclear due to 

translation - - 1.00 1.1300E+02 1.1300E+02 1.1300E+02 3.10 0.000

20 Hayashi, 1998

Solid Body - 
Unclear due to 

translation - - 1.00 1.2180E+02 1.2180E+02 1.2180E+02 2.00 0.000

21 Hayashi, 1998

Solid Body - 
Unclear due to 

translation - - 1.00 1.3620E+02 1.3620E+02 1.3620E+02 0.20 0.000
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4.5.1 Characterizing Random Heterogeneous Microstructures 
The concept of statistical measurements describing structures (periodic structures, mono or poly-dispersed 
spheres or particles, polycrystals, random fields, etc.) have been widely studied in the literature.  One of the most 
widely published authors in the open literature includes Salvatore Torquato from Princeton University.  His work 
includes the textbook “Random Heterogenous Materials”85 which specifically covers topics such as methods of 
statistically describing complicated (“random”) microstructures in materials as well as using those same metrics 
to enable the generation of realistic synthetic microstructures.  Of significant use throughout this text are so called 
n-point correlation functions, along with numerous other metrics in a similar context.  Additionally, these concepts 
are applied to finding parameters such as porosity distributions, connectivity of the microstructure and clustering 
of features.  Lineal path functions, chord length functions and many other parameters used to describe these 
structures are also reviewed.  It should be noted that while Torquato covers many relevant topics, the text itself 
may be a challenging read and differs in conventions from many other authors. 

At the time of writing this document, no known articles have been found applying these statistical functions to 
the porous ceramics studied here beyond the work of the author86, and thus the novelty of this section.  Though 
direct application of this methodology to porous ceramics is not thought to be widely reported, there are some 
relevant works on different material classes.  An example of a relevant report characterizing highly porous copper 
by Tschopp, et al 87 describes a simplified process of measuring 1 and 2 point correlation functions in realistic 
material microstructures, as well as use of lineal path functions.  The approach and metrics described by Tschopp 
are those adopted later in this section.  Additionally, Tschopp’s paper is well written and describes the practical 
concepts and interpretation of these metrics in simple language with examples.  For a reader who is new to these 
statistical metrics, a combination of Torquato’s text and Tschopp’s paper are recommended as complimentary 
reading materials.    

Extending these metrics to generation of synthetic microstructures is a common application of these methods.  
One inherent trait of microstructural statistical descriptors is that the parameters typically describe a non-unique 
solution – i.e. many microstructure instances can exist (or be generated) with equivalent statistical descriptions.  
Examples of bi-continuous (“bimorphic”) microstructures that are relevant to this work,  (porous ceramics, Vycor, 
etc.) can be found in Torquato 85, Graham-Brady & Xu88 as well as by Roberts and Garboczi 65 using methods such 
as Random Fields to generate the statistically consistent representative microstructures.  

Another potentially interesting method of synthetic microstructure generation is via use of image processing 
techniques for texture synthesis.  Specifically, methods such as those of Efros and Leung89 using a non-parametric, 
local window method of random sampling and generation.  The underlying concept is that a user would provide a 
representative image of a microstructure of interest and the algorithm would then subsequently use direct 
sampling and local statistics of that “real” microstructural image to build a synthetically generated structure.  
Resultant synthetic structures tend to look much more realistic than the parametric methods previously discussed 
in this section.  The non-parametric nature of this approach is both its strength and weakness, depending on the 
intended application.  Likewise, the computation of such microstructures tends to be quite slow.  Modification of 
these algorithms to use a quilting approach90 has been shown to increase computational speed dramatically; 
however it may not be a quantitatively valid method since it is truly building a new structure by a direct patchwork 
of the original provided images.  It is conceivable that a combination of pure texture synthesis and the quilting 
methods may be used to enhance parallelized approaches for large domains in the future, (i.e. generate 
reasonably small representative volume elements by texture synthesis, possibly doing so many times in parallel 
and then quilting them together into a larger field of view, thus reducing the time and memory required to do so 
directly by texture synthesis alone).   
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In general, two key conclusions were extracted from the literature concerning the metrics used to statistically 
describe random, porous materials.  First, it is observed that most of the relevant metrics for complicated 
microstructures (similar to the bicontinuous, porous ceramics studied here) utilize some form of n-point 
correlation functions as statistical descriptors (or some mathematical variation in this category, such as lineal path 
functions).  A key strength of these methods is that they can be broadly applied and are not limited to a specific 
class of materials.  It is also likely that these metrics can be applied to other materials such as glass-ceramic 
microstructures, polycrystalline materials or even the analysis and measurement of non-obvious anisotropy in 
materials. 

Secondly, for the cases of synthetic structure generation of bicontinuous materials, it is noted that random field 
approaches tend to report some promising results that should be considered in more depth.    

4.5.2  X-ray Micro Tomography  
X-ray micro computed tomography (CT) was used to measure the 3-dimensional pore morphology of a single 
honeycomb web.  The spatial resolution and contrast is not as high as most scanning electron microscope (SEM) 
images, and thus cannot directly see many of the microcracks or individual crystals.  Since the method used in the 
datasets shown are directly based on X-ray transmission and absorption, no crystallographic directional 
information is obtained in this measurement technique.    

The measurement shown below was acquired using a 40kV potential with 743nm voxel size.  Scan times were on 
the order of 8-24 hours using an Xradia Versa XRM 500 system.  Figure 4.88 shows an arbitrary 2D slice of the 
reconstructed CT scan, where the dark gray color indicates air and brighter intensity points indicate the solid 
phase. 

 

Figure 4.88:  X-Ray Tomography – Example 2D Slice (Original Resolution of Image = 960 x 988 pixels at 743nm/pixel) 
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The full 3D solid region segmented from the original grayscale X-Ray CT image is shown in Figure 4.90.  Note that 
there are two “cut” surface pairs and 1 “free” surface pair in the reconstruction.   

 

Figure 4.89:  3D segmented reconstruction of the solid phase of a single honeycomb web.  Y-axis is through the web thickness direction. 

4.5.3 Measurements 
In general, there are several steps for analysis and measurements of these images, all starting with the original X-
ray scanned image, represented by 8 or 16 bit grayscale 3D images.  From this starting point, perhaps the single 
most important step in the analysis is the voxel classification or image segmentation step.  It is common that the 
image quality from these scans may not be perfectly acceptable for standard global intensity threshold 
segmentation, such as classic Otsu methods.  After significant struggles improving segmentation quality by the 
author, a machine learning pixel classification method called “WEKA” segmentation91 (implemented in the FIJI 
version of ImageJ software92) was found to provide enhanced quality segmentation results.  The approach is based 
on the user providing training data (user manually draws lines on the original image and assigns classes to each 
drawn line).    

The disadvantage of this process is that it is computationally demanding and slow.  For example, the data set 
presented herein ran in several hours (left running overnight) requiring several hundred gigabytes of RAM on a 
Windows 8.1 server with 16 Intel Xeon E5 2667 v2 processor cores, 512 GB RAM, 8 SAS 15k RPM RAID0 hard 
drives, Quadro 6000 graphics card. 
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The output of this segmentation is a 3D probability map image where each voxel value corresponds to a probability 
of belonging in a given class (a value between 0-1, where 1 indicates 100% chance of that pixel being in the 
corresponding class).  

The next step in the process is to resample this probability map image to the spatial resolution desired.  For the 
case shown here, the original image was collected at a resolution of 743nm per voxel and was maintained.  A 
flood-fill segmentation was then performed on the probability map, with threshold of 0.5 (>50% probability) 
voxels kept.  The flood-fill operation ensures that the segmented body is one single component, fully connected 
(i.e. no “floating” bodies).  As a final step, a minimal morphological close with 1 voxel radius was performed to 
clean up a few extremely small holes in the structure from imaging noise.   

At this point in the process, the resultant mask is a single connected body describing the solid material in the 
original tomography scan.  Several different paths for analysis can be pursued here including porosity analysis, 
statistical measurements or conversion to finite element meshes.  A general depiction of the potential workflow 
is shown in Figure 4.90. 

 

Figure 4.90:  Tomography Analysis Flow Chart 

For the analysis conducted here, the original image field of view was trimmed to 0.5 x 0.5 x 0.349 mm, where 
0.349mm is the dimension in “through the web thickness” direction.  Additionally, the background image was 
manually rotated (using linear interpolation) to align the web object directions with global Cartesian coordinate 
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system.  Figure 4.91 shows a picture of the slice plane orientations with respect to coordinate system.   As a 
reference, Slice Direction #1 indicates the image in the XY-plane, sweeping through the part in the Z-axis direction.  
Slice direction #2 indicates the XZ plane slice (sweeping in Y) and slice direction #3 indicates the YZ plane slice 
(sweeping in X), as shown in Figure 4.92.   

 

Figure 4.91:  3D Slice Plane Orientation (Left:  Slice planes overlayed with 3D volume, Right:  Slice planes with transparent volume) 

 

Figure 4.92:  Example Orthogonal Cut Planes as Previously Indicated by Figure 4.91 

The basic descriptive parameters of the meshed 3D solid model with smoothed surfaces are listed in Table 4.19.  
This model was resampled to 1 micron per voxel and the field of view was trimmed in order to reduce finite 
element model size, while still maintaining a representative model. 
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Table 4.19:  Trimmed Finite Element Model & Mesh Parameters 

Solid Model Volume: 3.98E-02 mm³ 

Surface Area: 6.56E+00 mm² 

Image Extent: 500x500x349   

Voxel Size: 0.001 x 0.001 x 0.001 mm   

Image Physical Extent: 0.500x 0.500 x 0.349 mm   

Number of Elements: 9,864,874 Linear tetrahedral 

Number of Nodes: 2,822,166  

 

4.5.4 Bulk Porosity & Porosity Profiling 
Initially, several image processing steps are conducted to extract a few key parameters that will be used and 
compared to the physical model values.  For example, using the 2D image cut planes of the segmented image, the 
plane can be swept along its normal axis.  During this sweep, the area of solid material can be measured, as well 
as convex hull area.   

In other words, by sweeping these cut planes along its normal axis, the porosity can be measured in the body as 
a function of spatial location and direction.  Figure 4.92 shows these profiles in each principal direction.  As shown, 
the sweep direction through the web thickness can show so called “surface porosity” bands, typically of lower 
porosity in a thin (~20-50 m) layer near the free surfaces.  In the case of this specific material, the surface porosity 
is visually evident, however it is reasonably weak and mostly within the noise of the typical variation of the sample, 
though ~5% local porosity reduction is typical in this outer region, as further highlighted by Figure 4.94.   
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Figure 4.93:  2D Porosity Measurement as a Function of Sweep Distance 

 

Figure 4.94:  Porosity Profile – Slice Direction #1 

Porosity is defined as the area fraction of the air phase with normalized to the total cross-sectional area of the 
region.  Unfortunately, the total effective cross sectional area of the region is often nontrivially defined, specifically 
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when the body is irregularly shaped.   For this purpose, we simply define the total area of interest as the 2D convex 
hull of the solid body.  Porosity can be calculated as equation 4.31. 

 

total

solid

A

A
P  1  

 4.31 

Figure 4.95 shows an example 2D slice showing the overlapping convex hull in green and the solid material body 
in white.  The area ratio of these two regions is the solid area fraction.  Black indicates air space not considered to 
be within the component cross section.  For the analysis shown here, these definitions are calculated on 2D planar 
slices basis, though the procedure and definitions can be trivially extended to 3D as appropriate. 

 

Figure 4.95:  Example Slice of Area Fraction Calculation 

Then, in a similar manner as previously shown for the porosity measurement sweeps, we can measure the convex 
hull area as a function of direction and location (Figure 4.96).   
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Figure 4.96:  Convex Hull Variation in the Three Orthogonal Sweep Planes 

In addition to defining the porosity measurements, this convex hull area is used in the RVE analysis for defining 
the cross-sectional area required to calculate the effective mesoscopic stress in the body during finite element 
simulations.   

It can be noted here that the porosity measured via this tomography analysis was found to be 50.7%-51.4% and 
is very close to that measured by mercury intrusion of a so called “sister sample” (50.38%).   

4.5.5 Geometric Anisotropy Measurement by Ray Casting 
As will be shown in the finite element analysis of the RVE model, consideration of effective material anisotropy is 
often desirable and a key parameter of analysis.  To help confirm the finite element model elastic anisotropy 
results, a ray casting image analysis can be performed.  The concept is that 1D rays can be directionally cast, and 
the values along the ray in the binary image can be averaged over the path length.  This can be done for a variety 
of rays along a sweep direction.  The individual mean values may vary from ray to ray if there is an apparent 
texture in the structure.   Likewise, this process can then be repeated in various directions.  While the overall mean 
value of all rays cast will remain invariant, the variance of the individual ray means will change if a textured 
orientation is present.   

Thus, a simple implementation of this technique for the case of interest is to examine image slices in the X-Y plane 
and cast rays at every row of pixels for a horizontal analysis and every column of pixels for a vertical analysis 
(Figure 4.97).  The variance (or coefficient of variation, standard deviation, or other metric of variability) ratio in 
these two directions can then be compared.  The ratio will equal 1 if the texture is a random isotropic pattern and 
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deviate from 1 for anisotropic textures.  This is then repeated for each image slice through the thickness of the 
sample.  It should be noted that this approach is very similar to an image processing method called a radon 
transform, which could potentially be used as an alternative method to that shown here. 

 

Figure 4.97:  Directional Ray Casting Example (Left:  Casting Horizontal Rays, Sweeping Vertically, Right:  Casting Vertical Rays, Sweeping 
Horizontally) 

Performing this analysis throughout the swept thickness of the sample, we get a result showing the coefficient of 
variation (CoV) of ray mean values in the horizontal divided by the vertical directions, again noting that a value of 
1 indicates isotropy.  Likewise, the “edge” of the sample defining the region where analysis is valid is manually 
selected from 25-321 microns, as indicated by circles in Figure 4.98.     

 

Figure 4.98:  CoV Ratio of Ray Means - (Vertical / Horizontal Directions) Anisotropy Analysis 
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Averaging the CoV ratio along the path (from 25-321 microns) produces a net ratio of approximately 0.96, 
indicating a highly isotropic, randomly oriented structure.  This confirms and supports the results found in the 
finite element simulation for elastic constants. 

For comparison purposes, several synthetically generated images are shown with results below.  Each image was 
generated with non-overlapping ellipse particles of various size distributions and alignment configurations.  
Examples of strong, moderate and weak particle alignment is shown in Figure 4.99 - Figure 4.101. 

 

Figure 4.99:  Example Synthetic Images with Texture, showing strong vertical alignment.  Left: Image, Right: Histogram of Ray CoVs in 
Horizontal vs Vertical Directions. 

 

Figure 4.100:  Example Synthetic Images with Texture, showing moderate vertical alignment.  Left: Image, Right: Histogram of Ray CoVs in 
Horizontal vs Vertical Directions. 
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Figure 4.101:  Example Synthetic Images with Texture , showing weak vertical alignment.  Left: Image, Right: Histogram of Ray CoVs in 
Horizontal vs Vertical Directions. 

Results clearly show preferential values of vertical alignment, consistent with visually evident results in these 
examples.  The ratio presented in Figure 4.99 - Figure 4.101 and summarized in Table 4.20 is the vertical direction 
CoV / horizontal direction CoV.   

Table 4.20:  Ray Mean Value Coefficient of Variation Results for Test Images 

Image Measured CoV Ratio 

Top – Strong Vertical Alignment 1.79 

Middle – Moderate Vertical Alignment 1.32 

Bottom – Random Orientation 1.01 

 

4.5.6 2-Point Correlation Function  
As described in the literature review at the beginning of this chapter, many complicated microstructures have 
been shown to be statistically well represented by n-point correlation functions.  Of broadest use are 2-point 
correlation functions, due in part to the relative complexity of higher order point function analysis.   
 
To begin, a metric which indicates the probability of a random single point in the binary image falling on a specific 
phase is called the 1-point correlation function.  For any provided structure, the 1-point probability is equal to the 
area fraction of that phase.   
 
Likewise, a 2-point correlation function simply describes the probability of 2 points (i.e. endpoints of a line) both 
falling in the same phase of the binary image.  In other words, given an arbitrary, randomly placed straight line 
with length, “r” and angle “”, what is the probability that both endpoints of the line fall in the “white” phase of 
the image?  Extension of this concept to 3D microstructures and images simply require addition of the line 
orientation in the third dimension; though all analysis conducted herein will be done on 2D slices.  While complete 
descriptions of n-point correlation functions applied to microstructures are widely available in the literature, the 
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concepts and algorithms described by Tschopp, et al 87 will be used herein for 2-point correlations and lineal path 
functions.   
 
The 3D x-ray CT scan image dataset after trimming to a region of interest consisted of 481 image slices.  Several 
slices of which are pure “air” (i.e. blank images) from near the image boundaries, these slices were ignored.  Of 
the 481 total slices, only slices #46-440 were included in this data analysis.  The cut plane is normal to the “web 
thickness” direction of the sample.  Each image consisted of 816 x 858 pixels, with each pixel dimension of 0.743 
micrometers per pixel, equal in all directions.   The images used were logical, binary images based on those of the 
WEKA segmentation probability maps.  Figure 4.102 shows two of the segmentation probability map image 
complements stacked side-by-side.  The left-hand image shows the binary image of slice number 200 (arbitrarily 
selected) with white pixels indicating the probability of the solid material phase, later referred to as “Phase 1”.  
The right-hand image is the complimentary image showing the air phase probability in white, later referred to as 
“Phase 2”.   

 
Figure 4.102:  Probability Maps.  Left Image:  White = Solid Phase (Phase 1), Right Image:  White = Air Phase (Phase 2)    

The 2-point correlation functions (TPCF) were then calculated on each 2D slice in this image.  The results are shown 
in Figure 4.103 and Figure 4.104.  The plots show each slice result (of the 394 slices analyzed) as the background 
blue data points and the overall mean response of the slices as the red line.  The upper and lower 95% non-
simultaneous bounds for observations are also shown as the dashed magenta lines.  Additionally, for each figure, 
four TPCF orientations are plotted at 0°, 90°, 45° and -45° rotational angles in order to show any potential 
microstructural anisotropy of the structure.   
 
These plots show that the initial 1-point statistic (distance = 0) yields the effective volume fraction of the white 
phase in the image.  The average distribution is then shown to asymptotically approach the P1

2 value in each case.  
This convergence on the square of the area fraction indicates that as the 2-point distance (e.g. line length) is 
increased, the probability of each endpoint lying in the same material phase approaches a random likelihood.  
Likewise, the distance (line length) at which this convergence on randomness occurs may be considered a 
characteristic dimension of the microstructure.    
 
Another observation that should be noted is the results for both solid and air phase analyses are reasonably 
similar.  This is an artifact of the current material in that porosity is approximately 50% for each phase, and the 
pore and solid phases have generally similar size distributions and shapes as can be generically seen in Figure 
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4.102.  A more obvious difference in solid versus air phase results is expected if porosity of new compositions 
deviates from 50%. 
 

 
Figure 4.103:  2-Point Correlation Function for Phase 1 (Solid Material Phase) 

 
Figure 4.104:  2-Point Correlation Function for Phase 2 (Air Phase) 

Additionally, the (4) orientations may be plotted together on a single plot (Figure 4.105 - Figure 4.106), in which 
differences between curves are more clearly examined, with the intent of helping describe apparent anisotropy 
in the structure.  As shown, no practical difference between the various angular rotations is shown, suggesting a 
highly isostropic geometric structure.   
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Figure 4.105:  Mean 2 Point Correlation Function - Phase 1 (Solid Material) - 4 orientations 

 

Figure 4.106:  Mean 2 Point Correlation Function - Phase 2 (Air) - 4 orientations 

For visual reference, an example slice of the microstructure is shown in Figure 4.107.  This image has measured 
features labeled, arbitrarily selected by hand.  Dimensions of the measurements are in units of pixels, where each 
pixel is 0.743 microns.  Again, the purpose of this figure is to provide a visual reference of comparison of feature 
sizes. 
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Figure 4.107:  Slice #200, Binary Image, Random Measurements (White = Phase 1).  Measurements are in units of pixels.  1 pixel = 0.743 
micrometers. 

The two-point correlation function in the horizontal direction suggests a characteristic length scale of features less 
than ~50-60 microns (67-81 pixels) before becoming a random occurrence.  Likewise, the lineal path function 
(Figure 4.117) may be easier to visualize with respect to the labeled measurements in Figure 4.107 and will be 
covered in the next section. 

Debye et al.93 suggested that an exponential decay functional of the TPCF can be used to describe microstructures 
with one phase of random shapes and sizes.  The resultant equation for a 2-phase body consists of a single fitting 
parameter, “a” which is described as the correlation length.  The two other parameters in the equation are the 
phase volume fractions (1 and 2); r is the line length associated with the TPCF (“S2(r)”). 

     2
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Torquato85 extended this solution to the special case of structures with so called “phase-inversion symmetry” with 
TPCF parameterized as: 
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q
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 4.33 

Where “a” again indicates characteristic correlation length and the new spectral parameter contains “b”, a 
characteristic length that “controls oscillations in the term sin(qr)/qr, which also decays with increasing r.” 85 

Utilizing the exponential decay parameterization (equation 4.32), we can fit the measured TPCF with a cutoff 
distance of 300 m.  Given that this is a 2 phase medium, the volume fraction of the complementary phase is 
simply 2=1-1, thus only two parameters are fit in the decay equation, 1 and a.  As shown in Figure 4.108 and 
Figure 4.109, it’s clear that the mean TPCF functions very closely match the exponential decay fit yielding 
characteristic lengths (“a”) of approximately 11.5-13 m for both phases (Table 4.21).  Due to the extremely high 
quality of fit, the Torquato form with decaying sinusoid was not necessarily required in this material since the 
term sin(qr)/qr is negligible. 

 

Figure 4.108:  Mean TPCF with Exponential Decay Fit – Solid Phase (Phase 1) 
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Figure 4.109:  Mean TPCF with Exponential Decay Fit – Air Phase (Phase 2) 

Table 4.21:  Curve Fit Coefficients (Equation 4.32) 

Phase 
TPCF Orientation 

[degrees] 1 [0-1] a [m] R2 

Solid 0 0.489 11.56 0.998 

Solid 90 0.483 12.95 0.998 

Solid 45 0.486 12.52 0.996 

Solid -45 0.488 11.80 0.991 

Air 0 0.508 12.55 0.994 

Air 90 0.518 11.53 0.995 

Air 45 0.514 12.12 0.996 

Air -45 0.514 11.70 0.998 

 

The simple exponential decay function tends to fit the example microstructure quite well and may provide a 
reasonably efficient means of parameterizing or describing this category of materials with a relevant functional 
form and characteristic parameters.   

Further, TPCF results can be visualized in numerous ways.  For example, the 2-point correlation functions begin 
with an initial value of P1, which is equal to the area fraction of the specified phase.  It then tends to decrease 
approaching a value of P1

2, indicating the random chance of both endpoints falling in the same phase.  Thus, the 
resulting plot can be normalized by either of these known values (e.g. TPCF / P1 or TPCF / P1

2).   Likewise, the 
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resultant calculations for the TPCF are not limited to simply a 1-dimensional line plot.  Since the TPCF function is 
a correlation of all various rotations and lengths, results can be viewed as a 2D effective image or contour plot 
(Figure 4.110-Figure 4.111). 

  

Figure 4.110:  Contour Plot Visualization of the Mean TPCF for Phase 1 (Solid Material).  Dimensions in pixels. 

 

Figure 4.111:  Contour Plot Visualization – Slice 200 - TPCF (first 150 x 150 elements) Dimensions in pixels.  Z-axis is probability [0-1]. 
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Interestingly, it may be obvious to note at this point that the 2-point correlation function is directly related to an 
autocorrelation function.  Specifically, the TPCF is equal to the autocorrelation normalized to the sampling 
frequency (as a function of line length).  Terminology and direct use of traditional autocorrelation methods (as 
compared to two point correlation function terminology) has similarly been used to characterize material 
microstructure images, such as grain size94 via analysis of peak width as well as particle alignment via 
autocorrelation surface shape patterns95.   
 
Autocorrelation functions used for image analysis are simplistically a measure of how well the image correlates to 
itself, with respect to a “pixel shift” or image translation in all possible directions, and is a special case of the cross-
correlation metric.  One principal reason for this discussion is the fact that the cross correlation and 
autocorrelation analysis using commonly available image processing algorithms are often easily applied directly 
to non-segmented images (i.e. intensity images), whereas 2-point correlation functions typically require 
segmented images.  It should be well known to the reader that the process of obtaining a quantitatively accurate 
image segmentation is a challenge for many real world microstructural images.  In cases where segmentation is 
difficult, widely available autocorrelation functions may be directly applied to the intensity image as a practically 
alternative and favorable method of analysis.   
 
In maintaining consistency with previous examples, an autocorrelation of slice 200 is provided in the following 
plots (Figure 4.112-Figure 4.114).  Note that the absolute value of the Y-axis peak is not the probability as is shown 
in the TPCF (since it was not directly normalized to the relevant counts), and thus is simply normalized to the 
overall maximum value.  The primary difference between the two results (autocorrelation versus TPCF) is the 
normalization procedure of the methods. 
 

 

Figure 4.112:  Autocorrelation in Horizontal and Vertical Directions (300 pixel range @ 0.743 micron/pixel) 
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Figure 4.113:  Autocorrelation Function of Slice #200 (Centered Peak).  Note the Y-axis “flip” in orientation due to the difference in “graph” 
convention and image coordinate system convention. 

Contours shown in Figure 4.113 indicate short scale isotropy, and potential longer scale (e.g. ~50 to several 
hundred pixels) orthotropic type symmetry.  This is an interesting observation that should be considered with 
additional datasets for relevance.  This apparent deviation from ergodicity may be of insignificant magnitude, or 
may be from edge effects of the image size, though it is difficult to conclude anything from these data sets alone 
and was given limited attention here.   Figure 4.114 provides a zoomed in view of the upper right quadrant of  
Figure 4.113 with a range from the center point to 150 pixels.  Within this range, results seem much more 
isostropic than the far field response. 

 

Figure 4.114:  Normalized Autocorrelation from Center.  (first 150 x 150 elements, units in pixels) Normalized to peak value. 
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4.5.6.1 Computational Notes 
The 2D, two-point correlation function (TPCF) is relatively straight forward to calculate directly by use of a Fast 
Fourier Transform (FFT) approach.  Using the fact that a correlation (in real space) simplifies to a multiplication 
operation of the complex conjugate in the frequency domain96 makes calculation of the TPCF or autocorrelation 
function straight forward.   In psuedocode (with “%” indicating a comment): 

%---Start of Psuedocode---- 

I = image    %Comment:  2D, double precision array in this example 

I_fft = fft(I)   %Comment:  fft of the image (frequency domain image) 

X_fft=I_fft * conjugate(I_fft) %Comment:  fft image times the complex conjugate of the fft image. 

X=ifft(X_fft)   %Comment:  Inverse of fft to bring back to real space 

%Comment:  X is the autocorrelation array.   

%---End of Psuedocode---- 

4.5.7 Lineal Path Function 
The probability that a line of a specified length and orientation falls completely within a single phase of the 
microstructure defines the lineal path function (LPF).  This is similar in nature to the 2-point correlation function, 
with the exception that the 2-point correlation function only requires the end points to fall in the same phase 
whereas the lineal path function requires the entire line segment to be contained by a single phase.  Thus, the LPF 
metric better defines size and connectivity of structures.  Tschopp87 describes the relative usage as “…TPCF 
represents the spacing between porosity and the LPF represents the connectivity of porosity.”  As can be shown, 
the LPF metric may potentially be used as a method of characterizing pore size distributions86. 
 
The results of these measurements are again displayed in a similar manner as the 2-point correlation function 
results, where the red lines indicate the individual slice measurements and the blue line is the overall mean of all 
slices considered.  This analysis is done both for the horizontal and vertical directions (0° and 90°) and for both 
material phases (solid and air).  Figure 4.115 and Figure 4.116 present these results. 
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Figure 4.115:  Lineal Path Functions (Top 2 figures = Phase 1 in 0° and 90° orientations, Bottom 2 figures = Phase 2 in 0° and 90° orientations) 

 
 

 
Figure 4.116:  Mean Lineal Path Functions of Both Phases and Orientations 
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As shown, the results indicate the sizing and connectivity of the solid and air phase are very similar.  Results also 
suggest that while similar, the phase 2 (air phase) tends to be slightly bigger and more well connected that the 
solid phase as shown by Figure 4.116.    

Following the 2-point correlation work and measurements in Figure 4.107 of the previous section, the lineal 
path function may be more readily interpreted and related to physical measurements.  As shown in Figure 4.117 
and Figure 4.118, the 2D slice example (slice 200 of 394), it becomes increasingly rare to have a perfectly 
horizontal or vertical line segment completely contained within a single solid (white) region larger than 
approximately 100 microns (~134 pixels).  In fact, it suggests that approximately half of the lines contained 
within the white regions will have a length less than approximately 17.83 microns (~24 pixels) in dimension.  
Likewise, in Phase 2 (the porosity phase), the mean probability (0.5*P1) within that phase corresponds to a value 
of ~20 microns, which directly correlates with the median pore size reported by mercury intrusion tests on this 
material (Hg d50 = ~20 microns mean pore size) and serves as an additional “sanity check” of the measurements 
(though it is again noted that mercury intrusion and LPF are different metrics and will not give the same sizes 
and distributions in the general case).   

 

Figure 4.117:  Lineal Path Function for Slice 200.  Phase 1. 
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Figure 4.118:  Lineal Path Function for Slice 200.  Phase 2. 

While results in this example case show 2-point correlation statistics and LPFs to be somewhat redundant, this 
may not be true for other material variations in which porosity, tortuosity and other factors vary. 
 

4.5.8 Bulk Porosity and Pore Size Distribution 
 
Direct porosity measurements can be made in a mathematically well-defined and easily computed manner using 
image processing algorithms based on the x-ray CT scan image.  While pore size is in of itself somewhat 
ambiguously defined in general, one description of a pore-size distribution function follows the Torquato85 
definition, i.e.: 
 
“P()d = Probability that a randomly chosen point in V1() [the pore domain] lies at a distance between d and 
+d from the nearest point on the pore-solid surface.  “ 
 
By this definition, it is apparent that pore size distribution is inherently a 3-dimensional metric and is not 
accurately described by the analysis of 2D slices.  As such, the full 3D image is analyzed in this section, again visually 
shown as ortho-slices in Figure 4.119. 
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Figure 4.119:  3D Slice View of Binary Image (White = Solid, Black = Air) 

The presented image is sized as 816 x 858 x 395 voxels.  In order to measure pore size distribution following the 
definition previously discussed, a standard image processing algorithm called the distance transform is used.  
When applied to the 3D image, the resultant distance transform results in a measurement of the distance from 
each voxel of a binary mask to its nearest surface.  In this case, a standard Euclidean distance metric is utilized.  
While this is inherently a 3-dimensional analysis, for illustration purposes, an overlay of a binary image and the 
distance transform of a single 2D slice is shown (slice 200) in Figure 4.120.  Finally, following the definition of a 
pore-size distribution function, we can then bin and histogram the results (Figure 4.121), normalized to the 
probability density function.   
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Figure 4.120:  Slice 200:  Original Image (Green = Solid Material) & Resultant Pore Space Distance Transform (Magenta) 

 

Figure 4.121:  Pore Size Distribution, Method 1 – PDF.  Distance distribution of all points in the porosity space. 

It can be seen here that this definition differs from many traditional metrics such as mercury intrusion porosimetry 
in that it provides larger weight to the small distances since the frequency of occurrence is greater at small 
distances from a surface.  This method directly accounts for the distance of every discrete spatial point in the pore 
domain.  Likewise, emphasis should be placed here that this metric is the distance from any random point to its 
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nearest surface; this is not the same as alternative metrics such as non-penetrating, closed packed sphere 
diameter distributions, where the solutions are non-unique and provide non-complete spatial coverage of the 
domain.   

A reasonable simplification of this approach is to extract the centerlines via a skeletonization operation (i.e. the 
ridge of the distance transform) and use only the distances associated with these ridge points.  This is analogous 
to an inscribed sphere constrained at its center point and finding the smallest inscribed radius to a boundary.  In 
order to perform this analysis, 3D skeleton is first calculated, with an example shown in Figure 4.122 and Figure 
4.123.  This skeletonization process may be useful for additional purposes, such as the ability to create equivalent 
pipe networks used to obtain simplified flow paths and effective permeability, though like any simplifying method, 
accuracy of these approaches are subject to specific cases and details of the metrics. 

 

Figure 4.122 - 3D Skeleton of Pore Space.  Full Field of View 
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Figure 4.123 - 3D Skeleton of Pore Space.  Zoomed in, upper left region of Figure 4.122 

 

The skeletal distances (distance from skeleton to nearest surface) are then extracted from the distance transform 
and plotted as a histogram in Figure 4.124.  Note that in 2D space, this would be the so called “half-width” of the 
specific region. 
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Figure 4.124:  Pore Size Distribution PDF Comparison – Distribution of Full Space vs. Skeleton Based Distance. (Distance is a point in space 
to its nearest surface) 

Note that this is shown in terms of an effective radius – whereas mercury intrusion porosimetry typically reports 
values based on an effective diameter.  Relating the skeletal distance metric to an inscribed, non-penetrating 
sphere metric would require a scaling of >2X, given that in the skeletal distance metric, a sphere is defined by a 
center point (along the skeleton) and the radius to the nearest surface, whereas a non-penetrating packed sphere 
approximation defines the spheres by at least 3 points of contact at the outermost sphere surface (and the center 
point is free to adjust accordingly).  A factor of 2 scaling can be used as a “rule of thumb” approximation when 
examining the skeleton based approach in 3D but is inherently a different metric than mercury intrusion and is 
not assumed to be directly equivalent.  This link between mercury intrusion pore size and image based methods 
presented here are only meaningful using the skeletal distance method, not the “full distance transform method”.   
Regardless, it is well known85 that pore size distributions are generally considered as lower-order microstructural 
functions and thus are likely inadequate to be used as a sole metric of microstructure morphology.   

Note that results of the skeletal distance metric are sensitive to specific algorithms which define the skeleton itself 
and its self-consistency with the distance transform and associated features – thus skeleton by distance transform 
ridge methods were used here.  Lastly, computing a 3D skeleton on a reasonably large dataset (such as shown) is 
computationally expensive and may take several minutes to compute.    

Additionally, using 3D image analysis metrics provide a somewhat trivial method to distinguish and isolate closed 
and open porosity.  For example, the dataset shown in this report exhibited 0% closed pores (i.e. 100% of porosity 
was interconnected, representative of a so called “bi-continuous” or “bi-morphic” type of structure.  This 
observation is not necessarily apparent via mercury intrusion alone. 

Although it has been stated numerous times that mercury intrusion is not the same as these image-based metrics, 
it is still commonly asked to show a direct comparison of measures.  As such, Figure 4.125 provides a direct 
comparison of similar material samples.   
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Figure 4.125:  2*(Skeletal Distance) vs. Hg Porosity Measurement (Similar but different sample) – CDF  

Again, it is not expected that mercury (Hg) intrusion measurements equal the pore size distribution calculated by 
the skeletal distance method, however they are plotted together here simply as an example to the reader.  In this 
case, the skeletal distance function is multiplied by a factor of (2) to make the meaning generally more relevant 
to the Hg porosity measurement.  Likewise, the skeletal distance distribution is lower than the Hg intrusion data 
here, (as expected), due to many fundamental reasons, one of which is a lack of skeletal pruning.  If, for instance 
all skeleton branches were fully pruned, the distribution would shift larger.  Additionally, the inherent fact that 
only the nearest surface point (in 3D space) is being measured naturally skews the distribution lower than Hg 
porosity metrics.  Finally, note that the data sets shown are from different samples – though it is the same 
cordierite composition.    

4.5.9 Specific Surface Area 
While 2-point correlation functions are typically considered lower order statistical functions which only describe 
the bulk statistics of a random structure, they remain inherently rich in content as compared to many alternative 
metrics.  For example, the first value obtained from a 2-point correlation function is equal to the volume fraction 
of that phase.  This value then typically decays with increasing 2-point distance (i.e. line length) describing the 
characteristic sizes as a function of distance in the structure. 
 
Related to the richness of content in this single function, it is also known that the rate of change of this function 
relates directly to the specific surface area of the structure.  For example, Torquato85 solves for the case of 
isostropic random media in the form of: 
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Thus, the specific surface area (e.g. in units of surface area per unit volume in 3-dimensions) can be directly 
obtained by measuring the derivative of the 2-point correlation function at the initial point (r=0).   
 
Two examples are presented herein, the first providing a direct comparison of using the 2-point correlation 
function to estimate the specific surface area on a 2D image slice, where it will be directly compared to a direct 
measurement via image processing.  The second example will then be applied to the average 2-point correlation 
function fits obtained in a previous section and analytically calculated.  Figure 4.126 shows slice #200 with the 
edges highlighted.  The red color indicates the external boundaries of a connected object and the green 
boundaries indicate the interior edges of the connected object.  The 2D specific surface area of this image can be 
simply calculated by tracing each edge, calculating the cumulative Euclidean distance (i.e. 

   2
12

2
12 yyxxd  ) of each boundary.  In other words, we simply calculate the perimeter of each 

boundary and then sum them together to find the total surface area in the image, noting that we ignore the 
boundaries on the absolute edges of the image.   Then simply divide that total edge length by the area of the 
image.    

 
Figure 4.126:  Slice 200 - Boundaries Highlighted (Red = Parent Object Boundary, Green = Interior Boundary) 
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Likewise, using equation 4.34 to estimate the specific surface area from the 2-Point correlation function is 
performed by calculating the partial derivative of S2 at r=0.  Since S2 is both a function of r and angle (), results at 
(4) different orientations (0°, 90°, 45°, and -45°) will be shown for convenience.   
 
Using the TPCFs for this image and taking the partial derivative multiplied by  is shown in Figure 4.127, where 
the value at r=0 estimates the specific surface area.   
 

 
Figure 4.127:  Partial Differential of S2 - Specific Surface Area Estimated at Distance = 0, Slice #200 

The average SSA of all slices can also be found and results in general similar (though smoother) response as a 
single slice (Figure 4.128).   
 

 
Figure 4.128:  Partial Differential of S2 - Specific Surface Area Estimated at Distance = 0, Ensemble Average of All Slices 

Note that the TPCF estimates are generally consistent with respect to orientation.  Table 4.22 provides an overview 
with direct comparison.   
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Table 4.22:  Specific Surface Area Measure  

Method Orientation 
Slice #200        

SSA [mm2] 
Ensemble Avg.        
SSA [mm2] 

Image Boundary Measurement Bulk 0.0481 - 

TPCF 0° 0.0618 0.0621 

TPCF 90° 0.0590 0.0576 

TPCF 45° 0.0618 0.0604 

TPCF -45° 0.0584 0.0588 

 
Since differentiation is a noise amplifying function, a relatively large difference is seen here due to a small 
numerical deviation.  Likewise, these differences between the TPCF method and the direct image measurement 
are of small practical differences.  For example, differences in measured SSA due to image resolution itself can 
create differences on the order of those seen between the two measurement techniques.   
 
Similarly, we can analytically differentiate the fit functions with coefficients listed in Table 4.21.  Specifically, 
equation 4.35 is the analytical differential the exponential decay form of the TPCF. 
 

      

12

112

1

,

1















where
a

e

r

rS a
r

 

 4.35 

Solving for the 2D specific surface area using coefficients in Table 4.21 yields results in Table 4.23. 

Table 4.23:  2D Specific Surface Area Calculated from Curve Fits 

Phase 
TPCF Orientation 

[degrees] 1 [0-1] a [m] R2 
SSA 

[m/m2]  

Solid 0 0.489 11.56 0.998 0.0758 

Solid 90 0.483 12.95 0.998 0.0706 

Solid 45 0.486 12.52 0.996 0.0657 

Solid -45 0.488 11.80 0.991 0.0611 

 

4.5.10 Finite Element Mesh and RVE Analysis (Effective Moduli of Porous Structure) 
In the latter case of conversion to finite element meshes, software such as ScanIP (www.simpleware.com) is used 
to reconstruct a volumetric mesh of the 3D image mask.  Various meshing options can be selected; however, for 
this case a free, linear tetrahedral mesh was used with smooth surfaces (non-voxelized).  For reference, the first 
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attempt at meshing the model shown later in this section using a mixed hexahedral-tetrahedral mesh and yielded 
more than 140 million tetrahedral (“tet”) elements and ~30 million hex elements, whereas the optimized free tet 
mesh reduced model size to approximately 9.8 million tetrahedral elements.  This mesh was then imported into 
commercial finite element software (ANSYS or ABAQUS) for solving and post processing. 

For effective property averaging calculations, we define average cross-sectional areas and mean porosities based 
on the convex hull measurements in each principal direction (Table 4.24). 

Table 4.24:  Average Porosity and Convex Hull Areas 

Slice 
Direction Plane 

Mean Convex 
Hull Area [m2] Mean Porosity [0-1] 

1 XY Plane (Z-axis sweep) 249567.63 0.5068 

2 XZ Plane (Y-axis sweep) 163825.02 0.5127 

3 YZ Plane (X-axis sweep) 164177.30 0.5137 

 

Using this information, the finite element mesh generated in ScanIP was imported into ANSYS.  An ANSYS APDL 
script was used to set up the model, boundary conditions, loads and post processing to measure the homogenized 
effective (mesoscopic) elastic moduli in the directions corresponding to those found via Sonic Resonance and 
Laser Ultrasound tests.  Specifically, this is done to attempt identification of the source of apparent anisotropy 
observed by each of these tests.  The hypothesis under investigation is if the apparent anisotropy in the axial 
versus transverse directions at mesoscopic length scale is due to pore morphology or if it’s caused by a different 
factor (e.g. preferential microcrack directionality, etc.).  For example, one could imagine a microstructure with 
elongated pores in the direction of extrusion causing apparent anisotropic behavior.   

The model and several zoomed views of the mesh are shown below (Figure 4.129-Figure 4.130).  First, a general 
image of the model and its mesh are shown.  Figure 4.130 then shows an example of the model within ANSYS 
indicating regions of the loads and boundary conditions used for a uniaxial loading case.   
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Figure 4.129:  (Upper) Solid Model, (Lower) Zoomed View of Mesh 

As shown in Figure 4.130, the lower surface shows a displacement boundary condition (teal color) in the normal 
to surface direction indicating a displacement equals zero in the normal direction.  The upper green region 
shows the surface nodes which are coupled in the normal displacement direction.  Finally, a force is applied to a 
single node within the coupled set.  Other surfaces in the model are free.   A similar loading case is also solved in 
an additional step in the transverse direction.   
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Figure 4.130:  ANSYS Model with Boundary Condition Regions Indicated 

Since the goal of this analysis is to measure the effective (mesoscopic) Young’s modulus in the direction of applied 
load, the applied force needs to be scaled by the total effective cross-sectional area in order to calculate the 
effective mesoscopic applied stress.  The area used for this is listed in Table 4.24.   

Upon solving, results are obtained and listed in Table 4.25, where Eo is defined as the fully dense Young’s modulus 
(and where o=0.2).  For this model, the material is found to be highly isostropic in the X-Y plane with less than 
7.8% elastic anisotropy found (within the accuracy of our assumptions and model).  Additionally, it is found that 
the effective modulus is approximately 16-17% of the dense modulus at this porosity. 

Table 4.25:  Effective Moduli (Mesoscopic) from Tomography Analysis 

EX/Eo EY/Eo EX/EY 

0.175 0.162 1.078 

 

4.5.11 Discussion of X-Ray Tomography Analysis and Associated Metrics 
This section provides an example of several characterization methods used to describe the porous microstructure 
of the cordierite samples tested.  These microstructures, similar to an open foam material, are classically 
challenging to parameterize due to the apparent randomness of the structure.  While many techniques are 
available for describing the material, such as mercury intrusion porosity measurements, it is the belief of the 
author that image based methods such as X-ray computed tomography offers significantly more opportunity to 
refine characterization metrics.   

It is noted here that very little proliferation of the most common methods of statistical descriptors in the open 
literature (namely correlation function methods) are applied to this class of materials.  The topic of synthetic 



 

P A G E  |  1 6 9  

microstructure generation is also mentioned in passing throughout this section though it was not included in detail 
here for brevity, though is of general interest and has many potential applications.  

It is proposed that future work should consider at least (3) potential paths: 

1. Investigate n-point correlation functions and similar metrics in more depth with application to 
characterizing X-ray computed tomography scans of porous microstructures.  This is the pre-requisite to 
further steps and progress. 

a. Specifically, extend concepts shown in this document to 3 or 4-point correlation functions in order 
to begin the description of region shapes. 

b. Extension to other similarly derived metrics such as cluster functions. 

2. Investigate further enhancements to synthetic microstructure generation.  Three specific approaches are 
recommended for consideration: 

a. Random Pixel Swap and Ising like methods 85,88 

b. Random Field Methods 65,66,85 

c. Efros and Leung89,90 non-parametric sampling, texture synthesis methods 

d. Noting synthetic microstructures can be generated in numerous manners65-67,85.   

3. Use the class of statistical functions presented here to drive optimization of microstructures 
(microstructural design).   For example, parametrically defined 2-point functions and lineal path functions 
(or similar functions), to generate synthetic microstructures.  Then using these synthetic microstructures, 
simulate functional performance metrics (i.e. permeability, filtration efficiency, structural behavior, etc.).  
Wrap this process in a global optimization algorithm such as simulated annealing to then drive the overall 
microstructural design to meet optimal performance metrics for a given application space.   

The measurements performed in this section all tend to describe similar conclusions, each helping validate other 
metrics.  For example, the finite element simulation on the RVE of the solid phase shows fairly low levels of 
anisotropy in the normal elastic constants due to the 3D pore morphology.  All other metrics, including ray casting, 
2-point correlation functions, lineal path functions, etc. all result in similar findings.  Additionally, it should be 
noted that very little work was done here examining effective shear constants.  The basic measurements reported, 
including magnitude of the values by these functions tend to make practical sense (e.g. low probability of pores 
existing larger than 100 microns, etc.).   

There are several subtle observations that may be worth investigating more in future work.  Specifically, the 2-
point correlation and lineal path function results indicate that these metrics may be an efficient method of 
characterizing this class of material microstructures.  It may be valuable to investigate correlations between these 
measurements and material properties such as Young’s modulus or hydrodynamic permeability over a range of 
material microstructures86.   

Finally, it may also be practical to use similar metrics to describe other microstructural features, such as crystal 
domain sizes, mixedness in green ware, particle clustering in green ware, as well as material phase, size and 
spacing analysis from EBSD type measurements (examples shown in previous sections). 
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4.6 KEY OBSERVATIONS AND SUMMARY 
The material behavior has been broadly characterized in this section.  Since the primary goal of this work is to 
improve macroscopic thermal shock simulations by the development of a constitutive material law, several key 
observations from the measurements will be highlighted. 

4.6.1 Macroscopically Orthotropic 
The resultant homogenized macroscopic material may be treated as a special case of orthotropic elastic symmetry 
(sometimes referred to as “tetragonally isostropic”97) due mostly to the square shape of the honeycomb structure.  
Other honeycomb shapes would produce different effective macroscopic material symmetries, such as hexagonal 
or triangular cells creating a transversely isostropic symmetry behavior.  The standard compliance matrix for 
orthotropic materials is provided by equation 4.36, defining the need for (9) independent elastic constants to be 
defined as well as (3) thermal expansion coefficients.   
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4.36 

Thus, (12) independent engineering constants are required to be defined for a linear elastic solution.  Non-linear 
material models would require additional (potentially many additional) parameters to describe the non-linear 
behaviors.  However, due to the multiscale nature of this material behavior and assuming tetragonal symmetry 
due to square cellular shape, the number of independent constants can be further reduced to (4); (2) Young’s 
Modulus and (2) CTE.  Additionally, uniaxial tensile strength in two directions are typically required, resulting in 
(6) total measurements.  The remaining engineering constants are generally then calculated based on these 
measurements and knowledge of the honeycomb dimensions, either using the finite element RVE approach or via 
beam analogies as described in the appendix 11.5.  Table 4.26 describes a summary of which geometric and 
thermoelastic measurements are required for a macroscopic thermal shock analysis. 

Table 4.26:  Typical Macroscopic Material Properties, Related Source and Number of Samples 
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Properties 
Required Parameter Source # Samples 

D
im

en
si

on
s 

Length Ruler 1 per group 

Diameter Ruler / Laser Gauge 1 per group 

Skin Thickness Microscope or Vision System 1 per group 

Plug Depth Depth Probe or Dissection 1 per group 

CPSI Microscope 1 per group 

t Microscope 1 per group 

ACT Ratio Microscope 1 per group 

Fillet Radius Microscope 1 per group 

Weight  Scale 1 per group 

H
on

ey
co

m
b 

M
at

rix
 

Ex Sonic Resonance 1 

Ey Ey=Ex   

Ez Sonic Resonance 1 

Gxy Calculated   

Gxz Calculated   

Gyz Gyz=Gxz   

xy Calculated   

xz Calculated   

yz yz=xz   

x Secant CTE - Measured 1 

y y=x   

z Secant CTE - Measured 1 

MOR - z Flexural, Measured 20+ 

MOR - x Flexural, Measured 20+ 
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4.6.2 Material Non-Linearities 
As evident by many of the measurements reported in section 4, this class of material exhibits strong non-linear 
material behavior in terms of time, temperature and applied stress.  Of specific interest to the remainder of this 
work is the apparent path dependent behavior of Young’s Modulus with respect to temperature (i.e. thermal 
hysteresis) shown in section 4.1.1.  Coupled with the observations of the tensile strength as a function of time and 
temperature, (section 4.1.2), hypotheses may be formed regarding mechanisms of action (i.e. microcrack kinetics).  
The microstructural images in section 4.3 provide the means of describing these apparent macroscopic behaviors 
by use of the microstructural features in this material, specifically anisotropic crystal domains with boundary 
misorientations resulting in a high density of thermally induced microcracks.  Utilizing these observations, a 
phenomenological constitutive model will be developed in section 5. 
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5 CONSTITUTIVE MATERIAL BEHAVIOR OF POROUS, MICROCRACKED 

CERAMICS 
The primary goal of this work is to enhance thermal shock stress prediction accuracy by developing improved non-
linear constitutive material models of these thermally microcracked, porous ceramic materials.  Complex thermal 
loading histories for synthetic cordierite materials experiencing temperature variations on the order of 20°-1200°C 
in non-trivial, non-monotonic paths are considered.  Model development is directly based on experimental 
observations made in section 4 with the goal of applying these learnings to a finite element model for thermal 
shock simulations.    

5.1 BACKGROUND 

5.1.1 Continuum Damage Mechanics 
The model developed in this section describes the process of thermally induced microcrack nucleation, growth, 
closure and healing.  As presented, the model is formed within a continuum damage mechanics framework where 
an internal state variable tracks the damage and transmits its effects on the homogenized properties of the 
material, specifically in a stiffness modifying form via homogenization (Figure 5.1).   

Krajcinovic98  states that “…damage mechanics is a rational framework for dealing with problems characterized by 
the dominant role of microcracking in energy dissipation.”  Further he goes on to state that “a particular model 
will be regarded as a damage model only if it features a special internal variable which in some manner qualifies 
(if not quantifies) the microcrack density and distribution (or the state of damage) locally, and a kinetic equation 
defining the evolution of the ‘damage’ with the applied load or time.”  Such conditions will all be met throughout 
this section. 

 

Figure 5.1:  Continuum Damage Mechanics.  Damage homogenization into effective, damaged material 

Perhaps the simplest and most widely known functional form of a damage mechanics theory is that presented by 
a 1-dimensional Hooke’s Law, with introduction of parameter D as a damage parameter ranging between 0-1 
(equation). Direct variations of this form are prevalent including direct extensions to tensor space where D is often 
treated as a 2nd or 4th order tensor99,100. 

Undamaged material + 
Explicitly defined 

damage

Homogenized effective 
material 

E0, G0,0 E’, G’,’

Microcracks Homogenization
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  1E D       5.1 

This damage law is often practically reformatted as a relationship between the undamaged virgin modulus, Eo, 
and the effectively damaged material property Ed, (equation 5.2). 

  1d oE E D     5.2 

This simplified linear relationship is consistent with the general framework of the passive internal damage state 
variable approach of damage mechanics.  Specific functionals often change with the details of the material and 
state of damage.  For the case of a material with a distributed field of microcracks, more relevant functional forms 
may be directly solved and will be presented in the next section.  

Much of the published literature on the topic of effective properties relating to damage fields (such as 
microcracks) assume a direct analysis of a static configuration of microcracks in a body (usually oriented or 
randomly distributed penny cracks are assumed).  Numerous variations of this elastic inclusion problem are 
presented with results by Eshelby101, Kachanov99,102, Salganik77, Mori-Tanaka81 and many others.  These non-
process models are important for relating the damage parameter (or microcrack density) to the effective material 
properties, however most of the published work on this field is for the passive solution of a non-evolving field of 
damage.  Thus, these non-process formulations lack a kinetic behavior of stiffness degradation and are thus used 
in passing with detailed derivations available to the reader in the references.  Most of the focus of this section will 
be spent developing the kinetic model driving the evolution of the damage in the material. 

Further, most damage mechanics studies assume internal damage variables are non-reversible, semi-definite and 
monotonically increase with time98,99; however as will be shown, the forms developed herein will require 
reversible (non-monotonic) damage evolution laws.  Additionally, the terms damage and microcracking are 
sometimes used interchangeably.  For a more in depth background on the theory of continuum damage 
mechanics, the reader is referred to the work by Kachanov99 and Krajcinovic98.   

5.1.2 Young’s Modulus Relationship to Microcrack Density 
Figure 5.2 describes the basic flow of information for the proposed models.  The required inputs will be the time 
varying temperature and underlying material constants.  This time dependent load history is typically obtained as 
either a user defined input (for purely predictive cases) or as a measured temperature response from test or 
simulation.  The material parameters are then found by utilizing of a set of calibration data (e.g. sonic resonance 
Young’s Modulus time history).  These inputs are submitted to the solver which then calculates the apparent 
microcrack density in the material.  Specific examples will be provided in section 6. 
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Figure 5.2:  Problem Definition, Input-Output Flow Chart 

While the novelty of the work in this document centers on microcrack evolution; it is important to note how the 
microcrack concentration is related to the elastic modulus.  This connection defines the link between damage (i.e. 
microcracks) to engineering constants and stress-strain relationships.  For the sake of simplicity, we follow the 
work of Hasselman and Singh10, who proposed the following form (equation 5.3) and is the same as the previously 
shown equation 4.15. 

 

parameterdensity crack  n

parameter specific material

modulus elastic edmicrocrack

modulus elastic edmicrocrack-non
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 5.3 

Noting the actual equation proposed by Hasselman and Singh10 sets  =16/9 and n=Nb3 (the classic microcrack 
parameter10, where N is the number of cracks and b is the penny shaped crack radius) based on randomly 
distributed, sparse, non-interacting penny cracks.  However, as will be shown in the following sections, a 
normalized crack density is used in this report limiting 10  n for most situations, thus requiring a change of 
nomenclature from the literature for n and .  Additionally, the exponential solution of the differential scheme, 
(equation 5.4), was also considered; however no significant difference in quality of results was found, thus is it is 
left to the reader to decide which functional form fits their needs for future applications. 
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 5.4 

Other similar relationships between microcrack density and Young’s modulus can be directly replaced as the 
analysis requires.  For example, Salganik77 or other more comprehensive forms may also be used.  Zimmerman76 
provides a review of such relationships and is recommended by the author as an initial reference on the topic.  
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Salganik’s77 cross -property relationships between normal and shear moduli as well as Poisson’s ratio are also 
used further in section 6. 

5.1.3 Driving Force – Grain Boundary Stresses (Microscopic Length Scale) 
Thus far it has been shown that polycrystalline cordierite material is composed of individual crystallites that tend 
to be weakly anisotropic with respect to elastic constants and highly anisotropic with respect to the coefficient 
of thermal expansion (Table 2.1 and Figure 2.2).  Additionally, EBSD images show that the crystals align into 
groups of similarly oriented crystals called domains.  The neighboring domains exhibit misorientation as 
described by Figure 4.73 and Figure 4.77.  Finally, microcracks are observed following the domain boundaries 
(Figure 4.67-Figure 4.68).  Provided these observations, numerous references in the literature have documented 
similar features creating stresses at the grain (domain) boundaries as a result of thermal loading3,6,9,10,103-111.    

Since we are primarily interested in microcrack formation due to thermal stress exposure, a functional form 
relating the applied temperature to the domain boundary stresses (which cause the microcracks) needs to be 
established.  Cleveland and Bradt9 propose a simple relationship that linearly relate the domain boundary stress 
to the product of the coefficient of thermal expansion contrast between neighboring grains and the temperature 
difference to the initial stress free processing temperature as shown in equation 5.5.  Similar estimates of the 
intergranular stresses of similar ceramic materials has been reviewed by Bruno3,103.       
 

  TTE o  max2

1   
 5.5 

 
Obviously, this form is simply not descriptive enough to account for the complexities involved with microstructural 
anisotropic properties or statistical distributions of domain orientations.  Regardless, we will utilize this equation’s 
simplified functional form to describe the grain boundary stress as equation 5.6. 
 

 TTA ob    5.6 

Where the lumped parameter Ab is a constant of proportionality for the stress formation (fundamentally 

containing the material property information of the domains, (and collapses to  max

1

2bA E    in the simplest 

case).  This term (Ab) will effectively vanish with future substitutions and therefore will not be discussed in 
significant detail here.  The absolute value of the temperature differential is used since any applied temperature 
differential, regardless of sign, will yield a positive breaking stress.  
 
Many authors have shown some successful utilization of this general functional form for grain boundary stresses 
including the aforementioned Cleveland and Bradt9, as well as extensions to hexagonal grains with random 
misorientations by Tvergaard and Hutchingson109, who focus largely on resolving the stress singularity and 
associated stress intensity factors created at the hexagonal triple points.  Laws and Lee108 also follow this direction 
and analysis method.  Most of these papers result in a fracture mechanics relationship between strain energy and 
microcrack initiation as a function of grain size.   
 
Numerical finite element investigation of this 2D hexagonal grain configuration is briefly presented in section 5.5 
to obtain grain boundary stress distribution functionals with respect to evolving microcrack density and applied 
temperature.   General observations regarding mean stresses across the spatial domain are generally consistent 
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with equations 5.5-5.6, though obviously with associated distributions because of the CTE contrast being a locally 
varying parameter.     

5.2 THEORETICAL MOTIVATION - THE DURABILITY EQUATION  
The ability to simulate progressive damage and microcrack accumulation is a notoriously difficult field of study.  
One such method, referred to as the “Kinetic Theory of Fracture” or “KTF” has been shown to describe progressive 
damage models remarkably well in a wide variety of materials such as rock, polymers and composite 
materials56,100,112-120.  The following sections will demonstrate the ability of the Kinetic Theory of Fracture 
framework to describe microcrack accumulation and healing in ceramic materials under high temperature thermal 
loading. 

5.2.1 Activated Process 
The following sections will utilize the concept of an activated process, which presumes a material or object moves 
from one state to another (e.g. uncracked to cracked).  In order to change state to a new configuration, the energy 
pathway must be considered.  Typically, the initial configuration (“State 1”) is in equilibrium and the addition of 
energy to the system allows the material to overcome an energy barrier to move to a new state of equilibrium in 
an alternative configuration.  Fundamental to this is the concept of an activation energy.  Figure 5.3 shows a 
pictorial analogy of a rectangular block tipping over with consideration of the gravitational potential energy.  

 

Figure 5.3:  Pictorial Description of Activation Energy, Tipping of a Rectangular Block [Redrawn similar to Knowlton121] 

As shown in the example of tilting a rectangular block121 from location X1 to X2, additional energy equal to U2-U1 is 
required.  Once reaching the configuration depicted at X2, the block will spontaneously drop to configuration X3 
since the potential energy of X3 is lower and more stable than X1.  The energy barrier required to move from X1 to 
X3 (via X2) is called the activation energy.  This analogy is used to describe many thermally activated processes 
where the energy may be driven by a temperature (or mechanical, chemical, or other forms of energy) and the 
process may result in a state change in the material.  This concept is directly extended in this work to the formation 
of damage (microcracking) as a thermally activated process.   
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5.2.2 Durability Equation 
The Kinetic Theory of Fracture was originally and independently developed by Zhurkov 118,119 and by Coleman 112-

115 to explain the time dependent failure of brittle solids.  The fundamental equation is the so-called durability 
equation describing the time to failure of a material under static stress (equation 5.7).   
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 5.7 

 

Where,  
tf = time to failure 
to = characteristic atomic oscillation frequency. 
k = Boltzmann constant 
A = Avogadro’s number 
 = Activation Volume 
U = Activation Energy 
 
Realizing that we are focusing on high temperature behavior of ceramic materials in this study, it is important to 
consider that to can be described more directly by Planck’s Law, equation 5.8, allowing the atomic oscillation rate 
to vary with applied temperature. 
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 5.8 

 
Where h is Planck’s constant and kT is the thermal energy, as described by the product of the Boltzmann constant 
and the absolute temperature, T.    
 
This equation assumes that delayed failure in materials may be described by a thermally activated process where 
atomic bonds in the material experience energetic fluctuations (e.g. thermal movement) where there is a 
probability of the fluctuation jumping from “State 1” (bonded) to “State 2” (i.e. damaged) proportional to the 

term 

U

kTAe
 

 
  .  In concept this is similar to particle diffusion or other Arrhenius type material behaviors.  This 

form assumes that bonds can break if the energy barrier is exceeded (typically by a combination of thermal and 
mechanical energy, Figure 5.4) where the classic activation energy and activation volume describe the material 
behavior and is modified by the typical activation volume product with stress (equation 5.9).  
 

 
AU U     5.9 

 
In terms of kinetic (time-delayed) failure in materials such as static fatigue, Zhurkov118,119,122 has shown interesting 
results fitting the activation energy found by equation 5.7 to the energy of sublimation of the materials.  This 
provides an indication that there may be a direct fundamental relationship to the energy of bond breaking in a 
wide range of materials.  These assumptions seem appropriate for cases which are not driven by macroscopic 
crack propagation (i.e. fracture mechanics), but more related to materials with characteristic structure 
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degradation at the micro (or nano) length scales related to these micro fracture events prior to clear macroscopic 
damage localization.   
 

 
Figure 5.4:  Thermally Activated Process of Failure.  Activation Energy is Modified by the product of Mechanical Stress and the Activation 
Volume 

Lending to the support of this mathematical form, it is also widely published that fracture mechanics based slow 
crack growth velocities of brittle materials in static fatigue conditions follow a functional form such as proposed 
by Charles and Hillig55 and used widely by Wiederhorn50 where v is crack velocity, T is temperature and R is a 
constant.  This formulation makes an underlying assumption that slow crack growth or the apparent stress 
corrosion crack mechanism is a thermally activated process and is represented by the relevant mathematical form 
(equation  5.10).   
 

 
*E Vov

v e
RT

    
 5.10 

Noting that in their published notation50, E* indicates the stress-free activation energy, and V is the activation 
volume.  While much of the literature is based on fracture mechanics formulations of the slow crack growth 
problem, the stress intensity factor can be easily related to the applied stress via the usual equation 5.11.   

 2 IK


  
 5.11 

While the primary purpose of mentioning this is the striking similarity of functional forms between Zhurkov’s118,122 
equation 5.7, the Wiederhorn50 fracture mechanics analysis, Cherepanov’s book123 reviewing thermal fluctuations 
on solid material fracture, and Coleman112-115,124 analysis of fiber bundle stochastic failure analogies all showing 
similar practical results.  As will be shown in the following section, a mix of thermodynamic formulations and 
stochastic mechanics will be used to assemble the constitutive model for thermally induced microcracking, 
sometimes interchangeably as they are mathematically consistent analogies. 
 
Further justification that this analysis approach may be applicable to the porous, microcracked ceramics studied 
here can be confirmed by relating the Dynamic (or Static) Fatigue behavior of the material to the durability 
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equation.  The exact form of the durability equation used in section 5.3 was fit to experimental data shown in 
Section 4.1.2.2 with Figure 4.38.  As shown, it is obvious that the mean behavior is well captured, equal to or 
better than to the ASTM slow crack growth fracture mechanics analysis method42,43.   

Provided these observations and theoretical foundation, a constitutive model will extend these concepts to 
simulate the thermally induced microcracking process.  Fitting an activation energy and activation volume to tests 
such as Dynamic Fatigue data is one method which to extract appropriate values.      

5.3 THE KINETIC THEORY OF FRACTURE – BREAKING TERMS ONLY  
In terms of traditional damage models, monotonically increasing (non-reversible) damage is typically considered 
and may be presented in terms of microcrack states as a (2) state, (1) pathway model as shown in Figure 5.5 where 
the material can be “uncracked” or exist with a state of “open cracks”.  The initiation and evolution of damage 
may be classically described within this framework. 

 

Figure 5.5: (2) State, (1) Pathway Microcrack Accumulation Model 

Hansen and Baker-Jarvis56 enhanced the durability theory for use with polymer materials and provided a 
functional form which is able to describe microcrack concentration evolution provided a time varying applied 
stress.  This first order differential equation with a time varying coefficient is the foundation for the approach 
taken in this section and is labeled equation 5.12, where n indicates an effective damage parameter referred to 
as microcrack density and no is a microcrack density potential (upper limit) – referring to Hansen and Baker-Jarvis56 
for more detailed descriptions.  Note that in later implementations in this document, this parameter, n, is 
normalized with respect to a microcrack density potential, effectively normalizing this parameter to range 
between 0-1.   
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 5.13 

The bond breaking rate, Kb, is described by the product of the characteristic thermal oscillation rate of the atoms 
(to) with the probability function (i.e. likelihood of occurrence) of the thermal-mechanical energy overcoming the 
bond breaking energy barrier (as described by the exponential term).   

As Hansen and Baker-Jarvis noted, this form seems to capture the expected trends in a variable stress-time history 
for positive damage accumulation only (monotonically increasing damage), noting that the term “damage” and 
“microcrack density” are used interchangeably.  Additionally, it is limited to the case of tensile only stresses and 
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they note that there may be accuracy concerns at relatively low stress levels (though they are typically of little 
interest in failure analysis).  

Applying this model to the current problem of thermally induced microcracking, we can substitute equations 5.6 
and 5.8 into 5.13 to provide a reformulated bond breaking rate coefficient in terms of applied temperature.  
Additionally, since b  is an unknown material constant (i.e. “activation volume”) and Ab is a material constant, 

they can be lumped together to form an effective parameter, bb A
b

  ' .  Expanding yields equation 5.14. 

 ' ( )
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 5.14 

Although it is convenient to solve differential equations numerically, this specific linear differential equation (5.12 
& 5.14) can be rearranged, considering that Kb is a function of time (via a time varying temperature function) and 
no is a constant to provide a closed form analytical solution.  The ODE can be reformatted and solved as shown by 
5.15 - 5.19. 

 
    ntftf

dt
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 5.15 

 

Where, 

 
0)( ntKf bo    5.16 

and, 

 )(1 tKf b   5.17 

 

Given this simplified form (a first order, linear differential equation with time varying coefficients), we can solve 

for n by use of an integrating factor,  dtf
e 1 . 

 
dtnKeeeCn ob

dtKdtKdtK bbb  





 


 

 5.18 

We leave the solution in the integral form since the time-stress function may not be provided by a simple algebraic 
function (e.g. it may be a discrete, experimentally measured temperature history) and may require numeric 
integration of the signal.  If a simple stress-time function is known, it is left to the reader to complete the 
appropriate integration.  Additionally, fully expanding the solution by substituting equation 5.14 into equation 
5.18 yields equation 5.19, completing the solution to monotonically increasing damage as a result of thermally 
induced stresses. 
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Noting that in all cases, the applied temperature “T(t)” is the user input time varying function, and the solution is 
dependent on (2) damage coefficients (Ub and '

b
 ). 

An example application of the integral equation 5.19 is provided below.  Noting that this equation may not always 
be analytically integrated, a case by case numerical integration is recommended.  For this example, temperature 
is assumed to be an arbitrarily simple function of time, such as a scaled cosine wave as shown by equation  5.20.   
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 5.20 

Provided this temperature input signal, we now assume values for each of the constants.  Example coefficient 
values are provided in Table 5.1. 

Table 5.1:  Assumed Coefficient Values.  Realistic, but arbitrarily selected values for purpose of example. 

Parameter Value Units Description 
tp 8E4 seconds Period of cosine cycle 

Tmin 293 K Minimum temperature (room temp) 
T0 1485 K Stress free temperature 
Ub 19007.19 J/mole Activation Energy – Breaking Mechanism 
b’ 27162.77 

 
Modified Constant – Breaking Mechanism 

no 1 - Normalized microcrack saturation limit 
C 0 - Constant of integration, initial condition 

n(0)=0 
t1 0 seconds Lower limit of integration (start at time=0) 
t2 tp seconds Upper limit of integration                            

(end at time=tp/2, cool down cycle) 
 

With the values provided in Table 5.1, a numerical integration of equation 5.19 was conducted in Matlab using a 
cumulative trapezoidal integration method.  Results are displayed for the input temperature signal as well as the 
resultant normalized microcrack density variable “n” in Figure 5.6. 
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Figure 5.6:  Example numerical integration solution of the damage evolution (equation 5.19) using constants provided in Table 5.1.  Results 
show bond breaking mechanism only. 

As shown, damage accumulation monotonically increases from the initial condition of n(0)=0, to approach a 
value of n=1 as the temperature decreases.  During the subsequent heating cycle, damage remains at a value of 
n=1. 

5.4 MICROCRACK EVOLUTION - GROWTH RATE – BREAKING AND HEALING TERMS  
Extending upon the concept of damage accumulation, the concept of reversible damage is proposed as a thermally 
reversible processes similar to thermally activated sintering, noting the literature was found to be relatively sparse 
on this topic56,125,126.  In order to accommodate such a process, an extension of the single pathway damage 
accumulation framework can be established, as shown in Figure 5.7.  This model effectively allows damage to 
“heal” and return to an undamaged state, creating a closed loop process. 

 

Figure 5.7: (2) State, (2) Pathway Microcrack Model 
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Following the suggestion of Hansen and Baker Jarvis56 to enable a microcrack healing reaction, the following 
modifications to equation 5.12 are proposed.   By adding a “healing” reaction rate coefficient similar in nature to 
equation 5.14, the microcrack thermally induced healing coefficient, Kh, can be introduced (equation 5.21). 
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 5.21 

By including the bond healing reaction to the bond breaking reaction theory, we can establish a new constitutive 
evolution model as described in equation 5.22. 

 
hbo KnKnn

dt

dn
 )(  

 5.22 

It should be noted here, that this form is shown to be an incomplete model for describing the thermal hysteresis 
behavior of these microcracked ceramics.  It was not obvious during initial investigation, however once 
experimental data is compared to this form, significant gaps in mechanistic behavior is clearly noted.  Specifically, 
this form of the model assumes that there are only (2) active states of microcracks during these thermal loading 
environments, namely “healed” (i.e. no crack present – since the microcrack has thermally activated, bonding of 
the crack surfaces) and “open” (i.e. broken bonds, cracked surfaces).  While this section produces results that are 
not completely representative of experimental results, it was found to be an important intermediate step in the 
overall solution process and thus is reviewed here. 

Again, while the form of the ODE provided in equation 5.22 is typically the most convenient to work with (e.g. 
using numerical solvers) – we can again simply rearrange this equation into a recognizable form to which we can 
analytically solve.  Remembering that Kb and Kh are time varying constants (by way of the time varying “T”), we 
can expand and rearrange equation 5.22 into a similar form as 5.15 and again solve in a similar manner yielding 
equations 5.23 - 5.26. 
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Has a general solution with form, equation 5.24: 
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For the case of thermally induced microcracking, the stress term,  
  AtTk

tTToh


' , in the healing equation is not 

obviously justifiable.  Only a compressive stress could potentially help with the healing process, yet we are 
considering tensile stresses in this case.  Additionally, the forms shown in 5.21 - 5.26 were tested and compared 
with experimental observations and unrealistic numerical responses were found.  Theses observation led to the 
inclusion of a Heaviside function in the healing stress term, which only allows for stress to contribute during times 
of positive heating, yielding more realistic results when compared to experimental data (making this term active 
only when there is potential for compressive contact of microcracks.  The resultant equation is shown as 5.27 and 
is the key equation utilized to simulate microcrack breaking and healing in a 2-mechanism model.  Additionally, 
equations 5.28 - 5.30 provide an integral equation solution to the ODE, using a similar solution process as 
previously discussed. 
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 Equation 5.27 can be shown to have a general solution with form: 
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It is also worthwhile to mention the efficiency of this proposed model in equation 5.27.  As provided, only (4) total 
material properties (2 for healing, and 2 for breaking) are required to describe the full non-linear material behavior 
process for any arbitrary time-temperature loading function. 

Similar to the example provided in section 5.3, we can extend the analysis to provide an example solution of the 
integral equations  5.28- 5.30 for the proposed 2-mechanism model.  Again, the time-temperature signal defined 
in equation  5.20 is used.  Additionally, the constants provided in Table 5.1 are again utilized with the addition of 
(2) parameters, Uh and h’, describing the kinetic microcrack healing process (Table 5.2).  

Table 5.2:  Assumed Bond Healing Coefficient Values.  Realistic, but arbitrarily selected values for purpose of example. 

Parameter Value Units Description 
Uh 470419 J/mole Activation Energy – Healing Mechanism 
h’ 304 

 
Modified Constant - Healing Mechanism 

 

With the values provided Table 5.2, a numerical integration of equations  5.28- 5.30 5.19 in Matlab was completed 
and results are displayed as Figure 5.8. 

 

Figure 5.8:  Example numerical integration solution of equations  5.28- 5.30 using constants provided in Table 5.1 and Table 5.2.  Results of 
the 2-mechanism, thermally reversible damage (“n”) is shown. 

As shown, damage accumulation monotonically increases from the initial condition of n(0)=0, to approach a 
value of n=1 when the temperature decreases; similar in manner as Figure 5.6.  However, during the subsequent 
heating cycle, damage heals (“n” reduces) as the temperature increases, showing the thermally reversible 
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damage behavior.  Eventually as temperature gets hot enough, the material returns to an undamaged state with 
final value returning to n=0.   

5.5 MICROCRACK EVOLUTION - BREAKING, HEALING AND CRACK CLOSURE TERMS – PART #1 
At this point, the kinetic theory as described so far provides a general framework for the damage and healing 
events, however it does not necessarily describe the material behavior as well as desired, specifically regarding 
intermediate partial hysteresis loops.  For that purpose, the KTF framework is slightly modified to establish 
phenomenological material behavior of an additional microscopic process.  It should also be noted that Dr. Ray 
Fertig III (Univ. of Wyoming) directly contributed to deriving many equations through this section and 5.6 in joint 
work with the author.   

It is proposed that in addition to simple bond breaking and healing, the microcracks must physically close prior to 
healing.  This third mechanism (crack closure) helps explain observations such as apparently low levels of 
hysteresis at low temperatures, and higher levels of hysteresis at higher temperatures (resulting in “fractional” 
healing of the microcrack population).  It is suggested that the apparent level of hysteresis is a direct function of 
healed microcracks; however apparent stiffening upon the heating cycle is due primarily because of crack closure 
and subsequent healing.  Additionally, a constraint of specific directionality of events that must be maintained is 
needed (i.e. Healed cracksOpen cracks  Closed cracksHealed cracks).  That is, only closed cracks can heal, 
however, both closed or healed cracks may open.  Thus, the proposed three states of microcracks and four process 
pathways are shown pictorially in Figure 5.9.  Likewise, it is noted that the reduced elastic modulus relative to the 
undamaged material is only proportional to the open cracks via current assumptions. 

 

Figure 5.9:  Three Mechanism Model – Microcrack Process - Cracks can be Open, Closed or Healed, Shown with Directional Process Pathways. 

Using the framework established with the microscopic kinetic theory in the previous sections, a system of 
equations is developed here that describe the macroscopic material behavior as the microcracks evolve through 
the process described in Figure 5.9. 
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First, let us redefine the damage variable n, which will now represent the density of microcracks NC normalized by 
the total supply of boundaries that are potential crack sites NS (equation 5.31).  While explicit definition of the 
absolute number of cracks or potential crack sites may be studied in hypothetical cases (such as with synthetically 
generated microstructures), these values are often not directly measurable (or deconvoluted from other 
variables)  in a real materials, thus the use of the normalized parameter “n” is practically exploited as the internal 
state variable.  This only makes an assumption that there is a finite limit of potential crack sites available, such as 
those provided by grain boundaries as opposed to an infinite number of potential sites.    
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The normalized density of cracks, n, is then decomposed into open cracks noc and closed cracks ncc, such that 
their sum can vary between values of zero to one. 
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Additionally, as previously stated, the elastic modulus is related to only the open microcracks. Given these 
assumptions, equation 5.3 is restated as equation 5.33, differing in that noc (with bounds of 0-1) is used in place 
of the original Hasselman and Singh10 notation of Nb3 for the microcrack parameter, which has no such bounds.  

Likewise, the original form uses 9
16 because of assuming random dilute penny crack morphology, whereas 

the current form makes no such assumption, though the shape factor  remains on the order of 1.   
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Then, by using the framework laid out in the previously described kinetic theory and the three-state process chart 
(Figure 5.9), a set of two coupled ODEs can be developed by superposition of the individual mechanisms.  
Specifically, differential equations for the open crack density and the closed crack density are established as a 
function of the sum of the individual microcrack components.  This will be developed in the next sections (part 
#2).  To aid in this development, a microstructural finite element model was built and examined for general 
observations. 

5.5.1 Finite Element Model - Micromechanics 
In order to obtain general functional behavior of a system of misoriented grains under thermal load, a simplified 
model representing a hexagonal polycrystalline body is subjected to thermal-mechanical loading.  The stress and 
fracture results are then examined for functional trends to help guide development of a macroscopic material 
behavior model.  General mechanistic understanding of the problem and functional observations are extracted 
from these results regarding the stress and displacement responses.  It should be clearly stated here that this 
model is obviously overly simplified when compared to realistic microstructures and is not meant to be directly 
predictive of exact real material behavior.  The general learning from this simplified model will be applied more 
broadly in the following sections. 
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To begin, a simplified 2D model of hexagonal grains was developed in the ANSYS finite element software in order 
to simulate thermally induced microcracking (Figure 5.10).  Each grain is represented by a regular hexagon body.  
Subsequently, an assembly of these bodies is assembled with contact surfaces defined at the interfaces.  Previous 
sections of this document have identified that directional misalignment of neighboring cordierite crystal domains 
coupled with the coefficient of thermal expansion anisotropy is the underlying stress generating mechanism that 
creates thermally induced microcracks.  As such, the model assigns each hexagonal body a random Euler rotation 
angle which is sampled from a uniform random distribution between 0-180° (2D rotation only).  Microcracking 
was then simulated using “contact debonding” methodology with a cohesive zone model (CZM) for the fracture 
behavior.  Prior to debonding, the hexagonal domain boundaries are considered fully bonded contact at the 
interface.   

 

Figure 5.10:  Fully Dense Hexagon Polycrystalline Model (Random Colors) – 281 Body Model Shown (ANSYS Workbench Model) 
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Figure 5.11:  Zoomed View of Mesh.  Top:  Arbitrarily Chosen Hexagon Bodies Medium Zoom.  Bottom:  Triple Point Zoom.  Contact Element 
Surface with 0.5m element edge length.  Hexagon grains are 100m in horizontal width as shown. 

The example model shown in Figure 5.10 defines each straight hexagon facet as a contact surface pair.  In the case 
shown, the individual grains are 100m horizontal hexagonal width.  Additionally, this example case has symmetry 
displacement boundary conditions on the left and bottom edges with the remaining edges left free ; noting similar 
models referenced in other documents106 enforce periodic boundary conditions, though results were found to be 
generally similar.  Loading is an isothermal ramp, starting at an assumed stress-free temperature (e.g. 1200°C) and 
linearly cooling to room temperature, as a free thermal expansion problem, solved in a static analysis with non-
linear geometry (large strain) turned on for the cases with fracture included.  For an isotropic material body, this 
would result in a zero-stress solution, however due to material anisotropy and misalignment, stresses within the 
assembly arise due to the thermal load.  It should also be noted that while these stress results are length scale 
independent (i.e. the resultant stresses are constant as a function of hexagon grain dimension), the fracture 
behavior is energy based and thus is directly related to the absolute dimension of the features.  In this case, larger 
grains fracture more easily than smaller grains due to this effect and is an expected result9,104. 

It should be noted here, that numerical convergence of this model was extremely challenging; minor parameter 
changes resulted in the possibility that a fully converged solution was easily obtained with obviously wrong (as 
compared to experimental data) fracture results.  The two of the sensitive parameters affecting this convergence 
performance were found to be the contact stiffness factor and the artificial damping viscosity defined in the CZM 
material definition.   

For example, the contact algorithm primarily used in this model was the “Augmented Lagrange” method, though 
a pure penalty method produced similar behaviors.  By changing the contact stiffness factor from “10” (which was 
typically the starting value used in most cases here) to a value of “5”, the model results completely changed.   If a 
contact stiffness factor of 10 is used, convergence was found to be challenging, though resultant fracture behavior 
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and stress magnitudes were generally reasonable.  A simple cooling cycle from 1200°C-20° could typically be 
solved (if it converged) within approximately 5000-10000 iterations.  With the contact stiffness factor of 5, the 
result would immediately converge at the lowest number of substeps attempted (20 in this case).  However, the 
results for a contact stiffness factor of 5 produced zero fractured or debonded elements, while clearly the peak 
stresses at the interfaces well exceeded fracture strength.  This is simply a note for the reader that finite solver 
settings are critical to getting realistic simulation results and convergence behavior.   

Additionally, the CZM artificial damping value, defined in units of seconds, highly impacted convergence 
performance as well.  This value was modified to be as small as possible with specific attempts trying to keep the 
value smaller than the smallest time step used in the model.  This was not always possible and was visually evident 
in results where interfacial stresses and energies briefly (time dependent behavior) exceeded the fracture 
thresholds in the material definition. 

Similar models were built both in ANSYS (by the author) and in ABAQUS (by Fertig106).  In order to accommodate 
numerical convergence issues, Helius:MCT™127 library was used via cohesive elements coupled with an ABAQUS 
finite element solver, as described in the article by Fertig and Nickerson106.  Numerical convergence was found to 
be significantly improved with use of this library when using cohesive elements.  Resulting stress and displacement 
distributions were thus the reported values from these solutions106. 

The primary result of this effort is the normal stress distribution at the grain boundaries as a function of thermal 
cooling.  Figure 5.12 provides the normal stress distribution at the uncracked cohesive elements along the domain 
boundaries as a function of cooling temperature106.  Clearly, the distribution visually appears like a normal 
Gaussian distribution centered on zero and increasing variability as temperatures decrease.  This observation is 
found to be in agreement with those results reported by Ortiz and Suresh128.  Using the assumption of normality, 
we can parameterize the results (Figure 5.12, right plot) as a linear function of cooling temperature by examining 
the mean and standard deviations (noting represents standard deviation here, not stress) of the normal and 
shear stresses at these boundaries.  This can be described by equation 5.34.   

   *TTTo     5.34 

Where,  is a constant of proportionality, 0T is the stress-free temperature, and *T is the temperature change 

(undercooling) from the stress-free temperature.  These observations are in agreement with the model proposed 
by Cleveland and Bradt9 (equations 5.5 and 5.6) where 

bA  , and will be important for construction of a 

predictive statistical mechanics model. 
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Figure 5.12:  Normal Stress Distribution at Grain Boundaries During Cooling Cycle.  Stress Distributions (left), Mean and Std. Deviation 
Evolution (right) [Fertig and Nickerson, 2016106] 

The mean stress value remains equal to zero for the entire duration of the cooling.  This is directly a result from 
the fact that there are no external forces applied to the body and thus the stress distribution is required to 
maintain offsetting tension and compression regions to stay in static equilibrium.  The peak stresses, as described 
by the tails of the normal distribution are proportional to the standard deviation.  As shown in Figure 5.12, the 
standard deviation linearly increases with applied temperature.  This general trend is true for both normal and 
shear stresses, suggesting the possibility that cracking could be mixed mode or shear driven (which is an important 
note left for future work). 

Similarly, the crack opening displacement (CoD) distribution can be directly measured in both cooling and heating 
load paths (Figure 5.13).  In all cases, an exponential distribution function106 reasonably describes the evolving 
CoD distribution (equations 5.35 - 5.36).  There is clearly numerical noise in the measured signal due to the 
reasonably small size (in number of domains) of the model and other numerical considerations, the exponential 
distribution assumption is assumed.  Regardless, the evolution of crack opening displacement also trends as a 
function of the applied temperature in a manner consistent with this distribution function, defined by a single 
parameter, ,that is equal to the y-intercept (value at =0 of an exponential distribution probability density 
function (PDF)), and where  is a constant of proportionality based on the linear trend observed in the right-hand 
plot of Figure 5.13. This resulting cumulative distribution function (CDF) and temperature relationship will be used 
to further develop a description of the microcrack closure process. 

  eCDF 1  
 5.35 
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Figure 5.13:  Crack Opening Displacement Evolution as a function of Temperature [Fertig and Nickerson, 2016106] 

With these two key parameterizations of stress and crack opening displacement, results can be summarized into 
two functional forms, equations 5.34 - 5.35 and visualized graphically in Figure 5.14.  The left plot of Figure 5.14 
shows the general process of temperature change driving a widening of the stress distribution.  We can also 
assume that damage may initiate in the fraction of the stress distribution that exceeds the material strength, S.  
Likewise, in the crack opening displacement distributions, a small, critical value of displacement that is numerically 
larger than zero is treated as an effective cut off for considering a crack closed.  This non-zero value is practically 
due to mechanical roughness of the surfaces, debris, and minor misalignments preventing a numerically perfect 
closure, with a value on the order of nanometers. 
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Figure 5.14:  Resulting Functional Forms of Grain Boundary Traction Distribution (left) and Crack Opening Displacement (right) [Fertig and 
Nickerson, 2016106] 

Provided these parameterizations and understanding of the microcrack behavior, a refined set of experiments 
and models will be developed. 

5.6 MICROCRACK EVOLUTION - BREAKING, HEALING AND CRACK CLOSURE – PART #2, 
STATISTICAL MECHANICS  

At this point, grain boundary stress evolution and crack opening displacement behavior as a function of applied 
temperature has been developed106.  Additionally, the basic framework of a phenomenological microcrack 
evolution model for (3) mechanisms, 1) Breaking, 2) Healing and 3) Crack Closure have been established.  In this 
section, we will reassemble these differential equations in terms of statistical stress and displacement functional 
descriptions, resulting in one set of coupled ordinary differential equations describing the effective material 
behavior as a function of applied temperature.  Specifically, given the microcrack process shown in Figure 5.9 
specifying the (3) different states of microcracks, we will specifically define mathematical functions to describe 
each of the (4) possible process pathways.  After which, these (4) process pathways will be piecewise assembled 
by superposition into set of coupled ODEs describing the full microcrack evolution system.  

5.6.1 Bond Breaking (Microcrack Formation) 
Previous sections have shown that the local stress distribution of the unbroken grain boundaries may be described 
by a Gaussian distribution with mean of zero and increasing standard deviation with increasing temperature 
differential (Figure 5.12).  It is assumed here that the rate of microcrack growth is proportional to the rate at which 
stresses exceed the strength, S, as well as the supply of potential crack sites, (𝑛 − 𝑛 − 𝑛 ), representing the 
number of currently available grain boundaries that are intact and available to be cracked. 

Developing a functional description of the proportion of grain boundaries exceeding a strength as a function of 
applied temperature can be obtained using a simple cumulative distribution function (CDF) of a normal 
distribution (equation 5.37)129. 
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5.37 

Where erf represents the error function, µ is the distribution mean, which we have previously shown is equal to 
zero (but may be noted as a term of interest for future applications with an externally applied stress to the body) 
and σ is the standard deviation (representing a change of notation from previous sections of this report where it 
represents stress).  Additionally, since a standard CDF function describes cumulative probability of a value 
occurring below x, the complimentary function of the CDF is defined to describe the probability of a value (stress) 
occurring above a given value of x.  Simply converting to the complimentary cumulative distribution function (i.e. 
𝐶𝐷𝐹 = (1 − 𝐶𝐷𝐹)) and substituting we arrive at equation 5.38 providing a solution to the fraction of the 
unbroken grain boundaries with a stress exceeding the critical value of strength.   
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Here we will further simplify and introduce a new lumped material constant, , in equation 5.39, comprised of 
material parameters such as strength and thermo-elastic contrasts driving the stresses106. 
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 5.39 

Substituting, we are left with a simplified expression for the probability of a point exceeding a critical strength as 
a function of applied temperature, equation 5.40. 
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Following a similar functional form of the rate of damage accumulation in the kinetic theory of fracture, we can 
redefine terms and propose equation 5.41. 
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Substituting and carrying out the differentiation yields equation 5.42. 
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At this point we should note that this crack formation behavior is only active under positive stress development 
which occurs during the cool down process (assuming reference temperatures are of relatively high values).  Thus, 
to force positive damage accumulation to be active only in these conditions, we simply multiply both sides by the 
signed heating rate within a Macaulay bracket.  This formation also unwraps the function in terms of time space, 
as opposed to the previously defined temperature space.  Additionally, expanding from T* notation provides us 
with the final form used here (equation 5.43).  This functional is the piecewise component which will be used in 
the (3) mechanism model for the bond breaking term, based on the rate at which stress exceeds strength of 
available uncracked boundaries as a function of applied temperature. 
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5.6.2 Microcrack Closure 
In a similar manner as discussed in the development of the bond breaking terms, we can establish a relationship 
for the microcrack closure process, based on the results of Figure 5.13 and Figure 5.14 as well as equations 5.35 
and 5.36.  The cumulative distribution function for an exponential distribution of crack opening displacement is 
shown in equation 5.44. 
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 5.44 

The number of closed cracks is taken to be equal to the number of available cracks with some crack opening 
displacement (COD) smaller than a critical value c.  Thus, the fraction of closed microcracks (ncc) can be expressed 
in equations 5.45 and 5.46106. 

 














 


TT

occc
oenn


1  

 5.45 

Noting that  is a product of the critical crack opening displacement, which depends on surface roughness and 
pressure on the closed crack face; and a parameter that governs how the crack opening displacement varies with 
temperature, which will depend on grain orientation and morphology along with the elastic properties of the 
single crystal, resulting in equation 5.46. 

 
c    5.46 

Differentiating equation 5.45 with respect to time provides the crack closure rate, equation 5.47. 

 

  dt

dT
e

TT
n

dt

dn TT

o

oc
cc o 










2

 
 5.47 

 



 

P A G E  |  1 9 7  

However, at the time of writing the USERMAT finite element function and other analysis, a slightly different form 
was assumed for self-consistency with the microcrack reopening term and uncertainty in the CoD distribution.  
Constants and terms associated with equation 5.47 are analogous to those in the microcrack reopening equation 
5.49, where c and c are constants of proportionality and can be compared by the reader to equation 5.47. 
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5.6.3 Microcrack Reopening 
Microcracks that are considered closed may reopen without overcoming the energy barrier associated with new 
surface creation in the bond breaking pathway.  In this case, it requires very small temperature changes to create 
microcrack reopening.   

Unfortunately, the finite element model previously used throughout this section experienced numerical issues for 
interpreting results with enough rigor to conclusively establish functional behavior.  Specifically, this was due to 
interpenetration of cohesive elements (as a trade off with increasing cohesive stiffness on closing to prevent 
interpenetration), and experiencing unrealistic localized stress/displacement results as a result.  This limitation as 
well as accounting for localized frictional sliding upon closure was also the largest contributing factor to complexity 
in solving cohesive surface (with contact) variations of this model.  Thus, is left as an area of future refinement. 

Given those limitations, the following linear scaling form was assumed, only active during cooling exposures as 
indicated by the rate term in the Macaulay brackets. 
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5.6.4 Microcrack Healing 
Microcrack healing occurs as a thermally activated surface diffusion process in terms of the chemical bonding 
process of the microcrack surfaces.  For this process to occur, the surfaces are required to be in physical contact 
with each other, thus this mechanism is only active on closed cracks.   Likewise, while compressive stresses may 
hypothetically play a minor role in achieving enhanced bonding rates, no data is currently available on this impact 
and it is assumed to be negligible here.  Thus, microcrack healing is assumed to be a thermo-chemical reaction 
occurring when the energy barrier (i.e. Activation Energy Uh) is overcome.  Using the number of closed cracks as 
the source term, a simple Arrhenius form is assumed for the reaction rate of the thermal event.  In this event, the 
number of closed cracks decrease as this healing event occurs.  Equation 5.50 provides this relationship. 
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5.6.5 Putting the pieces together, the (3) Mechanism, (4) Pathway Model  
In this section, the individual piecewise mechanisms previously presented are assembled into a system of coupled 
ordinary differential equations (ODEs) by superposition, and describe the (3) microcrack states (open, closed, 
healed) and (4) pathway model.  As will be described, these ODEs are coupled since the rate of microcrack closing 
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is dependent on both the current source of closed cracks as well as the available open cracks.  Likewise, the rate 
of crack opening is dependent both on current state of both closed and open cracks. 

Equations 5.51 - 5.52 are presented as a highly piecewise modular configuration to enable future extension and 
refinement of individual factors.  Equations 5.51 - 5.52 provide the condensed form of the set of (2) coupled ODEs 
in terms of open and closed microcracks, “n”, and reaction rates, labeled as “K”.  Subscripts “b” indicate a bond 
breaking pathway term, “o” indicates a crack opening pathway, “c” is crack closing and “h” indicates crack healing.  
Substituting in for each K term based on equations 5.42 - 5.50 respectively, yields the set of coupled, simultaneous 
equations 5.53. 
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 5.53 

It should be noted here that equations 5.53 include a constant scaling parameter with each term for the ability to 
practically fit this function to real world data with added flexibility (e.g. parameter  is not present in equation 
5.42).  Also note that while there is a placeholder coefficient h in this equation, we chose to not utilize this 
parameter and thus just set it equal to a value of 1 for the remainder of this work. 

For completeness, we may decompose these coupled ODEs into (4) key terms, each linked to a specific microcrack 
evolution pathway. 
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As shown, use of these equations requires the following (8) total parameters to define arbitrary damage evolution 
as a function of time varying temperature, noting the damage variables, n, are all unitless. 

Table 5.3: Damage Parameters Summary 

Parameter Description 
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To=T
ref

 Material Stress Free Reference Temperature 

c New crack formation coefficient 

 Material coefficient containing bond strength, elastic contrast, etc. 

U
h
 Microcrack Healing Activation Energy 


o
 Microcrack reopening coefficient 


c
 Microcrack closing coefficient 


o
 Microcrack reopening coefficient 


c
 Microcrack closing coefficient containing features such as crack 

roughness, crack surface pressure, etc. 
 

Thus, a user would be required to provide values for these (8) constants as well as a time varying temperature 
function over which to solve. 
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6 MODEL CALIBRATION  

6.1 MATERIAL HYSTERESIS EXPERIMENT:  CALIBRATION DATA 
In order to describe the ceramic material response in more detail, an experimental study was conducted on the 
previously characterized cordierite material.  This material is nominally a 200 cpsi / 12 mil (31 cells/cm2 / 0.305mm) 
cell density and web thickness with approximately 50% material porosity.  The experiment conducted was based 
on a sonic resonance elastic modulus test of the axial direction at the macroscopic length scale.  Data was briefly 
highlighted in section 4.1.1.1.1, but will be shown again for convenience and discussed in more detail throughout 
this section. 

The test was designed to incrementally step through various thermal hysteresis loops covering a variety of reversal 
temperatures.  All testing was performed on the same sample under standard test conditions, such as a 4°C/min 
temperature ramp rate (though low temperature cool down response becomes slower due to kiln limitations).  
Each test step is described by an individual Young’s modulus hysteresis loop and was tested in the order shown in 
Table 6.1.  The temperatures chosen for each step was based on prior experience with this material and was 
meant to target key microcrack states and processes described in Table 6.1.    
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Table 6.1:  Target Temperatures with Explanations 

Step 
Target 

Temperature [°C] 
Purpose & Expected Response 

0 25 Starting condition – room temperature Emod 

1 1200 

This first heat-up is meant to “reset” the microcrack state of the body to start from 
a fresh, known condition.  This is the upper test limit and nearly approaching a point 

of microcrack healing saturation. 

2 25 
Initial cooling cycle segment.  Used to estimate non-microcracked modulus and 

estimate microcrack initiation and growth rates.  This is the outer cooling envelope. 

3 650 
Reheat cycle to low temperature.  No expected hysteresis, but approach the 

material stiffening temperature.  

4 25 
Cooling.  No expected hysteresis or microcrack reopening, but close to the initiation 

temperature. 

5 950 
Reheat to intermediate temp just shy of expected microcrack healing activation. 

Partial microcrack healing, some hysteresis expected. 

6 25 
Cooling.  Expected minor hysteresis and microcrack reopening.  Helps demonstrate 

difference between reopening closed cracks and breaking new bonds.   

7 1200 
Full heating curve – lower bound curve.  This is the curve you would use for a linear 

path independent analysis. 

8 950 

Cooling.  This is a small T from stress free temperature, thus negligible hysteresis 
should be observed since microcracks have not yet re-fractured from their healed 

states. 

9 1200 

Heating.  Since cracks should not have initiated in the previous step, we should see 
path independence here on reheating following the non-microcracked modulus 

curve.  Reset and heal any cracks that did happen to form. 

10 250 

Cool down past the point of crack initiation.   Intermediate level of crack growth and 
initiation.  Should be fairly unstable equilibrium point requiring minor additional 

energy to continue fracture events further. 

11 1200 Reheat, from “partially” microcracked body.  Re-heal all cracks that were formed. 

12 250 Repeat of step #10 to show repeatability and prepare for step 13. 

13 950 
Heating.  Starting with a “partially” microcracked body, reheat to a temperature 

that does not heal most cracks. 

14 25 Cooling with a complicated state of microcrack evolution history. 
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The Young’s modulus data shown in section 4.1.1.1 is replotted in this section in a piecewise manner and 
converted to the mesoscopic length scale by use of the honeycomb volume fraction scaling coefficient (section 
4.2.2).  In order to help estimate crack initiation and growth model coefficients, the initial Young’s modulus cooling 
curve, is shown in Figure 6.1.   

 

Figure 6.1:  Initial Cooling Curve – (Microcrack Formation & Bond Breaking) 

Figure 6.2 through Figure 6.6 continue to provide measurements which will be used to further understand thermal 
hysteresis behavior in a piecewise manner and used to estimate model parameters.  For example, Figure 6.2 shows 
progressively higher levels of hysteresis occurring as the reversal temperature is increased.  Beginning at a 650°C 
reversal temperature, it is apparent there is minimal hysteresis; at 950°C there is minor hysteresis and by 1200°C 
there is full hysteresis.    
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Figure 6.2:  Measured Elastic Modulus - Hysteresis as Reversal Temperature is Increased (Progressive heat up cycles –  microcrack closing 
and healing mechanisms).  Thermal cycle Loop #1 (green) shows negligible hysteresis.  Loop #2 (red) shows intermediate hysteresis.  Loop 
#3 (blue) shows the full hysteresis envelope.  

Figure 6.3 shows a similar progression, however the temperature from which the reversal is referenced is 1200°C 
instead of room temperature.  This “cool down” hysteresis shows a similar trend to the “heat up” hysteresis in 
that at 950° reversal temperature, there is little to no hysteresis.  At 250°C reversal, hysteresis is moderate and at 
room temperature there is full hysteresis. 

 

Figure 6.3:  Measured Elastic Modulus - Hysteresis as Reversal Temperature is Decreased (Progressive cool down cycles show microcrack 
initiation and accumulation mechanisms).  Thermal cycle Loop #1 (green) shows negligible hysteresis.  Loop #2 (red) shows intermediate 
hysteresis.  Loop #3 (blue) shows the full hysteresis envelope. 
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Figure 6.4 provides some potential insight into a more complex temperature path and indicates that the outer 
hysteresis envelope continues to apply.  This pathway helps compliment other datasets in showing the difference 
between microcrack opening, closing and (a lack of) healing mechanisms. 

 

Figure 6.4:  Measured Elastic Modulus - Hysteresis in non-trivial thermal path (shown in green), first showing a partial cool down, followed 
by partial heat up and finally a full cool down.  Helps to highlight difference in microcrack closing versus healing events.    

All data presented thus far is shown in a single plot as Figure 6.5, with each individual hysteresis test identified by 
color. 

 

Figure 6.5:  Elastic Modulus vs. Temperature Hysteresis (All Data).  This figure combines data from Figure 6.1-Figure 6.4 into a fully 
continuous thermal hysteresis signal.   
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For the purpose of model development, unwrapping the time history of the elastic modulus response with a 
temperature forcing function is used to help view the material as a dynamic system.  Results shown in Figure 6.5 
with respect to time yield Figure 6.6, labeled by color for each hysteresis test segment. 

 

 

Figure 6.6:  Elastic Modulus Time-Temperature History (Colored by Thermal Cycle Segment).  Data and coloring is consistent with Figure 6.5. 

The data in the form of Figure 6.6 is what will be directly used in the next section of this document, though it is 
often more convenient to simply express results as modulus versus temperature hysteresis loops (e.g. Figure 6.1 
- Figure 6.5).  Also worth noting here is that the time duration of this experiment was approximately 330,000 
seconds in length (approximately 4 days) over which there was continuously applied temperature variation and 
elastic modulus measurements were recorded.  A clear gap in characterization is that we were unable to vary the 
thermal loading rate dramatically due to kiln and measurement system limitations.  This will provide clear limits 
on calibrating time dependent kinetic parameters in the model. 
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6.2 THERMAL HYSTERESIS PARAMETER ESTIMATION AND ANALYSIS  
To utilize the functions derived earlier in this report and to compare results to the experimentally obtained elastic 
modulus data, we take the following approach: 

1. Estimate Non-Microcracked (undamaged) Young’s Modulus 

2. Define Calibration Data Relevant to Each Material Parameter  

a. Experimental Time-Temperature-Modulus Training Data 

3. Estimate Relevant Coefficients by Fitting to Calibration Data 

a. Piecewise Parameter Estimation (preferred) or Full Multivariate Optimization 

4. Validate Full System Prediction on Test Data 

6.3 NON-MICROCRACKED ELASTIC MODULUS ESTIMATION 
A fundamental hypothesis used throughout this work is that microcracking softens the undamaged (i.e. non-
microcracked) modulus.  Thus, it is the first step in the process to define the undamaged, non-microcracked elastic 
modulus as a user defined input.  As such, all microcrack calculations and comparisons begin with the ability to 
estimate the initial non-microcracked stiffness.  For cordierite, we can begin by assessing the high temperature 
response of a non-microcracked body.  Figure 6.7 provides an example dataset for a porous cordierite material 
composition with little to no microcracking (by engineering the domain size and grain boundary composition).  
This dataset is not meant to be a direct measurement of the non-microcracked cordierite used in this study – 
however it is meant to demonstrate key functional forms and behavior of how a representative cordierite material 
may behave with respect to temperature. 

 

Figure 6.7:  Example measured non-microcracked elastic modulus of a porous cordierite honeycomb 

Noticeable features of this material include the slight linear decrease in modulus from room temperature to 
approximately 1200K, at which there is a sudden softening point followed by a continued linear decrease in 
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modulus.  Additionally, there is practically no indication of thermal hysteresis between heating and cooling curves, 
which incidentally supports the hypotheses mentioned thus far.  Although the exact magnitude and softening 
point of the curve shown here may vary due to such features as honeycomb geometry, porosity, compositional 
changes, glassy phase content and composition, etc., the functional form of a bilinear elastic modulus is utilized 
for describing a generically non-microcracked cordierite.   

If a standard high temperature elastic modulus cooling curve measurement is provided (for the microcracked 
material of interest), and we assume that the high temperature response and initial high temperature cooling 
curve is representative of a non-microcracked material (noc ≈ 0), we can extrapolate and estimate the complete 
effective non-microcracked modulus from the microcracked material response.  An example of estimating the 
non-microcracked modulus is pictorially shown in Figure 6.8. 

 

Figure 6.8:  Example of Estimating the Non-Microcracked Elastic Modulus from the High Temperature Cooling Curve of the Microcracked 
Material 

In other words, the initial high temperature cooling curve is fit with a bilinear function.  This estimate of the non-
microcracked modulus is what equation 5.33 will utilize to relate the microcrack density to the elastic modulus.  
We also note that the choice of bilinear function is somewhat arbitrary based on the visual observation made in 
Figure 6.7.  It is the same procedure here if the reader assumes a different functional form (linear, multilinear, 
piecewise exponential, etc.).  The coefficients listed in Table 6.2 were found with the calibration data shown in 
Figure 6.8.    

Table 6.2:  Bilinear Coefficients of the Mesoscopic Non-Microcracked Modulus 

Parameter Value Units Description 

m1 -4.602E-01 MPa/°K Non-microcracked Modulus Slope #1 

m2 -6.826E+00 MPa/°K Non-microcracked Modulus Slope #2 

b1 19007.19 MPa Non-microcracked Modulus Y-intercept #1 
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b2 27162.77 MPa Non-microcracked Modulus Y-intercept #2 

 

Based on these values, it is easy to set the two linear equations equal and find the bilinear transition temperature, 
Tint (equation 6.2). 
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 6.2 

Thus, for the terms provided in Table 6.2, Tint=1281.2 K. 

6.4 MODEL CALIBRATION AND PARAMETER ESTIMATION 
Practically, there are several parameters which must be assumed or estimated to help the model simulate the 
microcrack dynamics effectively.  There are numerous numerical methods to estimate the model coefficients 
effectively.  For example, a semi-piece wise approach will be used here to initially isolate and estimate parameters 
since this is a multivariate analysis problem and it is traditionally challenging to avoid local minima during a fully 
simultaneous multivariate fitting solution.  Additionally, the coefficients are part of a dynamic system.  That is, 
coefficients are fit for a system of differential equations with respect to time.  Classically, parameter estimation 
of the differential equations representing dynamic systems are considered as a systems identification class of 
problem and treated as such.  Table 6.3 provides a summary of the parameters required for the thermal hysteresis 
model calibration. 

Table 6.3:  Potential Parameters for Estimation 

Parameter Description 

 Parameter relating microcrack morphology to elastic modulus 

noc(t=0) Initial condition for open crack density.  If starting at room temperature, may assume 
a value of “1” for starting fully cracked, or if starting from Tref, may set equal to “0” for 
unmicrocracked. 

ncc(t=0) Initial condition for closed crack density.  If starting at room temperature, may assume 
a value of “0” for starting fully cracked, or if starting from Tref, may set equal to “0” for 
unmicrocracked. 

To Material Stress Free Reference Temperature 
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 New crack formation coefficient 

 Material coefficient containing bond strength, elastic contrast, etc. 

U
h
 Microcrack Healing Activation Energy 


o
 Microcrack reopening coefficient 


c
 Microcrack closing coefficient 


o
 Microcrack reopening coefficient 


c
 Microcrack closing coefficient containing features such as crack roughness, crack 

surface pressure, etc. 

 

Fitting parameters of differential equation systems have some unique challenges.  For example, when fitting 
standard algebraic functions (not differential equations), a goodness of fit metric is the total sum of squared error.  
This metric effectively considers each data point in the time history with equal weight.  However, with differential 
equations, a small error in initial conditions, or a prediction error early in the time history of the signal may 
accumulate and grow throughout the remainder of the time response.  Thus, the errors “early” in the signal are 
effectively weighted to a much higher degree than errors in later stages of the signal.  This is usually overcome 
with techniques such as adaptively piecewise fitting over the duration of the model.  Secondly, it is often important 
to have relatively uniform time or frequency spacing of the discretely sampled data for curve fitting.   Given that 
numerical differential equation solvers often rely on variable step sizes, one must often post process the results 
and resample at a more uniform sampling frequency for error estimation.  The equations used here are highly 
nonlinear and exponential in nature.  The results can thus be very sensitive to relatively minor changes in these 
defined parameters and in fact may be unsolvable for many parameter combinations or may quickly change from 
non-stiff to stiff solutions.  Due to this complicated behavior, a robust parameter optimization method should be 
selected by the user which is able to efficiently handle global optimization problems and efficient initial parameter 
guesses should be utilized.  Nonlinear optimization methods implemented in MATLAB were utilized here with 
relatively good results.  Additionally, utilizing a non-linear grey box (NLGB) systems identification approach was 
also implemented successfully and offers numerous advantages (and disadvantages) as compared to standard 
functional fitting methods.  

6.5 PARAMETER ESTIMATION AND MODEL GOODNESS OF FIT 
As already mentioned, parameter estimation of dynamic system models can be non-trivial, as is the case here.  
Several key factors were found to cause parameter estimation challenges when working with equations 5.54.  
Solving the proposed system of ODEs is made challenging for parameter estimation due to the fact that relatively 
small changes in the parameters can dramatically shift the ODE from non-solvable to a non-stiff and to stiff 
solutions when sweeping parameters.  Thus, the ODE numerical solver algorithm requirements can drastically 
change between optimization iterations.  While numerous variable time step solvers were tried with moderate 
luck, we eventually chose a fixed time step Runge-Kutta 4 solver as being robust to many conditions presented.   

This problem by definition may be considered suitable for Non-Linear Grey Box systems identification modeling.  
Computer programs were written in Matlab to estimate the parameters and solve the system of ODEs in this 
framework.  Overall, the structure of the problem fits well with this form of implementation.  However, 
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optimization results from this approach were somewhat unreliable, the final converged solution was often found 
to be at a local minimum and was obvious to the authors that improvements could potentially be made via 
alternative optimization algorithms.   

Regardless, bounds and/or initial estimates of parameters are required and in general, results were found to be 
highly dependent on initial parameter guesses.  Thus, the most important technique to obtain reasonable results 
was to decompose the equations into each mechanism and individually fit parameters for the (4) pathways 
separately to provide the overall parameter estimation initial guess and parameter constraints. 

A reasonably obvious starting condition was to simply estimate bond breaking parameters (To, ,) first using 
equation 5.42 or by isolating parameters in equations 5.54.  This can be performed by utilizing the initial cool 
down thermal ramp from 1200ºC to room temperature.  Results of this fit are shown in Figure 6.9.  

  

Figure 6.9:  Initial Cooling (Step #2) - Predicted Modulus (Left) and Microcrack Density (Right) vs. Time Response 

As shown, the left-hand plot indicates that as temperature is decreased, modulus initially increases to follow the 
non-microcracked behavior, but eventually decreases as microcracks initiate and grow.  The right-hand plot shows 
the results of the microcrack density over the same time-temperature cycle.  Visibly, at the same time the Young’s 
modulus begins to soften, the open microcrack density begins to accumulate and grow.  Since this is a monotonic 
cooling event the closed microcrack density stays constant at zero (i.e. cracks do not close since we begin with no 
open cracks and the driving force here is to open cracks, not close them).   With Figure 6.9 showing a high-quality 
fit, these parameters are then held constrained and additional parameters are then isolated and calibrated. 

Figure 6.10 uses progressively increasing heat up temperatures from Figure 6.2 to focus on crack closing and 
reopening mechanism, targeting fits for o, o, c, c variables.  Fitting these parameters provides good results as 
evident in the close match between predicted and measured Young’s Modulus.  Additionally, it is clearly seen in 
this case the open crack density starts at a high value near saturation and periodically decreases during heating 
events while the closed crack density increases during those same events.  Likewise, on cooling, as the open crack 
density increases again (i.e. crack reopening), the closed crack density decreases in a complimentary manner.  
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Figure 6.10:  Progressively Increasing Temperature vs. Modulus (Left) and Microcrack Density (Right) - Crack Closing and Reopening Loops 

Next, progressively cooling reversal temperatures are examined with a specific focus on calibrating the healing 
activation energy, but also to refine the closing and reopening parameters.  Figure 6.11 provides the case where 
both open cracks and closed cracks begin at a value of near zero (i.e. all cracks have been healed at high 
temperature).  As temperatures reheat in these cycles, we can see that due to the high temperatures, the closed 
cracks quickly heal and thus crack densities of closed cracks remain consistently low.  Thus, this event focuses 
primarily on bond breaking and subsequent quick healing of the reclosed cracks.  The healing activation energy 
(Uh) is fit and results again show good match between experiment and prediction. 

  

Figure 6.11:  Progressively Decreasing Temperature vs. Modulus (Left) and Microcrack Density (Right) - Crack Initiation, Closing and Healing 
Loops 

Finally, the full thermal cycle is examined together, and a final fine-tuning fit of all parameters is performed using 
the previously fit values as initial guesses.  Figure 6.12 shows a good fit of the Young’s modulus across the entire 
time history (~4 days of continuous transient thermal exposure) and the microcrack densities evolve in a 
complicated, path dependent manner with open and closed crack densities behaving complimentary to each other 
at low temperatures and becoming more complicated when healing mechanisms are active at higher 
temperatures. 
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Figure 6.12:  Full Test Cycle Results.  Modulus (Left) and Microcrack Density (Right) vs. Time 

The goodness of fit is obviously important to the theory development and further usage, thus these results on the 
full cycle are shown again in Figure 6.13, including plots of the time-temperature history, corresponding time-
modulus history as well as the more compact Modulus-Temperature plot of thermal hysteresis.  Finally, the lower 
right plot shows a parity plot of the measured versus predicted results yielding an R2=98.5%, confirming a very 
strong fit quality of the proposed model to the experimental data. 

 

Figure 6.13:  Summary of Final Predicted vs. Measured Young's Modulus Comparison 

As shown, the dynamic model tends to predict all major events in the complicated, path dependent test cycle with 
good quality.  The predicted Young’s Modulus error (Figure 6.14) is generally less than 5% except for one spike 
that shows a peak of ~-10% during the final cool down cycle, though this can be viewed as more of a time lag error 
than absolute incorrect prediction.   
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Figure 6.14:  Error Plot - (Predicted Modulus - Measured Modulus)/Measured Modulus 

The final coefficient fit values for this data set are provided in Table 6.4: 

Table 6.4:  Damage Parameters Table 

Parameter Value Units 

 0.860 unitless 

T
ref

 1467.33 K 

 880.47 K 

 2298.22 K 

U
h
 395347.15 J/mole 


o
 1.569E-04 - 


c
 6.609e-05 - 


o
 1.197E-02 1/K 


c
 4.952E-03 1/K 

 

Given that the dynamic damage evolution model has been shown to be of good fit to the provided, non-trivial 
calibration data, this form will be further implemented and evaluated for a macroscopic thermally induced stress 
exposure in application.   

 

  

Te
m

pe
ra

tu
re

 [K
]

E
rr

o
r 

[%
]



 

P A G E  | 214 

7 THERMAL SHOCK ANALYSIS – LINEAR VERSUS NONLINEAR MATERIAL 

BEHAVIOR COMPARISON 
Utilizing the equations derived in the previous section, a user material function (USERMAT) was written for 
ANSYS finite element software.  The code is written with the purpose of simulating macroscopic thermal shock 
events as the primary focus.   

7.1 USERMAT IMPLEMENTATION 
The ANSYS USERMAT function directly included code by Firehole Technologies and later modifications and 
updates jointly by the author and Shinu Baby at Corning Incorporated.  All code was natively written in Fortran 
and was written for use in ANSYS implicit thermally induced stress models.   

The USERMAT function allows for simulation of apparent thermal hysteresis observed by this material as shown 
in previous sections.  The primary equations used to describe the microcrack evolution are listed in equation 5.54, 
which considers bond breaking, crack closing and crack healing.  Externally applied stress dependency was not 
implemented into this software. 

Several key components of the User Material Subroutine should be noted to the reader.  First, it is often known 
that a challenging component of writing user material subroutines is the definition of the tangent stiffness matrix, 
which helps in the non-linear search direction for the incremental solution processes.  In this case, we first utilized 
an external library from Firehole Technologies to help define the tangent stiffness.  Later in the project, a version 
of the code was then written which, for simplicity, used the secant stiffness matrix in place of the tangent stiffness 
with good success.  Otherwise, the reader is referenced to ANSYS documentation on USERMAT development.130 

7.1.1 Required User Inputs (USERMAT) 
For practical use, the USERMAT implementation in ANSYS requires (2) inputs from the user to be incorporated 
into the overall APDL script and model.  First, in the section of APDL code that defines a material, the user must 
define a “User Defined Material” function should be used with commands structured as shown below: 

 

Where ”!” indicates the start of a descriptive comment.  The three internal state variables used are 1) the 
computed stiffness and 2) the damage variable for open crack density and 3) the damage variable for closed crack 
density.  For the cases shown herein, MATID is set to a value of 1.  The initial condition values of “E(0)”, “n_oc(0)” 
and “n_cc(0)” can be set by the user, however, it is commonly assumed herein that if an analysis starts at room 
temperature for this cordierite material, that n_oc(0)=1 and n_cc(0)=0 and E(0)= the value measured 
experimentally at room temperature.  An alternative configuration has also been used if the initial modeling 
condition begins at an isothermal temperature >1200°C with n_oc(0)=0 and n_cc(0)=0 and E(0)= the value 
measured experimentally at temperature (which is equal to the non-microcracked value).   

MAT,MATID  !<--MATID = material identification number 

TB,STATE, MATID,,3 !<--will be using (3) internal state variables 

TBDATA, MATID, E(0), n_oc(0), n_cc(0)   !<--Initial conditions for E & microcrack density 

TB,USER, MATID,,2 !<--sends a table of dimension (2) to the user subroutine 
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The value of “Xsi” is reported in the relevant sections and is simply a scalar coefficient relating active microcracks 
to the Young’s modulus. 

Additionally, the User Material Subroutine requires additional data to be provided in the form of a user defined 
text file.  This file is effectively the engineering constants required to be input for each material.  An example of 
this file is shown below: 

 

The *MATERIAL section states that effective honeycomb properties are being input and that the honeycomb 
effects will be automatically down-scaled to effective mesoscopic web properties internal to the code.  The 
Material ID =1 and the reference temperature for this material equals 293.15 Kelvin. 

The *YOUNGS section defines that the non-microcracked Young’s Modulus is described by a bilinear curve as a 
function of temperature (“DEFINITION=BILINEAR”).  The line of data below this is defined as: 

Tamb, m1, b1, m2, b2, TInt 

 

Where,  

*MATERIAL, DEFINITION=HONEYCOMB, ID=1, TREF=293.15 

*YOUNGS, DEFINITION=BILINEAR 

0.0, -66.752,2756758.225,-990,3939625.8,1281.202 

0.0, 200.0, 0.012, 

0.0, 200.0, 0.012 

*POISSON, DEFINITION=SCALAR 

0.0, 0.133, 

0.0, 0.133, 

0.0, 0.133 

*CTE, DEFINITION=POLYNOMIAL, ORDER=6 

0.0,-1.5261168E-23,9.2678968E-20,-2.2744246E-16,2.8869573E-13,-2.01210487E-10,7.5481696E-08,-1.292363E-05, 

0.0,-1.5261168E-23,9.2678969E-20,-2.2744246E-16,2.8869573E-13,-2.01210487E-10,7.5481696E-08,-1.267363E-05, 

0.0,-1.5261168E-23,9.2678969E-20,-2.2744246E-16,2.8869573E-13,-2.01210487E-10,7.5481696E-08,-1.267363E-05, 

*DAMAGE 

1501.25,782.038,2350.47,360715.29,0.0002829723677,1.6977941279e-05,0.0067420937574,0.0068470970579 

*N_OC, DEFINITION=SCALAR 

0.0,0.001 

*N_CC, DEFINITION=SCALAR 

0.0,0.001 
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Noting that Tamb is set to zero and is unused.  m1 and m2 are the slopes and b1 and b2 are the Y-intercepts of the 
lines.  Tint is the temperature (Kelvin) at which these two linear lines intercept.     

A practical representation of this can be seen in Figure 6.8. 

The second and third data lines define the cell density as 200 cells per square inch and the web thickness as 0.012 
inches after an arbitrary input of 0.0. 

The *POISSON section lists the Poisson’s Ratio in a similar fashion as previously described (in this case defined as 
scalar inputs), with the 3 data lines being required for the 12, 13, and 23 material directions, respectively. 

The *CTE section describes the temperature dependent secant coefficient of thermal expansion curves as a 6th 
order polynomial .  The 3 data lines being required for the 11, 22, and 33 material directions, respectively – listed 
in the format of: 

T_amb, C1, C2, C3, C4, C5, C6, C7 
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The *DAMAGE section then provides inputs for the damage evolution parameters.  In the case of the (3) 
mechanism model described here, the data line format is of: 

*DAMAGE 

TRef, β, ϕ, Uh, λo, λc, αo, αc 

Where TRef is the stress free reference temperature of the material and the other constants are as described in 
the relevant ODE equations in previous sections. 

*N_OC and *N_CC sections correspond to the initial open and closed microcrack densities at the beginning of the 
analysis, respectively.  (the first number is a 0.0 placeholder and the second number is the respective crack 
density), which typically lie in the range of 0.0-1.0, though it is possible to have conditions yielding >1.0 values 
(especially initial conditions as the equations tend to naturally self-correct to the range of 0-1 during typical 
exposures).   

Post processing of results is the same as with standard material models with the addition of three additional state 
variables (SVAR).  The first SVAR represents the longitudinal elastic modulus as a function of both temperature 
and time.  This modulus is that which is updated by the user material function.  The second and third SVARs are 
the damage variable n_oc and n_cc, which continues to represent the amount of microcracking (open and closed 
cracks).  A value of 0.0 indicates zero density, and a value of 1.0 indicates saturation.  This value will increase and 
decrease over time and temperature as the material breaks and heals bonds. 
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7.2 DROP TO IDLE REGENERATION OF A DIESEL PARTICULATE FILTER – EXPERIMENTAL DATA 
The objective of this section is to compare the stress predicted by a non-linear path dependent thermal hysteresis 
material model as compared to a standard path independent material model.  In order to make this comparison, 
an experimental dataset was generated on full scale cordierite diesel particulate filters corresponding to the 
material characterized extensively throughout this report. 

Specific application of this USERMAT was applied to the analysis of a heavy-duty diesel particulate filter 
undergoing a so-called “step-stress” or “soot-mass-limit” type of test, consisting of subsequently increasing loads 
until part failure is observed.  This testing was conducted in an engine dynamometer test cell located at Corning, 
Inc. using a 304.8mm D x 279.4mm L (12”D x 11”L) uncoated cordierite diesel filter.    

Type K thermocouples (shielded 0.79mm diameter) were inserted into the filter honeycomb channels from the 
rear face of the part.  An axisymmetric temperature distribution is assumed with a thermocouple pattern as shown 
in Figure 7.1 as well as Table 7.1.  A radius of zero indicates the parts centerline along the flow direction.  The inlet 
face is considered zero in the axial flow direction (Z). 

  

Figure 7.1:  Example Axisymmetric Representation of the Thermocouple Locations 
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Table 7.1:  Thermocouple Locations (Axisymmetric Plane) 

TC No. Z [mm] R [mm] TC No. Z [mm] R [mm] 

1 25.40 3.50 13 101.60 131.00 

2 101.60 3.50 14 177.80 129.00 

3 177.80 3.50 15 25.40 139.00 

4 254.00 3.50 16 101.60 141.00 

5 25.40 55.00 17 177.80 139.00 

6 101.60 53.50 18 254.00 138.50 

7 177.80 54.00 19 25.40 150.00 

8 254.00 55.00 20 101.60 151.00 

9 25.40 109.00 21 177.80 149.00 

10 101.60 110.00 22 254.00 149.00 

11 177.80 109.00       

12 254.00 109.50       

 

An example Drop to Idle (DTI) regeneration cycle is shown in Figure 7.2.  The cycle primarily consists of (4) stages 
as indicated in the figure and further described in Table 7.2.  As shown, only the DTI regeneration portion of the 
overall exposure was analyzed (soot loading, final clean out, etc. are not considered important for the stressing 
events).  The part studied here underwent (7) consecutive regeneration cycles where the filter was loaded with 
soot to a pre-defined level prior to the regeneration event, followed by a purposely severe regeneration event 
with low flow rate (at idle), high inlet temperature (targeted at 650°C) and other factors leading to a rapid, severe 
exothermic oxidation reaction of the soot.  As the inlet temperature is increased and immediately after the soot 
oxidation reaction becomes stable, the gas flow drops to idle conditions and the reaction becomes a runaway, 
self-sustaining reaction.  Due to the low exhaust flow rate during the reaction, the heat energy cannot be removed 
from the device fast enough to prevent excessively high temperatures.  Thus, the DPF absorbs the heat energy 
and the internal temperature increases proportional to the bulk heat capacity of the device.  Thus, as soot load 
within the filter increases, more energy is available for release as heat during the reaction.  To this end, the filter 
is tested at increasing soot loads until a testing limit is reached or part failure is detected.  For this modeling study, 
a summary of the temperature for each of the (7) regeneration cycles considered is briefly shown in Figure 7.3. 
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Figure 7.2:  Example DTI Regeneration Cycle - Time-Temperature Response 

Table 7.2:  Regeneration Description - 4 stages 

Stage Description 

1 Warm up and stabilization (steady state, exhaust gas is the heat source for the DPF) 

2 Inlet temperature heat up ramp to initiate soot oxidation.   Inlet gas temperature to DPF 
increases due to hydrocarbon (HC) post injection and subsequent HC oxidation across the DOC. 

3 Inlet gas temperature reaches critical level and soot oxidation becomes self-sustaining. Decrease 
gas flow to idle condition (limits removal of heat from DPF).  Soot oxidation reaction becomes 
primary source of heat energy in DPF.  

4 Cool down of DPF due to completion of soot oxidation reaction. 
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Figure 7.3:  Time-Temperature Response of Subsequent Regeneration Cycles.  SM=soot mass in filter prior to regeneration 

As previously described and shown in Figure 7.3, the peak temperature measured within the DPF can be directly 
correlated to the amount of soot present in the filter prior to regeneration.  The events in Figure 7.3 can be 
summarized in Figure 7.4, listing a peak temperature versus soot load ranging from approximately 975°C max 
temperature to nearly 1250°C.  It should be clearly noted that this peak temperature versus soot load response 
clearly depends on many factors such as ramp rates, timing of events, flow rates, soot composition, filter bulk 
heat capacity, etc. and should be treated accordingly.  Again, the conditions shown here were extremely severe 
conditions and should not be mistaken as “typical” engine exposures. 
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Figure 7.4:  Maximum Temperature in DPF versus Soot Load.  Linear relationship found between amount of soot and peak temperature 
experienced during regeneration.   

Finally, to simplify modeling, the (7) regeneration cycles shown in Figure 7.3 were manually concatenated together 
into a single continuous cycle with a short time added at room temperature between each cycle.  Thus, the impact 
of soot loading, deep clean out and inspection events were assumed to be of minimal impact to the final results.  
The resultant time-temperature history used for the stress analysis is shown in Figure 7.5.  With this temperature 
load, the finite element stress model was built.  

 

Figure 7.5: (7) DPF Regeneration Cycles - Concatenated for Modeling 
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7.3 FINITE ELEMENT MODEL OVERVIEW 
The model itself was built in a similar manner as described by Wilcox13; using a 3-dimensional model with 20-
noded quadratic brick elements (Figure 7.6).  The spatially sparse thermocouple data was mapped directly to each 
node using a customized script based on linear radial basis function interpolation and extrapolation (assuming 
time varying axisymmetric temperature fields).  A total of 3102 defined load steps (collected experimentally at 
1Hz sampling rate) were utilized for the modeling with the nodal temperatures as the only load applied to the 
part.  The boundary conditions are standard symmetry displacements normal to the cut surfaces and a single point 
fixed along the centerline to prevent rigid body motion.  Only one material zone was utilized in this part to help 
isolate mechanisms and simplify the model. 

 

Figure 7.6:  Visual Representation of the 1/4 symmetric cylinder and mesh used for the model. 

The primary objective of this study was to evaluate the impact of thermal hysteresis material behavior on the 
stress response within the part, thus a set of (3) simulations were examined for comparison (Table 7.3).  It is 
classically assumed that the peak stress in these thermal events is proportional to several material properties such 
as described in classic “Thermal Shock Parameter” (TSP) (e.g. equation 3.1).  Based on this TSP equation, stress is 
assumed linearly proportional to the apparent Young’s modulus, thus we could assume that the lower heating 
and upper cooling Young’s modulus curves would be reasonable to consider as linear solution bounding cases.  In 
this regard, (2) linear, path independent models using the heating and cooling curves for the Young’s modulus are 
solved as initial estimates on upper and lower stress bounds (Figure 7.7).  These linear solutions are then 
compared to the fully non-linear thermal hysteresis (path dependent) model.    

Table 7.3:  Simulation DoE Cases - What is the Impact of Thermal Hysteresis on Stress Response? 

Model # Young’s Modulus  Notes 

1 Heating Curve Path Independent 

(Linear Solution) 2 Cooling Curve 

3 USERMAT – 
Hysteresis Model 

Path Dependent 
(Non-Linear) 
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Figure 7.7:  Predicted Hysteresis Loop - Heating & Cooling Curves Treated as Approximate Upper and Lower Bounds 

Specifically, case #1 and #2 utilize the temperature dependent, but path independent heating and cooling curves 
as shown in Figure 7.8.  For the purpose of comparing results, the heating and cooling curves as predicted by the 
non-linear model were used to avoid any possible errors generated by model-versus-experimental data fit 
differences, making each model case as consistent as possible to isolate all potential differences.  Regardless, the 
quality of fit to the experimental data is quite reasonable, as shown in previous sections. 
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Figure 7.8:  Mesoscopic Young's Modulus. Heating Curve (Top), Cooling Curve (Bottom) 

Likewise, the coefficient of thermal expansion (CTE) used for the analysis is shown in Figure 7.10 (noting CTE is 
equal across the meso and macroscopic length scales).  Finally, the Poisson’s ratio used for this analysis was 
calculated as a function of microcrack density via cross property correlations.  In this case the Salganik76 
approximation as shown in equation 7.3 and the simplified version in equation 7.4.  Noting that the Poisson’s Ratio 
shown in Figure 7.10 is only for a visual aid to the reader and is not quantitatively accurate since it is directly 
dependent on the Young’s modulus in a path dependent manner for the non-linear solutions.  Likewise, all 
mesoscopic properties are then upscaled to the effective macroscopic orthotropic properties in these cases by 
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the Meda-Treacy method58 for convenience (appendix 11.5).  Likewise, it should be noted that the mesoscopic 
shear modulus is simply calculated by the Gm parameter, it too is microcrack density dependent since Gm is 
dependent on the mesoscopic Young’s modulus. 
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Figure 7.9:  Coefficient of Thermal Expansion X=Y, Z=axial direction  
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Figure 7.10:  Approximate Poisson’s Ratio for Visualization Purposes Only (Bottom) 

7.4 LINEAR SOLUTIONS – PATH INDEPENDENT ELASTIC CONSTANTS 
Provided the nature of the brittle honeycomb ceramic material under consideration, stress results are commonly 
viewed in terms of individual normal stress components.  Additionally, due to the asymmetric strength in tension 
and compression of these materials relative to the stress state, it is reasonable to focus on the regions of maximum 
tension in each normal stress component.  Note that all stresses discussed in this section are at a macroscopic 
length scale. 

In that regard, the stress response can be viewed in several formats.  First, a time history of the maximum stress 
in the body for each normal stress component can be plotted (Figure 7.11).  This figure shows that stresses for 
each of the three normal components tend to maximize with respect to time as the exothermic reaction is taking 
place and peak temperature within the DPF is increasing. Additionally, in general terms, the peak stress increases 
with each cycle (along with increasing soot load and increasing peak temperature) – though there are exceptions 
to this rule, such as event number 6.  Finally, the axial stress is generally higher in magnitude than the radial and 
hoop components as expected, due both to part geometry and the orthotropic stiffness being significantly larger 
in the axial direction. 
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Figure 7.11:  Case #1: Maximum Stress versus Time – using Young's Modulus Heating Curve (Linear Solution) 

Because the results vary dramatically in the time domain making it challenging to visualize concisely without 
animation, a snapshot of each stress component at the time of its maximum value is shown in Figure 7.12. 
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Figure 7.12:  Case #1 Heating Curve Results.  Contours at times of maximum values.  1. Max Temperature (Upper Left), 2. Maximum Axial 
Stress (Upper Right), 3. Maximum Radial Stress (Lower Left), 4. Maximum Hoop Stress (Lower Right).   

Note that the red contour indicates the maximum value and the blue color indicates the lowest value at that time.  
Magnitudes are listed in units of psi due to difficulty regenerating the plots in an SI unit system.  As shown, several 
key observations can be made.  First, axial stresses maximize near the mid length of the DPF, near the outer radius 
(skin).  This is consistent with commonly observed failure modes called “ring off cracks” or “RIM” cracks14,131 
growing normal to this stress field.  Likewise, Radial and Hoop stresses maximize at the outlet face of the DPF in 
the middle radius regime.  This is generally consistent with the location of observed “axial crack” failure mode 
originating in these exposures.  Additionally, the radial and hoop stresses are typically considered coupled in 
thermal stresses of cylinders and it is not a coincidence that peak magnitudes tend to be similar to each other 
when they are physically located in similar locations.  Likewise, it is a natural boundary condition for the hoop and 
radial stresses to equal each other as they approach the radial center of the part.  Additional natural boundary 
conditions such as the radial stress at the skin being equal to the externally applied radial pressure to the skin (in 
this case equal to zero) and the axial stresses at the inlet and outlet faces equal to zero (i.e. the stress normal to 
a free surface equals zero).  Additionally, due to the spatial distribution of temperature within the body, it can be 
clearly seen that the depth of the high tensile stress zones is relatively shallow compared to the overall body itself.  
Noting that no external loads are applied to this body and the fact that the part is under static equilibrium, the 
internal stress field must satisfy a force balance of ∑𝐹 = 0.  That is, the integral of the stressed volume in tension 
for each stress component must equal the integral of the stressed volume in compression.  Since the region of 
tension consists of smaller volume than that of its counterbalancing compression domain, the tensile region is of 
proportionally larger magnitude. 
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Similar analysis can be performed using the Young’s Modulus cooling curve.  Since the cooling curve is of relatively 
higher Young’s modulus values, one would expect a proportionally higher peak stress response.  The cooling curve 
results shown in Figure 7.13 show similar trends and bulk behavior as the heating curve results in Figure 7.11, 
though with larger stress magnitudes, as expected. 

 

Figure 7.13:  Case #2: Maximum Stress versus Time – using Young's Modulus Cooling Curve (Linear Solution) 

Likewise, the contour plots are generally similar in shape and stressing mechanisms (Figure 7.14) between heating 
and cooling curve usage.   
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Figure 7.14:  Case #2 Cooling Curve Results.  Contours at times of maximum values.  1. Max Temperature (Upper Left), 2. Maximum Axial 
Stress (Upper Right), 3. Maximum Radial Stress (Lower Left), 4. Maximum Hoop Stress (Lower Right).   

Finally, the heating and cooling results can be directly compared as a function of time.  Figure 7.15 shows that use 
of the Young’s modulus cooling curve results in proportionally higher stresses at all time points in accordance with 
the higher material stiffness.  Additionally, the shape of the curves does not significantly change with use of the 
different material properties.  Figure 7.16 is zoomed in for closer inspection of event number 4 (of the 7 total 
regenerations), again confirming similar trends over time.  Hoop stress was not plotted here given that it is nearly 
equivalent to the max radial stress profiles. 
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Figure 7.15:  Heating vs. Cooling Curve Results - Maximum Stress as a Function of Time 

 

Figure 7.16: Zoom Into Event #4:  Heating vs. Cooling Curve Results - Maximum Stress as a Function of Time 

7.5 NONLINEAR THERMAL HYSTERESIS USERMAT SOLUTION 
With the linear solutions completed, the non-linear path dependent solution was then solved for comparison.  The 
only parameter changed in the model is the constitutive material law, as previously outlined.  The parameters 
used for this material modeling are the non-microcracked modulus parameters provided in Table 6.2 as well as 
the damage evolution parameters provided in Table 6.4. 

Using this material model, results can be shown in a similar manner as the linear cases as is shown in Figure 7.17. 
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Figure 7.17:  Case #3: Maximum Stress versus Time – using USERMAT Thermal Hysteresis Behavior (Non-Linear Solution) 

It is obvious that the general results shown here are not dramatically different behavior than the two linear 
solutions. Specific differences with direct comparisons will be further examined in the next section.  Additionally, 
contour plots show generally similar stress fields resulting from this solution (Figure 7.18) as with the linear 
solutions. 
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Figure 7.18:  Case #3 Non-linear UserMat Results.  Contours at times of maximum values.  1. Max Temperature (Upper Left), 2. Maximum 
Axial Stress (Upper Right), 3. Maximum Radial Stress (Lower Left), 4. Maximum Hoop Stress (Lower Right).  Values in psi 

7.6 IMPACT OF NON-LINEAR THERMAL HYSTERESIS MATERIAL BEHAVIOR ON STRESS 

RESPONSE 
Does non-linear material behavior (i.e. thermal hysteresis) impact the stress response?  Does it change stressing 
mechanisms or cause shifts in predicted failure modes?  These are several of the obvious questions this section 
attempts to quantify in more detail. 

Direct comparison of the maximum stress as a function of time is directly shown in Figure 7.19.  Due to the 
difficulty visualizing the differences at this plot scale, regeneration event #5 is arbitrarily selected and shown 
zoomed in in Figure 7.20. 
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Figure 7.19:  Results Comparison - Maximum Stress as a Function of Time 

  

Figure 7.20: Zoom Into Event #5:  Results Comparison - Maximum Stress as a Function of Time 

Several key obersvations are quickly apparent from these results.  First, the non-linear thermal hysteresis behavior 
does not seem to dramatically change the time depedent behavior in these drop to idle regenerations.   Secondly, 
it is immediately obvious that the USERMAT results closely follow the linear heating curve results.  As expected, 
results are nearly identical to the heating curve results during the heat up event itself, while small stress 
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differences begin to appear as regions of the DPF begin to cool down (thus activating the thermal hystersis effect).  
Additionally, differences seem to be relatively of larger magnitude on the Radial (and Hoop) stress components 
as compared to the axial stress.  Again, this is in large part due to the fact that the maximum Radial and Hoop 
stresses tend to appear where the DPF experiences much higher localized temperatures (and thus activating the 
thermal hysteresis more directly in the local region); whereas the peak tepmeratures in the region of high axial 
stresses tend to be much lower than the peak part temperatures and may not be locally hot enough to directly 
induce large amounts of the thermal hystersis effect.  Finally, it is curious to note that the USERMAT results with 
thermal hystersis behavior is slightly lower in magnitude than the heating curve results, which was not initially 
expected by the author and warrants futher consideration. 

Since the thermal hystersis behavior is strongly dependent on max temperature (in order to activate microcrack 
healing), we further simplify these exposures to view only the maximum stress during the entire event.  This can 
then be directly correlated with the peak temperature experienced in the part (or other relevant temperature 
descriptors).  A summary of these results is provided in Figure 7.21.   

 

Figure 7.21:  Max Stress vs. Max Temperature Comparison.  Radial Stress (Upper Left), Hoop Stress (Upper Right), Axial Stress (Lower) 

Clearly the cooling curve yields the largest stress magnitude (as expected), followed by the heating curve and 
finally the USERMAT thermal hysteresis solution providing the smallest magnitude in all cases.  The relative 
difference between the three models can be expressed in terms of the peak stress ratios of each case as shown in 
Figure 7.22.  This figure shows that while Radial and Hoop Stresses are substantially different when using the path 
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independent heating and cooling curves, the difference trends downward as peak temperature increases.  
Additionally, the axial stress difference remains relatively constant across the temperature exposures and is of the 
same order as the modulus difference in heating and cooling.  The path dependent USERMAT solution exhibiting 
the full thermal hysteresis behavior tends to be within 15% of the heating curve results for all cases studied.  The 
axial stress results tend to decrease with increasing temperature, though are less than 10% different for all 
temperatures studied.  Radial and Hoop stresses vary between 10-15% lower than the heating curve results at all 
temperatures except the final regeneration exposure when the results are nearly identical to the heating curve 
results. 

 

Figure 7.22:  Relative Stress Differences Between Material Models.  Stress Ratio of when using Cooling curve as compared to the Heating 
Curve (Top).  Stress Ratio of the USERMAT Hysteresis Results as compared to the Heating Curve Results (Bottom). 

A tabular summary of peak values is provided in Table 7.4. 

Table 7.4:  Summary of Peak Stresses () 

Maximum for each regeneration cycle 

    Heating curve [MPa] Cooling curve [MPa] 
Thermal hysteresis 
(USERMAT) [MPa] 

Regen Tmax [K] xx yy zz xx yy zz xx yy zz 

1 1277.15 0.550 0.550 0.782 0.812 0.812 1.279 0.500 0.484 0.780 

2 1315.15 0.633 0.576 0.934 0.881 0.819 1.500 0.571 0.522 0.885 
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3 1340.15 0.700 0.673 0.956 0.964 0.964 1.522 0.640 0.610 0.901 

4 1385.15 0.920 0.920 1.434 1.240 1.240 2.281 0.806 0.806 1.342 

5 1409.15 0.960 0.960 1.615 1.287 1.287 2.548 0.820 0.820 1.513 

6 1440.15 1.061 1.061 1.361 1.389 1.389 2.101 0.892 0.892 1.265 

7 1519.15 1.217 0.978 2.455 1.492 1.184 3.856 1.242 0.978 2.255 

x=Radial direction, y=Hoop direction, z=Axial direction (*Follows ANSYS notation)       

Tmax in units of Kelvin.  S (stress) in units of MPa.             

Upon further investigation of the model, it is possible to inspect the effective macroscopic axial Young’s Modulus 
as a time history of each integration point.  In this case, we arbitrarily select a point on the outlet face that gets 
reasonably hot during the thermal exposure and a neighboring point that remains relatively cool in comparison.  
The predicted thermal hysteresis curves can then be viewed to ensure that the response is as expected.  Figure 
7.23 shows an example snapshot in time of the temperature contour.  A point near the outlet face radial center 
was arbitrarily selected to represent a point that experiences a reasonably high temperature.  A point near the 
outlet skin was also selected to represent a point that remains relatively cooler in comparison.  The macroscopic 
effective axial elastic modulus was then extracted from the model and plotted to view the thermal hysteresis 
response.   

 

Figure 7.23:  Manual Inspection of the Thermal Hysteresis Response of a Hot Point and a Cooler Point.  Temperature Contour (Left) and 
Associated Thermal Hysteresis Plots (Right) 

As expected, the cooler point clearly shows minimal thermal hysteresis and the hot point shows a range of 
behaviors including “full” hysteresis behavior.  It is also noted that an unexpected “kink” in the curve occurs on 
heating around ~1200-1300K for a few cycles.  After further investigation, it was found that this is likely due to the 
fact that the kinetic response was not necessarily fit robustly based on the kiln experiments used to calibrate the 
model.  In perspective, the kiln used to measure the sonic resonance testing was limited in thermal ramp rate and 
measurement speed – thus rate experiments were not feasible.  In fact, the engine regeneration being modeled 
in this case experiences thermal ramp rates exceeding nearly 3 orders of magnitude larger than those tested in 
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the kiln characterization – thus it is not surprising relatively small deviations from expected responses are 
experienced.  Overall, it was considered reasonable behavior to capture the general impact that thermal hysteresis 
has on the overall stress field. 

Finally, the spatial difference in stress fields can be directly compared to examine where spatially the differences 
occur.  Figure 7.24 and Figure 7.25 show these cases on the same contour scale as well as showing a contour of 
the difference in results.  As shown, both cases show similar deformation patterns and stressing mechanisms 
between the heating curve result and USERMAT thermal hysteresis results.  Additionally, the peak difference in 
stress tends to occur at the location of peak stresses, further confirming acceptability of comparing peak stresses 
in these analyses as representative and meaningful parameters. 

 

Figure 7.24:  Axial Stress Difference between Heating Curve (Linear) and USERMAT Thermal Hysteresis Solution (Non-linear) at the time of 
maximum difference in stress.  Units in psi.  1000x deformation scaling. 
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Figure 7.25:  Radial Stress Difference between Heating Curve (Linear) and USERMAT Thermal Hysteresis Solution (Non-linear) at the time of 
maximum difference in stress.  Units in psi.  1000x deformation scaling. 

Lastly, it may be helpful to visualize the effective macroscopic axial Young’s modulus at several locations 
throughout the last thermal cycle (highest temperature regeneration).  Figure 7.26 pictorially shows (3) points 
throughout the 7th regeneration cycle.  At time #1, near the beginning of the cycle, temperatures are low (near 
room temperature) across the entire part and the elastic modulus is nearly uniform at a relatively low value as 
well.  At time #2, near the peak temperature the part experiences in the cycle and time of the peak stress, a spatial 
distribution of modulus has set up, with the hot zones generally experiencing higher moduli following a standard 
heating curve path.  Lastly at time #3, the time of the peak stresses has significantly decreased, yet the part 
remains hot in some zones near the outlet face.  However, the upstream points in the DPF are already experiencing 
the cool down cycle, and thus thermal hysteresis becomes active as the modulus deviates from the heat up curve 
and regions of high modulus extend inward from the outlet face further than the thermal hot zone itself.   
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Figure 7.26:  Visualization of Young's Modulus Evolution Throughout the 7th Regeneration Cycle.  Units in psi   
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8 SUMMARY 
Comprehensive material characterization was conducted on microcracked, porous, honeycomb cordierite 
material including documentation of the uniaxial compression and tension strength behavior and numerous 
thermal-elastic material constants.  It was shown that the meso and macroscopic length scale apparent Young’s 
moduli behave in highly non-linear, path dependent manner with respect to temperature and known as thermal 
hysteresis.  This behavior is shown to be due to microcrack dynamics such as initiation, closure and thermally 
induced healing of the cracks.  Additionally, it was shown that this material can exhibit stress dependent 
microcrack growth that is thermally reversible.  Kinetic studies were found to exhibit various levels of time 
dependent behavior of crack growth and healing.  Crack growth kinetics on cool down were generally of 
reasonably low magnitude with time constants of several hours and thus were generally ignored for fast thermal 
exposures on engines.  Microcrack healing kinetics were shown to be much faster and of relative importance in 
these cycles.    

A phenomenological constitutive model for thermal hysteresis behavior was developed, mathematically 
describing the (4) proposed microcrack pathways as a set of coupled ordinary differential equations.  The model 
was fit to the experimental calibration data with a good quality (R2>98.5%), helping to justify the applicability of 
this model to the non-linear, thermally reversible damage model. 

This constitutive model was then applied as a USERMAT routine in ANSYS and compared to linear (path 
independent) analysis.  Results showed that the impact of including thermal hysteresis on this heavy duty DPF 
application in a drop to idle regeneration exposure was reasonably small magnitude in stress space (<10% for 
most peak values).  No significant shift in predicted failure modes or stressing mechanisms were observed.  It was 
recommended that linear heating curve analysis should be considered for most practical applications. 
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9 RECOMMENDATIONS FOR FUTURE WORK 
There are numerous areas to extend this work in future efforts.  Below is a list of specific actions where the author 
sees opportunity for further investigation. 

 Fully 3D, tensorial derivation of constitutive material behavior   

 Derivation and measurement of mechanical stress dependent constitutive material behavior (extend 
beyond just thermally induced loads) 

 Enhance specific modules of the 3 state, 4 pathway material model.  Alternative descriptors for specific 
mechanisms may be possible.  

 Improve model calibration dataset.  For example, limited rate dependent data is available for calibrating 
some of the kinetic parameters.  This could potentially be improved by adding specific test data with faster 
or slower ramp rates into the model calibration process. 

 Measurement of a macroscopic material failure envelope and assessment of appropriate failure criterion 

 Design new fixtures to enable high temperature uniaxial tension testing with better precision 

 Further study microstructural tension/compression testing within SEM directly observing microcrack 
growth 

 Further validation and testing of microcrack friction effects under uniaxial tension (load-unload)  

 Further 3D microstructure simulations with automatic fracture (e.g. tomography with domain 
misorientations and cohesive surfaces fracturing, contact sliding, healing, etc.) 

 Reassess applicability of fracture mechanics behavior of these materials including the non-linear fracture 
mechanics approaches.   

 Further consider shape or topology optimization methods for honeycomb structures 

 Further study time dependent strength behavior (e.g. apparent MOR strength increase after cooling from 
high temperature) 

9.1 AUTHOR NOTES 
Significant time and effort was spent on numerous topics that were not included in this document. Specifically, 
efforts obtaining uniaxial tension measurements as a function of temperature were largely considered 
unsuccessful.  Creep load frames with a kiln capable of 1550°C and a laser speckle extensometer were developed 
and used in this study, however the precision required and sensitivity to extremely minor misalignments, etc. 
were found to overwhelm the measurements.  Future work should consider optimizing this as well as enhanced 
grips and test sample design.  In general, samples of these materials for testing were extremely fragile and could 
be damaged or broken simply by normal handling.   
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In-situ load frames contained within an SEM were also examined and tested during this time with promising 
results, though not continued simply due to the required amount of equipment time and available resources.  It 
was found that we could observe individual microcrack growth (at least crack opening displacement as a function 
of applied load).  It would be natural to extend this into both applied load and temperature as a next step to 
observe microcrack growth and healing mechanisms with combined loading. 

Other thermal shock exposures were also studied but not reported here for brevity.  This included oven thermal 
shock and burner testing.  In general, the impact of thermal hysteresis is consistent in magnitude (on the order of 
+/-20% changes from linear assumptions) and impact regions of high temperature most.  Trends are not always 
intuitive (as is common with non-linear effects), meaning that some cases produced higher or lower stresses than 
the comparable linear solution.   

Like any large body of exploratory work, there were numerous topics and efforts that did not yield results originally 
intended.  The comments above are meant for constructive advice and opinions for future work and are not meant 
to be definitive statements of truth.  
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11  APPENDICES 

11.1  APPENDIX: CELLULAR DIMENSIONS, METRICS AND UNIT CELL DEFINITIONS  

11.1.1 Legacy, Fundamental Geometric Honeycomb Metrics 
The design and analysis of honeycomb structures for exhaust system substrates and filters has been studied 
since its introduction to the market in the early 1970’s.  Several fundamental metrics have been documented 
over the years and are periodically referred to throughout this document.  As a convenience to the reader, 
several of these key metrics are defined below for the case of square celled honeycombs; but it is assumed 
trivial to extend these definitions to other honeycomb geometries (hexagonal, triangular, “asymmetric” cells, 
Kagome Lattices, etc.). 

It should also be noted at this point that due to industry standards, units of common parameters are typically 
provided in “English Standard” unit systems.  Due to the ubiquity of use, this document will often use 
“standard” units for certain parameters when dictated by convention and SI units the remainder of the time.    

Table 11.1:  Common Metrics for Square Cell Honeycombs132 

Parameter Description Equation 

CPSI Variable defining cellular density.  By very notation, this is in units of cells per 
square inch. 

Units typically expressed in [number of cells per square inch], however it can 
be trivially changed to [number of cells per unit area] 

 11.1 

CPSI
L

1
  

Cellular “Pitch”.  The periodic spacing distance of each unit cell in the 
honeycomb. 

In units of length (typically inches, but trivial to change to any length unit) 

 11.2 

2

1 





 

L

t
OFA  

Open Frontal Area 

Also known as the volume fraction of air in the honeycomb structure 

Unitless (fraction between 0-1) 

 11.3 

OFACFA 1  Closed Frontal Area 

Also known as the volume fraction of solid material in the honeycomb structure 

Unitless (fraction between 0-1) 

 11.4 

 
2

4

L

tL
GSA


  

Specific Geometric Surface Area 

Surface area within the honeycomb structure per unit volume 

 11.5 
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Units of [area / volume].   May be expressed like [in2/in3] or sometimes 
simplified to [in-1] 

wetted

open
h P

A
d  4  

The hydraulic diameter of a generic channel is equal to 4 times the ratio of the 
area of the open channel divided by the wetted perimeter of that channel. 

Units of distance or length, e.g. [in] or [mm] 

 11.6 

   POFAmaterialbulk  11  The effective bulk density of the overall product is the density of a fully dense 
(0% porosity) material scaled by the volume fraction of porosity in the material 
and the volume fraction of air in the honeycomb structure itself. 

Units of density, e.g. [kg/cm3] 

 11.7 
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Examples of these values in industry standard units are plotted in the figures below as a reference to the 
reader. 

 

Figure 11.1:  Top:  Open Frontal Area (OFA) as a function of honeycomb design.  Bottom:  Specific Geometric Surface Area  (i.e. GSA)   
[units of mils, inches, cells per square inch are used for consistency with industry standards] 

To put these values in practical perspective, Figure 11.2 gives a map of the volume fraction of solid material 
in actual products as the material porosity itself varies over a typical commercially available range of 25%-65% 
material porosity.  In this set of figures, only a small fraction of the material part volume is actual solid material. 
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Figure 11.2:  Volume Fraction of Solid Material in Porous Honeycomb Parts (Volume of Solid Material / Total Part Volume) 

To further help highlight typical values and ranges on various configurations, one can see (in Table 11.2) that 
it is typical to have a commercial product which is composed of ~84% to nearly 97% air.  The small remaining 
fraction of solid material obviously creates concerns with mechanical strength of the final structure.  
Additionally, as will be mentioned in great length throughout the remainder of this study – the small amount 
of solid material that composes the material is highly microcracked – further impacting mechanical 
performance.  Based on these observations, it is readily implied that both mechanical behavior (e.g. stiffness 
and strength) of these materials are significantly different than typical structural materials. 

Table 11.2:  Example Volume Fractions of Various Configurations 

Cell Density 
[CPSI] 

Web Thickness 
[mils] 

Material Porosity 
[Unitless] 

Total Solid Fraction 
[Unitless] 

Total Void Fraction (% 
Air) [Unitless] 

400 4.5 25% 12.9% 87.1% 

400 4.5 65% 6.0% 94.0% 

600 2 25% 7.2% 92.8% 

600 2 65% 3.4% 96.7% 

200 8 25% 16.0% 84.0% 

200 8 65% 7.5% 92.5% 

 

Similarly, but displayed in a slightly different form, Figure 11.3 shows a direct comparison of volume fractions 
of solid material and air in typical configurations. 
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Figure 11.3:  Volume Fraction (Air vs. Solid) of Various Common Configurations 

11.1.2 Honeycomb Geometry Metrics – Unit Cell Definition 
Several key parameters will be used widely throughout this report which are directly related to defining the 
honeycomb shape.  Honeycombs of interest here are periodic structures and special consideration is given to 
square cell configurations.  Figure 11.4 depicts an example square cell honeycomb with key dimensions 
labeled. 
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Figure 11.4:  Square Cell Honeycomb Dimensions 

Specifically, these periodic structures can be defined by three primary dimensions; 1) cell pitch (L), 2) web 
thickness (t) and 3) fillet radius (r).  Typical industrial designations for honeycomb configurations refer to 
simply the cell pitch and web thickness in a manner such as a 400/4 honeycomb, indicating 400 cells per 
square inch (CPSI) and 4 mil web thickness (62 cells/cm2 / 0.1016 mm).  The cell density (number of cells per 
unit area) is directly related to the cellular pitch via Table 11.1.   

In addition to standard square cell designs, there are numerous other configurations possible.  Typical in diesel 
particulate filter applications, so called “Asymmetric Cell Technologies” are commercially produced with 
various designs (Figure 11.5).   
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Figure 11.5:  Example Asymmetric Cell Design 

Two of the more common asymmetric cell shapes are the so called “overlapping squares” design and the 
octagon-square design.  These are somewhat similar in design; however, their unit cells and skeletal structures 
can be uniquely defined.   

 

 

 
Figure 11.6:  Asymmetric Unit Cell – Overlapping Squares 
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Table 11.3:  Key Point Coordinates for Overlapping Square Asymmetric Unit Cell 

Vertex # X coordinate Y coordinate 
1 Lb 0 

2 Lb+t 0 

3 Lb+t Ls 

4 L Ls 

5 L Ls+t 

6 L-Lb Ls+t 

7 L-Lb L 

8 Ls L 

9 Ls L-Ls 

10 0 L-Ls 

11 0 Lb 

12 Lb Lb 

 

Additionally, several of the key parameters provided in Table 11.1 are modified here for the asymmetric unit 
cell definition and are provided in updated form (equations 11.8 - 11.11).  Note that as the asymmetry ratio 
(ACT ratio) generally increases, possibly invalid geometries may arise (e.g. when Euclidean distance between 
6 and 12 approaches 0).  Thus, the distance, d, between points 6 and 12 across the so called “center post 
width” is also useful to track. 
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Similarly, the octagon and square asymmetric honeycomb shape is defined in Figure 11.7.   
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Key point coordinates are then defined in Table 11.4.   

Table 11.4:  Key Point Coordinates for Octagon-Square Unit Cell 

Vertex # X coordinate Y coordinate 

1 0 0 

2 t 0 

3 t Ls 

4 t+Ls Ls 

5 t+Ls t+Ls 

6 a t+Ls 

7 a-b t+Ls+b 

8 a-b 2(t+Ls)+b-a 

9 a-b-t 2(t+Ls)+b-a 

10 a-b-t 2t+Ls+b-a 

Figure 11.7:  Asymmetric Unit Cell - Octagon and Square 
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11 a-b-t-Ls 2t+Ls+b-a 

12 a-b-t-Ls t+Ls+b-a 

13 -b t+Ls+b-a 

14 0 t+Ls-a 

 

The key geometric parameters of open frontal area and hydraulic diameters are again updated in equations 
11.12 - 11.14. 
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This octagon-square design has several key features such as the fact that the asymmetry ratio is effectively 
defined by “s” – the irregular octagon side length.  Additionally, when “s” approaches zero, the structure 
becomes degenerate and collapses to an overlapping square geometry. 

11.2  APPENDIX: PROPAGATION OF ERROR IN THERMAL SHOCK FAILURE ANALYSIS 

11.2.1 Sensitivities:  Propagation of Error Analysis 
Given the workflow described in Figure 3.3, and the goal of improving failure prediction accuracy of the 
models, it is justifiable to assess the impact of various steps in the process for error and to determine which 
step in the process yields the largest uncertainty with respect to failure prediction.  For this, a propagation of 
error analysis can be performed in order to help identify which step of the prediction process should be 
focused on for biggest prediction accuracy improvements.   

To begin, we assume a probabilistic form of a failure criterion using maximum normal stress consideration 
inside of a Weibull distribution.   

11.2.2 Cracking Predictions – Functional Form 
Cracking predictions in anisotropic (including orthotropic) materials is notoriously challenging and often 
requires relatively complicated failure models133.  Additionally, using brittle materials that are highly 
temperature dependent makes it more difficult to accurately predict cracking under thermal events.  
However, like many brittle material damage models a stochastic model that includes the strength uncertainty 
as measured by a Weibull analysis as well as a rate effect (e.g. dynamic fatigue) is considered a standard 
method13.  The size effect typically associated with brittle materials (i.e. reduction in strength with increasing 
part size) has been ignored based upon the work of Webb19,40,134.    

The standard form of the Probability of Cracking model used is given by a Weibull cumulative distribution 
function, equation 11.15:  

 

n
o

m

o
c

t

t
SDF

where

SDFS
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exp1





































 

 11.15 

and, 

Pc Probability of Cracking 

 Applied Stress 

So Characteristic Strength 

m Weibull Modulus of Strength 
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SDF Stress Duration Factor 

t Effective Fatigue Time  

to Characteristic Strength Testing Time  

n Fatigue Constant 

 

The remainder of this section focuses on uncertainty propagation through equation 11.15.  Two methods of 
analysis will be shown and compared including an analytical derivation of the propagation of error as well as 
a numerical Monte Carlo analysis.   

11.2.3 Analytical Uncertainty Propagation & Parameter Sensitivity  
A classic approach to the propagation of uncertainty (or error) is taken in this section to determine how the 
uncertainties in each parameter stack up to yield a final output uncertainty.  The guiding principal in this 
analysis is to consider worst case conditions.  Two methods will be examined, first the average error method 
is used (equation 11.16) for simplicity and to estimate parameter influences on total uncertainty.  Secondly a 
standard deviation method is considered (equation 11.17).  The underlying goal is to examine the case of a 
given list of input parameters in the format of (x ± x), (y ± y), etc. and a function (Pc) relating these input 
parameters.  The output will be in the format of (Pc ± Pc).  For more reference on methodology used see a 
statistics or tolerance stack up textbook.  Additional references can be found online135.  

The case of using average errors is given by full differentiation of the Pc equation 11.15 and multiplying each 
partial derivative by its corresponding variable uncertainty magnitude.   
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or using the standard deviation method, 
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For convenience to the reader, the partial differentials are provided in equations 11.18 - 11.24 . 
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With equations 11.16 - 11.24, the functional form is provided to assess parameter sensitivity to the 
uncertainty in predicting failure of the parts in thermal shock environments.  Given that our goal is to minimize 
uncertainty in our failure predictions, we can use these equations to assess what tests, material properties 
and or steps in the modeling process warrant efforts for improvement.  In other words, if we want to minimize 
our prediction uncertainty, where should we invest our time and energy to make a “better” model?   To help 
answer this, we will assess the parameters that contribute the most uncertainty to output prediction. 

In order to assess the total contribution of each parameter to the total uncertainty as described in equations 
11.16 & 11.17, it is required that actual realistic numbers be used to quantify the impact of each factor.  To 
do this, we assume the following realistic parameters shown in Table 11.5, typical of uncoated, commercial 
cordierite diesel particulate filters with a 200 CPSI / 12 mil (31 cells/cm2  /  0.3048 mm), honeycomb structure 
and 50% material porosity.    

Table 11.5:  Example Input Parameter Values & Associated Uncertainties 

Description Parameter Assumed Value Assumed 
Uncertainty 

Units 

Applied Stress  Independent 
Parameter, 
Range from:              

0 < > ∞ 

±20% MPa 
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Characteristic Strength So 2.062 ±0.065 MPa 

Weibull Modulus of 
Strength 

m 14.98 ±4.5 - 

Effective Fatigue Time t 35 ±7.0       
(±20%) 

sec 

Characteristic Strength 
Testing Time 

to 1 ±0.2       
(±20%) 

sec 

Fatigue Constant n 38 ±9.3 1/sec 

 

Assumed uncertainty is a somewhat arbitrarily defined value for each parameter.  For the case of the tensile 
strength, four-point bend Modulus of Rupture testing40 was completed and confidence intervals are easily 
estimated.  Due to some asymmetry of the error bars in positive and negative directions, a symmetric estimate 
was rounded to the reported decimal place for simplicity and is considered acceptable for the purpose of this 
work. 

 

Figure 11.8:  Example Weibull Plot of MOR (Modulus of Rupture) Results - Assumes Macroscopic Homogenized Material Assumption 

Dynamic fatigue is classically defined as a slow crack growth mechanism that is described by equation 
11.2542,43.  The parameter “n” in this relationship is commonly referred to as the “Dynamic Fatigue Constant” 
and is the primary variable that describes the sensitivity of strength to stress rate.  A higher number indicates 
a lower sensitivity to the rate of applied stress.   In the dataset shown in Figure 11.9, n=38, with 95% 
confidence interval of 28.7 to 47.4 and is measured in a generally similar 4-point flexural strength test as the 
Modulus of Rupture measurement40, using stress or load rate control.   
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Figure 11.9:  Dynamic Fatigue Measurement - Macroscopic Homogenized Material Assumption – 4 point Flexural Modulus of Rupture 
Strength (400°C) 

Utilizing the equations 11.16 - 11.17 and the data provided in Table 11.5, we can solve for the absolute error 
in the stated failure criterion.  The error as a function of applied stress can then be examined, as shown by 
Figure 11.10. 
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Figure 11.10:  Resultant Uncertainty in the Failure Prediction as a Function of Applied Stress 

Interestingly we see several key observations.  First, the uncertainty in the predicted failure probability is near 
zero at low and high stress values, clearly implying that if stress magnitudes are low, we are confident that 
our survival prediction is valid.  Likewise, if stresses are very large, we are confident that our prediction of 
failure is valid.    The uncertainty in prediction maximizes at a stress approximately equal to the So*SDF term 
in equation 11.15, (~1.88 MPa), which is the effective characteristic strength of the part, including the fatigue 
time knock down factor.   

Based on this analysis, we can assess the contribution of each individual parameter to the total uncertainty.  
Figure 11.11 shows how each component is stacked as a function of applied stress.  As shown, the uncertainty 
in the stress term of equation 11.15 is the dominant factor in the total uncertainty in the prediction.  Based on 
this analysis, assuming we keep a similar process flow and functional form to the overall prediction of thermal 
shock failure analysis, efforts should be focused on enhancing the stress prediction accuracy to obtain more 
confident predictions.  
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Figure 11.11:  Uncertainty Stack Up - Contributing Factors 

While the analysis results answer the goal of this section, several other interesting observations should be 
noted.  First, the failure criterion provided as equation 11.15 is simply a stochastic failure criterion that 
describes the cumulative distribution function (CDF) of a Weibull distribution.  Given that this equation is a 
CDF, the upper and lower limits on all solutions are inherently in the range of 0 to 1.  Noting the uncertainty 
results shown in Figure 11.10 and Figure 11.11 show uncertainty magnitudes exceeding a value of 1.0 and 
approach an uncertainty on the Pc prediction of ±1.5.  This is obviously larger than the realistic limits of the 
base function and should be treated with associated care.  Although the total magnitude of uncertainty 
predicted by this approach is larger than realistically possible, the primary purpose of the analysis was simply 
to identify the factors that contribute most significantly to the total uncertainty, and is considered acceptable.  
For an example of a more quantitatively robust method of uncertainty analysis of this situation, a Monte Carlo 
type of analysis was conducted. 

If we assume that all parameter uncertainties are normally distributed about a mean value as described in 
Table 11.5, and we assume that the assumed uncertainty associated with each parameter listed in that table 
describe a ±3σ (3*standard deviation) limit, we can then solve for Pc with random sampling of each variable.  
The resultant prediction of Pc yields a point cloud that the Weibull CDF can be fit to.  In addition to the primary 
fit – (which is equivalent to equation 11.15), the advantage of the Monte Carlo sampling is that it provides an 
estimate of the uncertainty bounds of the problem.  Figure 11.12 shows the results of this analysis conducted 
on 100,000 samples and the associated 5th and 95th percentile observational bounds (found via non-
parametric estimation of binned X-axis increments).  The difficulty with this method is that it is slightly more 
difficult (though certainly possible) to assess individual parameter contributions to the confidence interval, 
however this method yields more quantitatively realistic results on magnitude of total uncertainty (e.g. results 
never lay outside of the 0-1 increment).    
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Figure 11.12:  Monte-Carlo Analysis of Probability of Cracking Prediction 

Regardless of methodology, this approach of predicting failure (typically used for thermally induced stress 
analysis) yields (3) distinct regions in stress space.  First, at low stress values we are confident that the part 
will survive.  Second, at very high stress levels, we are confident that the part will crack.  Lastly, within an 
intermediate stress interval, we are not confident in the prediction.  The part is predicted to potentially survive 
or crack.    

The underlying goal of this work is to reduce the uncertainty of the prediction within this intermediate range.  
We will do that by improving the accuracy of the stress prediction, by including use of non-linear material 
behavior, as will be described in future sections. 

As a demonstration of potential improvement, we can repeat the analysis conducted in this section assuming 
that assumed uncertainty of the stress parameter equals zero.  In this case, Figure 11.13 and Figure 11.14 can 
be directly compared with Figure 11.11 and Figure 11.12, respectively.  It is evident that the total uncertainty 
significantly decreases because of this change.   This would be considered as approaching an upper limit on 
uncertainty reduction.   
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Figure 11.13:  Uncertainty Stack Up Assuming No Contribution from Stress Component 

 

Figure 11.14:   Monte Carlo Analysis Assuming No Uncertainty in Stress Term 
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11.3  APPENDIX: SONIC RESONANCE MODAL ANALYSIS  
In a similar fashion to flexural strength analysis, the variations can also be directly applied to beam flexural 
dynamics, such as the sonic resonance test for Young’s modulus.  The variation of usage between Young’s 
modulus and Moment of Inertia can create minor differences in reported results.   For example, the natural 
frequency of a free-free beam (such as that in a sonic resonance test) can be described by the beam equation 
11.26136, noting that this only solves for modes in a single plane of flexural movement and neglects torsional 
and out of plane modes – thus is typically only used for the first flexural vibration mode (typically mode #1).   
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Solving equation 11.26 numerically, we find the values reported in Table 11.6.  With knowledge of our beam 
length, “Lb”, we can directly solve for coefficient “k” and thus the natural frequencies of the beam. 

Table 11.6:  Solutions to Equation 11.26 

Mode # (n) kn*Lb 

1 4.7300 

2 7.8532 

3 10.9956 

4 14.1371 

5 17.2787 

 

A subset comparison of previously reported models with the static flexural equations is shown in Table 11.7 
for reference.  Note that a difference between approaches for the first modal frequency (~13% difference) 
with respect to the ASTM standard is shown.   Both analytical models use differing Young’s modulus and 
moment of inertia values as described in the table.   
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Table 11.7:   Comparison of Natural Frequency Calculation Results 

Inputs Value Units   Model 1 [Hz] E [MPa] I [mm4]  [tonne/mm3] 

b 23.65 mm   ASTM 2197.7 3088.9 - 4.03E-10 

h 12.88 mm   Analytical #1 2272.0 3088.9 4208.95 4.03E-10 

L 127.00 mm   Analytical #2 2482.1 9944.4 1560.24 4.03E-10 

Emacro 3088.85 MPa   3D Honeycomb FEA 2278.8  9944.4 - 1.297E-09 

 0.15 -   
 Beam Element FEA 
Isotropic Material  2196.4 3088.9 - 4.03E-10 

I1 4208.95 mm4        

I2 1560.24 mm4             

m 15.59 g             

OFA 0.689               

 4.030E-10 tonne/mm3             

web 1.297E-09 tonne/mm4             

 

Further, the first (9) modal frequencies predicted are shown in Table 11.8 as predicted by the 3D honeycomb 
FEA model as well as via beam elements and the analytical solution.  Figure 11.15 shows the first (4) mode 
shapes of the 3D honeycomb FEA model, which herein is assumed to be the most accurate representation of 
the samples being tested.  Note that the analytical and beam element representations utilize an effectively 
isotropic material definition, whereas the 3D honeycomb effectively acts with orthotropic structural behavior.   

Table 11.8:  First (9) Mode Frequencies 

Mode 3D Honeycomb FEA 
Frequency [Hz] 

Shape                                 
(3D Honeycomb FEA) 

Beam Elements 

Frequency [Hz] 

Analytical #1 
Frequency [Hz] 

1 2278.8 Flexural #1 2196.4 2272.02 

2 3758.7 Flexural #2 3994.2 6262.9 

3 4456.8 Torsional 5413.2 12277.8 

4 5792.8 Flexural #1 5729.4 20295.9 

5 7694.9 Torsional  9424 30318.5 

6 8599.7 Flexural #2 10487 42345.7 



 

P A G E  | 272 

7 9908.2 Torsional 10826 56377.4 

8 10300 Flexural #1 10900 72413.6 

9 10732 In-Plane Shear 15801 90454.4 

 

As expected, the analytical equation presented only captures one of several types of vibration (flexural #1 
only) and as such can be misleading if the analyst neglects other modes of deformation.  Additionally, it does 
not separate flexural directions (flexural in the width vs. height directions, as indicated by “Flexural #1 vs. #2” 
labels).  Lastly, it should be noted that the isotropic material assumption does not significantly change the 
frequency response for the first flexural mode #1, however the torsional modes are grossly overestimated 
due to the lack of accurately capturing the in-plane shear modulus in the effectively orthotropic body.    

 

 

A so called “tangential” specimen may be tested to estimate the effective elastic constants in the direction 
orthogonal to the axial specimen.   Interestingly the interplay between the low shear modulus and the flexural 
mode create differences in which occurs first.  For the case shown in Figure 11.16, commonly called a 
“tangential” orientation bar, which is simply a honeycomb orientation rotation of 90° with respect to the axial 
bar, the first mode shape is the torsional mode followed by the beam flexural modes thereafter.  This order is 
solely due to the orthotropic structural behavior of the honeycomb and the experimentalists should be 
directly aware of this for each honeycomb configuration tested.  If not, it would be extremely easy to 

Figure 11.15:   First (4) Mode Shapes of an Axial Bar in Sonic Resonance Test.  Mode #1 = Flexural #1, Mode 
#2 = Flexural #2 (different direction), Mode #3 = Torsional, Mode #4 returns to Flexural #1.   
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misinterpret the experimentally obtained resonance frequencies with improper modes of deformation – 
leading to improper estimation of effective elastic constants.    

 

 

The natural frequencies of this tangential bar tend to be lower due to the lower apparent stiffness of the 
structure in the directions of displacement.  The (3) primary displacement patterns of torsion and two flexural 
modes (in different directions) dominate the first 10 vibration modes as described in Table 11.9.   

Figure 11.16:  "Tangential" Bar - First 4 Mode Shapes 
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Table 11.9:  Natural Frequencies of a “Tangential” Bar 

Mode Frequency 
[Hz] 

Type 

1 1118.4 Torsional 

2 1674.5 Flexural #1 

3 1834.2 Flexural #2 

4 2709.6 Torsional 

5 2948.2 Flexural #2 

6 4271.2 Flexural #2 

7 4375.8 Flexural #1 

8 5140.2 Torsional 

9 5203.8 Flexural #2 

10 6278.6 Flexural #2 

 

Torsional modes are typically not used independently to extract effective shear moduli due to inaccuracies 
caused by isostropic material assumptions in the analysis procedure.  As is the definition of orthotropic 
materials, there tends to be a torsional-flexural coupling effect and as such is challenging to separate the two 
mechanisms25 – whereas the primary flexural modes themselves are largely independent of the torsional 
behavior in the cases studied, and thus the simplifying assumptions are reasonable.   

Finally, as a verification check, the finite element representative volume element (RVE) method of estimating 
effective macroscopic constants of the honeycomb structure, normalized to the axial modulus (Ez), where Z 
is the direction of extrusion yields the following constants, is shown in Table 11.10.  As shown, the Ex/Ez ratio 
is estimated to be 0.5779.  Based on the 3D honeycomb modal analysis, the first modal frequency of the beam 
flexure in the axial direction is 2278.8 Hz.  The first flexural mode in the tangential bar is predicted to be 
1674.5Hz.  Using the ASTM standard methods of calculating effective Young’s modulus in each of these bars 
yields an Ex/Ez ratio of 0.580, which are within 0.4% of each other; cross verifying the method (i.e. both beam 
resonance and uniaxial tension methods of calculation produce equivalent results).    

 



 

P A G E  |  2 7 5  

Table 11.10:  Elastic Homogenization Ratios via Finite Element RVE Method - 200/12 Honeycomb with isostropic webs; assuming web 
scale Poisson’s ratio = 0.25 

Ex/Ez Ey/Ez Ez/Ez 

0.5779 0.5779 1.0000 

Gxy/Ez Gxz/Ez Gyz/Ez 

0.01075 0.2318 0.2318 

xy xz yz 

0.037 0.25 0.25 

 

It should also be noted here that during this course of this work, it was found that ANSYS Workbench (through 
version 17.2 at the time of writing this document) was found to have a software bug in this type of analysis.   
When using beam elements, ANSYS workbench is not compatible with orthotropic materials.  However, 
practically, the software accepts these user inputs and solves with no errors or warnings provided to the user.  
The results reported are wrong.  This issue was discussed with ANSYS technical support and reported to the 
company as a future software enhancement request (i.e. to throw an error to the user versus providing 
erroneous results). 

11.3.1 Modal Analysis with Experimental Validation 
Similar to the models just discussed, a slightly modified version of the 3D honeycomb FEA modal analysis 
model was solved for direct comparison with experiments, using dimensions consistent from sample 
measurements (e.g. 300.23 micrometer (11.82 mil) webs thickness, c 16.81 grams, 50% porosity, etc.).   

The sonic resonance test was then experimentally performed on the baseline material documented in more 
detail in future sections of this report.   Six total experimental test sweeps were conducted with various 
configurations and sample orientations so that certain modes of vibration were measured consistent with the 
modal analysis model observations.  Two samples were used, one with a honeycomb configuration in the 
“axial” direction along the beam length and the other being a “tangential” honeycomb orientation.  
Additionally, the string configuration (exciting and supporting the sample) was varied according to the ASTM 
standards for flexural versus torsional measurements.  The design of experiment (DoE) matrix is listed in Table 
11.11. 
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Table 11.11:  Test Configurations - Sonic Resonance Frequency Sweeps 

Test Sample Orientation String Configuration  

1 Axial - Standard ASTM Flexural 

2 Axial – Standard ASTM  Torsion 

3 Axial - Rotated ASTM Flexural 

4 Tangential - Standard ASTM Flexural 

5 Tangential – Standard ASTM  Torsion 

6 Tangential - Rotated ASTM Flexural 

 

The three configurations for each of the two samples were tested using a frequency sweep from 800Hz to 
~13000Hz.   The support string configurations are shown in Figure 11.17 and Figure 11.18, where the top 
picture shows the string is tied with a knot centered along the bar width.  Consequently, only flexural 
displacement of the bar in the vertical direction is detected.  The second configuration places the knots at 
opposite sides of the bar width.  In this configuration, the torsional displacement is effectively transmitted 
into vertical string displacement and the torsional vibration can then be detected.   
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In addition to the string knot alignment differences, the samples themselves were rotated (with respect to 
their rectangular cross sections) in order to detect flexural displacement modes with horizontal relative 
motion in the standard configuration, as shown in Figure 11.18. 

 

 

Figure 11.18:  Sample Orientation.  Top:  Standard Sample Orientation, Bottom:  Rotated Sample Orientation 

Figure 11.17:  Support String Configuration.  Top:  Flexural Response Only, Bottom:  Torsional + Flexural Response 
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This testing can then be compared to predicted values.  For simplicity, the first test results is shown in Figure 
11.19.  The purpose of this test set up is to measure the primary flexural modes only and thus is compared to 
the first three relevant flexural modes predicted by the finite element model (as indicated by mode shape).   
Clearly, the predicted values are in good agreement with the spectral response.  It should be noted that an 
apparent response peak is shown centered at approximately 8kHz.   This resonance is of the test unit and 
fixtures themselves and not the sample response.  A similar characteristic response is present in other tests 
as well.  Additionally, two of the three resonance peaks >9000Hz are not explained by the predicted part 
response and it is currently unclear as to their root cause. 

 

Figure 11.19:  Test #1, Experiment vs. Predicted Primary Flexural Mode Only 

Figure 11.20 then overlays the remaining two axial bar tests and compares the measured responses to the 
predicted modal frequencies.    For simplicity, only the first torsional mode and transverse flexural mode 
predictions are shown.  In all cases, the model predicts the modal response reasonably well.  The worst quality 
prediction is with the torsional modes, where the predicted value seems slightly higher than the measured 
value.   It is unclear to the source of the difference, though simplifying assumptions (such as assuming 
isostropic material behavior) is likely a contributing factor.   

Additionally, it can be shown that the various support string configuration differences clearly make a 
substantial difference in the ability to excite and measure the torsional modes.  Likewise, the horizontal 
motion of the transverse flexural modes is not detected in the “standard” sample orientation, but is evident 
when the sample is rotated.  The higher order harmonics are less well measured and the difference to 
predicted frequencies also tends to be magnified.  For the purpose of this test, only the first, fundamental 
flexural vibration modes need to be considered and as such the viability for testing these honeycomb 
structures is considered reasonable for these configurations. 
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Likewise, with the tangential bar configuration, similar behavior is found (at lower frequencies due to the 
apparent reduction in macroscopic stiffness in this honeycomb orientation).    Interestingly, as predicted by 
the FEA model, the torsional mode occurs first, followed then by the two different flexural modes.  This 
ordering is solely a function of the effective orthotropic material behavior of the structure, where a solid 
homogenous, isotropic material would show the torsional mode to be produced at higher frequencies than 
the flexural mode.    This is clearly an important observation for experimentalists measuring these types of 
honeycomb configurations.  For example, if a forced excitation was used for measurement with acoustic 
sensor for vibration detection (which are mostly independent of direction of beam motion), the first torsional 
mode could very easily be mistaken for the first flexural mode and thus provide erroneous output results, 
such as the case with resonant ultrasonic spectroscopy (RUS) methods.   

Additionally, it was found that by using a Young’s modulus of the mesoscopic web material equal to that used 
to model the axial honeycomb bar, that the predicted natural frequencies of the tangential bar were shifted 
slightly higher than experimental observation.  To help explain this observation, it is commonly hypothesized 
that the mesoscopic web material is transversely isotropic (or orthotropic) due to features such as textured 
pore morphology or preferential microcrack alignment.  As discussed in other sections, it is challenging to 
obtain direct measurements of elastic constants on the effective mesoscopic web material.  Though test 
methods used to extract this information in this work utilized laser ultrasonics.  Tests using a 100 micrometer 
laser spot size focused on a single web of material yielded an elastic modulus ratio between the transverse 

and  axial directions of 6989.0
1

2 E
E   , where subscript 1=extrusion direction and 2=direction normal to 

Figure 11.20:  Spectral Response of All Three Axial Bar Tests and Predicted Modal Frequencies 
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the web thickness.  Using this ratio, the isotropic Young’s modulus in the finite element model was scaled 
accordingly and finite element prediction results for the tangential bar are provided in Figure 11.21.  Once 
again, the vertical dashed lines indicate finite element predicted modal frequencies, where the three solid 
response curves indicate the measured values in each of the three configurations.  Good agreement between 
prediction and measurement is shown, helping confirm the mesoscopic orthotropic hypothesis.  

 

Figure 11.21:  Tangential Bar - Predicted vs. Measured - Young's Modulus Corrected (by Laser Ultrasound Measurement) 

The improvement of prediction accuracy by including the Laser Ultrasound anisotropy ratio is another good 
indicator that test methods are reasonably self-consistent and accurate.  The predictions for modes 1-4 are 
all <5% error between predicted and measured values.   

In conclusion, the “standard” test method and sample configuration as shown in the top image of Figure 11.18, 
seems to provide a good estimate of the first flexural mode of vibration, while effectively masking other 
potential mode shapes; in turn providing good estimates of the macroscopic elastic constants, E1 and E2.    

Additionally, utilizing alternative modalities (such as the torsional modes) cannot directly provide direct 
estimates of the in-plane shear elastic constants (as can be done with macroscopically isotropic material 
beams).   However, it is recommended that future attempts are made at extraction of full orthotropic 
properties by simultaneous solution of several sample configurations and modal frequencies. 

11.4  APPENDIX: FLEXURAL STRENGTH ANALYSIS 
Due to the prevalent use of flexural tests to characterize various strength and elastic deformation behavior of 
these brittle honeycomb materials, an example analysis is provided in this section to highlight some common 
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areas of confusion in such an analysis.  The 4-point bend test is the most commonly utilized flexural test for 
this material category and is thus the focus in this section.  Likewise, the simplicity of analysis, (i.e. standard 
flexural beam theory is typically used), and is a primary reason this test is utilized.  That said, there are 
numerous considerations in the analysis procedure that can easily be mixed up by the analyst.  This section 
provides an example comparison of several of the commonly used metrics for analysis as a reference to the 
reader. 

We consider a honeycomb geometry beam undergoing 4-point flexural testing as previously described40,42.  
Specifically, we will consider a 200 CPSI / 12 mil (31 cells/cm2  /  0.3048 mm), honeycomb configuration with 
beam dimensions of 23.65mm x 12.88mm x 127mm (W x H x L), where the cross section has 13 honeycomb 
cells in width and 7 in height.  The support span is 88.9mm and the load span is 19.05 mm.   As will be shown, 
it is realistic for these materials to fracture at loads starting as low as 66.7N, thus this value is used for 
comparison purposes between models.  The effective Young’s moduli are based on Sonic Resonance 
measurements of 50% porosity, baseline cordierite material described in other sections of this report.  Figure 
11.22-Figure 11.23 show a loading configuration of the beam and cross-sectional view, where variable, P, 
indicates applied force, dl and ds are the load and support spans respectively and Lb is the beam length. 

 

Figure 11.22:  Beam Loading Configuration - 4 point flexure 
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Figure 11.23:  Cross Section of Beam in 4-point Flexural Test 

Provided these definitions, several of the common methods of analysis are herein directly compared in terms 
of predicted maximum stress and peak displacement (within the load span).  The analytical solutions can 
readily be derived via standard beam theory, where the maximum stress and maximum deflection can be 
solved for as shown in equations 11.28 - 11.29. 
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The key terms of interest in these standard flexural beam equations are the moment of inertia, I, and the 
elastic modulus, E.  Specifically, there are three variations of using these same equations to obtain stresses 
and displacements.  First, a standard approach would be to use macroscopic values for all terms, that is, the 
moment of inertia is defined by equation 4.7 and elastic modulus is defined by the macroscopic modulus.  This 
is labeled as Model #1 in the following analysis.  Model #2 solves for the mesoscopic “web scale” results by 
using the mesoscopic moment of inertia of the honeycomb structure, equation 4.8 and the mesoscopic 
Young’s modulus.  Model #3, uses the results of Model #2 to then effectively upscale from meso-to-

macrosopic terms by a volume fraction factor, 
OFA
macro

meso 


1


  - thus is a two-part solution (solve 

mesoscopic results, then convert to macroscopic via volume averaging).    
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Additionally, finite element models can be used to calculate the stress and displacements of such a beam 
solution.  Model #4 is an explicit representation of the beam solution with full 3D solid representation of the 
honeycomb structure considered.  Models #5 & #6 are full 3D solid cross section beam solutions (for direct 
comparison to analytical and beam element models).  Model #7 is a beam element solution to the same 
problem with solid rectangular cross section.  Figure 11.24 and Figure 11.25 show representative images of 
models #4 and #7.  Models #5 and #6 assume a solid cross section (not honeycomb).   

 

 

 

 

Input parameters and key results for each of the various configurations are shown in Table 11.12.   

Figure 11.24:  3D Solid Honeycomb FEA Model in ANSYS (Model #4) 

Figure 11.25:  Beam Element Model in ANSYS (Model #7) 



 

P A G E  | 284 

Table 11.12:  Comparison of Various Analysis Methods for Stress & Displacement in a 4-pt Flexural Test  

  Parameter Variable Model #1 Model #2 Model #3 Model #4 Model #5 Model #6 Model #7 

In
pu

ts
 

Model Description - Analytical Analytical Analytical 
3D FEA / 

Honeycomb Bar 
3D FEA / 
Solid Bar 

3D FEA / 
Solid Bar 

Beam 
Elements 

Young's Modulus [MPa] E 3088.9 9944.4 9944.4 9944.4 9944.4 3088.9 3088.9 

Moment of Inertia 
[mm4] I 4208.95 1560.24 1560.24 - - - 

-  
(4208.95) 

Total Force [N] P 66.72 66.72 66.72 66.72 66.72 66.72 66.72 

Support Span [mm] ds 88.9 88.9 88.9 88.9 88.9 88.9 88.9 

Load Span [mm] dl 19.05 19.05 19.05 19.05 19.05 19.05 19.05 

Sample Length [mm] Lb 127 127 127 127 127 127 127 

Sample Width [mm] b 23.65 23.65 23.65 23.65 23.65 23.65 23.65 

Sample Height [mm] h 12.88 12.88 12.88 12.88 12.88 12.88 12.88 

Number of Cells Wide m 13 13 13 13 - - - 

Number of Cells Height n 7 7 7 7 - - - 

O
ut

pu
ts

 

Max. Stress [MPa]  1.782 4.808 1.493 4.861 1.800 1.800 1.780 

Reported Stress          
Length Scale - Macro Meso Macro Meso Macro Macro Macro 

Max. Displacement 
[mm]  7.032E-02 5.892E-02 5.892E-02 6.523E-02 2.342E-02 7.539E-02 7.399E-02 
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At this point, it should be clearly noted that flexural results indicate stress is independent of the assumed 
Young’s modulus, whereas the displacement is directly proportional to it.  Stress is however directly 
dependent on the moment of inertia. 

Figure 11.26:  Model Comparison - Maximum Stress 

Figure 11.27:  Model Comparison - Maximum Displacement 
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Additionally, it is interesting to note that Models #1 & #5-#7 yield very similar stress results at the macroscopic 
length scale, whereas Models #2 & #4 yield mesoscopic stress results (stresses within individual webs of the 
honeycomb).   Interestingly Model #3, which effectively homogenizes the mesoscopic stresses yields 
significantly lower peak stresses than the other directly macroscopic methods.  This difference is also covered 
in the ASTM standard C1674-1140. 

The predicted displacements vary significantly between methods as well.  The expected exception being the 
impact of varying Young’s modulus between Models #5 & #6.   One reason the 3D honeycomb FEA result 
differs from both analytical and beam solutions (falling in between the two) is that in this case, the effective 
structural stiffness is actually orthotropic due to the honeycomb shape which makes the displacement results 
sensitive to the small difference in the out of plane shear modulus – whereas all other solutions assume 
isotropic structural behavior.   

Finally, it is important to note that since the stress magnitudes are both displacement and material stiffness 
independent, that experimental results only require accurate load measurements applied to the sample.  
However, displacement measurements are often practically contaminated by factors such as load frame and 
fixture compliance, fixture articulation movement, sample “settling” and localized crushing, material 
nonlinear behavior, etc.   An example of room temperature 4-point flexural testing on the cordierite material 
and configuration previously described is shown in Figure 11.28.  After zeroing the displacement at a low force 
(e.g. 2 N), the slope of the force-displacement curve indicates an excessive amount of deflection when 
compared to the models previously discussed.  This is typically expected and is generally why crosshead 
displacement is not a valid metric when comparing to sample deflection.  In fact, less than 20% of the total 
deflection measured by the crosshead (after zeroing the displacement offsets) is the elastic deformation.  If 
displacement measurements of the specimen are required, it is critical that relative measures on the sample 
itself are taken. 
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11.5 APPENDIX: CONTINUUM HOMOGENIZATIONS 
Length scale definitions play an important role in the analysis of porous, microcracked, honeycomb ceramic 
materials.  Although features and analysis is routinely analyzed and considered by researchers, it is an 
extremely common source of confusion in communicating results and comparing data.  For the purpose of 
this report, length scales will be defined below.  Figure 11.30 pictorially shows examples of approximate length 
scales related to the microcracked, porous, honeycomb ceramics studied in this work. 

 

Figure 11.28:  Force-Displacement Measurement of 4 Point Flexural Experiment 
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As shown, the fully macroscopic length scale is a classic meter scale defined by “full” components.  The 
mesoscopic length scale is a transitionary scale bridging the material microstructure to the macroscopic 
component.  This length scale typically consists of the characteristic honeycomb features.  The microscopic 
length scale typically consists of the material microstructure within a single web of the honeycomb.  The 
microscopic length scale is commonly used to define features such as the material porosity, crystallite 
domains, microcrack length, material composition phases, etc.  The nano length scale is of the order of 
nanometers in length and typically represents features such as grain boundary phases, sub-micron 
crystallography, and other typical material characteristics of this size.  It should be noted that, as is typical in 
these applications, these definitions and length scales are not overly discrete or firm rules; instead, they are 
loosely defined and are considered general guidelines for definition.  In fact, many features tend to bridge 
length scales and make some analysis and homogenizations moderately ambiguous. 

Figure 11.29:  Length Scale Definition Related to Microcracked, Porous, Honeycomb Ceramics 



 

P A G E  |  2 8 9  

 

Figure 11.30:  Key Features:  Honeycomb Shape, Porosity, Crystalline Domains, Microcracks and Properties 

11.5.1 Homogenization of Elastic Constants in Honeycomb Structures 
Typical analysis related to the performance and overall design of honeycomb substrates is done at a 
macroscopic length scale.  However, the behavior and design of this material class is conducted heavily on the 
microscopic material length scale.  In order to relate the two, some level of an efficient sequential multiscale 
homogenization scheme is required, primarily with respect to material behavior and constitutive laws.   For 
this work, significant references and use will be made of several homogenization methods.  The largest length 
scale homogenization in the honeycomb structures of interest takes place between the mesoscopic and 
macroscopic length scales.  This scales the effective material compliance matrix by the impact of the 
honeycomb structure.   

An additional need for the homogenization rules for honeycombs is that historically the elastic properties of 
most honeycomb ceramic materials have been measured and characterized at the macroscopic length 
scale19,137,138 – which inherently provide macroscopically homogenized material properties as the starting 
point for analysis.  Techniques such as sonic resonance21, uniaxial tension/compression testing and even 
ultrasonics (including laser based) have been employed successfully to give these results; some of which will 
be documented later in this report.  While use for product and system scale simulations often require 
macroscopic material behavior13, it is also often desired to extract mesoscopic length scale properties of  
individually homogenized webs of the honeycomb from these macroscopic tests.     

It should be noted, that for simplification, it is often assumed that the effective mesoscopic material contained 
within an individual honeycomb web is isotropic.  Some minor discussion of this is mentioned sporadically 
throughout this report, including the fact that the anisotropy due to the honeycomb structure itself is typically 
a far more significant than the effective anisotropy (typically transversely isotropic) of individual, mesoscopic 
webs.  Additionally, the effective web material is often assumed to be isotropic for simplicity and due to the 
lack of direct measurements41,59,137.  Several attempts have been previously made to account for the apparent 
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web level anisotropy including the work by Meda & Treacy58 to calculate the effective macroscopic properties 
of a cellular body – but very little data directly measuring the apparent web scale moduli with anisotropy 
considerations have been reported138. 

It should also be noted that the majority of this paper focuses on square cell honeycomb structures, and due 
to the inherent square shape of the unit cell of these materials, the resultant homogenized macroscopic 
material is typically treated as a special case of orthotropic elastic symmetry (sometimes referred to as 
“tetragonally isostropic”97).  The standard compliance matrix for orthotropic materials is provided by equation 
11.30, defining the need for (9) independent elastic constants to be defined as well as (3) thermal expansion 
coefficients.   
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11.5.1.1 Beam Analogy Homogenization – Meso to Macro 
Significant work has been conducted regarding homogenization of honeycomb (cellular) solids in the literature 
via treating the cellular network as a representative beam network and then analyzing the unit cell with 
respect to applied loads and deformation8,58,137,139.  For a detailed example of this approach, the reader is 
referred to the Mechanics of Honeycombs section in the text book by Gibson and Ashby8. 

As an aid to the reader, the resulting homogenization equations for square cell honeycombs can be 
summarized in Table 11.13.  In these equations, the subscript “m” indicates an effective, mesoscopic web 
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scale material whereas the subscripts “1-3” indicate the principal Cartesian axis of the macroscopic material 
(such as those typically measured by sonic resonance) and 1=Z & 2=3=X=Y, as shown by Figure 11.31.    

 

Figure 11.31:  Coordinate System Definition with Respect to Honeycomb 
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Table 11.13:  Beam Bending Formulas - Conversion between Mesoscopic & Macroscopic Length Scales 
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Noting that the subscript “m” indicates effective web scale (mesoscopic) material properties.  As shown it is 
easy to see that the primary difference in results (when the web material is assumed isotropic) is shown via 
the in-plane shear modulus ( 23G ).  The remainder of the property calculations are equivalent between 

methods.  It is commonly viewed that the Chen and Meda-Treacy formulations for 23G  may often be 
considered as an upper and lower bound regarding the impact of cellular geometry for typical cellular ceramic 
applications.  It should also be noted that in the original works of Meda and Treacy, they expand this 
relationship for the case of transversely isostropic materials (for the web at the mesoscopic length scale).   

Thus, the apparent web material properties can be calculated from macroscopic measurements by scalar 
multiplication factors related to the honeycomb geometry.      

Several key limitations of this technique should be noted.  First, this method utilizes a structural beam analogy 
and all typical assumptions of a beam analysis apply.  This includes considerations of beam slenderness ratio 
and the neglect of features such as fillets at the root of the beam structures.   Additionally, it is somewhat 

12G



 

P A G E  |  2 9 3  

obvious that this approach may become invalid for structures such as the asymmetric cell designs presented 
in Figure 11.5 and Figure 11.6.  For cases such as these, a representative volume element approach within a 
finite element analysis may be a more accurate approach to consider. 

11.5.1.2 Finite Elements - Representative Volume Element Technique (RVE) - Honeycomb 
A typical method of calculating effective homogenized elastic constants is by a representative volume element 
technique.  For the case of the square and asymmetric cell honeycombs discussed in this paper, a simple 
ANSYS Workbench model was developed and parametrically defined.  This model was constructed to be (6) 
unit cells in each normal direction (Figure 11.32).  

 

Figure 11.32:  A Parametrically Dimensioned Representative Volume Element (RVE) 

It is common with RVE models to have some ambiguity in how to best define boundary conditions and loads.  
It is also known that these artifacts are typically dissipated as a far field assumption is applied (i.e. distance 
from the model edge is increased).  Thus, the effective properties are calculated only on the interior most 
unit cell, while the loads are applied to the outermost edges of this model.   

For an orthotropically elastic material, (9) independent elastic constants are required.  However, based on 
square cell honeycomb symmetries and the coordinate definition listed in the previous section, the elastic 
properties E2=E3, G12=G13, 12=13, thus only (6) independent properties are required to be calculated for 
this structure.  Therefore, (6) independent load steps are defined in the RVE model to virtually measure the 
average properties. 

The first load steps measure the normal elastic moduli.  For each step, a uniaxial displacement is applied to 
the outer surfaces normal to the direction of applied load. The opposite side of the RVE is constrained in 
the normal direction (symmetry constraint).  Upon solution, the total reaction force in the direction of 
applied load is measured.  Based on the dimensions (total width * length of the RVE = effective cross-
sectional area) of the RVE bounding box, a simple, linear macroscopic stress-strain ratio is calculated and 
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thus the normal elastic modulus in the direction of applied load is defined.   This is performed respectively 
in the global X,Y,Z directions, with the two in-plane directions yielding equivalent results.  Poisson’s Ratios 
are also found in these steps by simply measuring the strain in the direction orthogonal to the surfaces with 
applied load in the usual manner. 

The method of measuring shear moduli is less well defined.  For all remaining cases, measurements were 
conducted by applying a total force in the tangent direction to the surface faces to form a shear pair (Figure 
11.33).  Again, by simply knowing the bounding box area, the shear stress is calculated by the ratio of total 
force on that surface (in the tangent direction) and the corresponding area.   

Then, measuring displacement on the innermost unit cell, the average shear strain and corresponding shear 
modulus is calculated via equations 11.31 - 11.33. 
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This method has been found by the author to provide results well within accuracy tolerances required by 
the analysis cases of interest.  For example, Table 11.14 provides example calculations of the effective 
macroscopic elastic constants (normalized to the isostropic mesoscopic elastic modulus) assuming the 
Poisson’s ratio is equal to 0.25.   

Table 11.14:  Example Effective Macroscopic Property Calculations 

Method CPSI/t 
[CPSI/mils] 

Fillet Radius 
[mils] 

E1/Em E2/ Em=   
E3/ Em 

G12 / Em =    
G13/ Em 

G23/ Em 12=13 23 

Chen 400/3 2 1.164E-01 6.00E-02 2.553E-02 1.080E-04 0.25 0.015 

Figure 11.33:  Shear Load 
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Meda 400/3 2 1.164E-01 6.00E-02 2.553E-02 1.387E-04 0.25 0.015 

RVE 400/3 2 1.178E-01 6.341E-02 2.504E-02 1.412E-04 0.25 0.0031 

Chen/Meda - - 1.00 1.00 1.00 0.78 1.00 1.00 

RVE/Meda  - - 1.01 1.06 0.98 1.02 1.00 0.21 

Chen 300/13 5 3.996E-01 2.252E-01 1.162E-01 5.708E-03 0.25 0.0563 

Meda 300/13 5 3.996E-01 2.252E-01 1.162E-01 1.309E-02 0.25 0.0563 

RVE 300/13 5 4.06E-01 2.48E01 1.01E-01 1.02E-02 0.25 0.071 

Chen/Meda - - 1.00 1.00 1.00 0.436 1.00 1.00 

RVE/Meda  - - 1.02 1.10 0.87 0.78 1.00 1.25 

 

As is shown in Table 11.14, the Meda & Treacy approximation is often reasonable for practical estimates, 
though depending on the level of accuracy required an RVE method may yield substantially different results 
for some honeycomb configurations.  These differences are maximum for the in-plane shear modulus and 
in plane Poisson’s ratio.  The results vary between methods the least for the axial modulus (which is only 
impacted by volume fraction of material) and out of plane Poisson’s ratios (which equal the mesoscopic 
material Poisson’s ratio).   

As mentioned previously, the Out of Plane Shear Modulus is one example in which the boundary conditions 
applied in this model may not be ideal, however since we are only measuring response on the innermost 
unit cell, a far field assumption is valid.  For example, the In-Plane and Out-of-Plane shear deformation 
patterns of a 400 CPSI, 7 mil web thickness, (62 cells/cm2 / 0.1778 mm) with 10 mil (0.254 mm) fillets on big 
channels, 5 mil (0.127 mm) fillets on small channels) is shown in Figure 11.34 and Figure 11.35 below.  The 
intent of these figures is to demonstrate minimal “edge” effects in the deformed shape for the In-Plane 
shear load, whereas the out of plane shear load creates some edge effects on one surface pair that extend 
into the overall body less than one cell pitch.  Thus, a far field assumption of the interior unit cell is valid.   

 
Figure 11.34:  Example In-Plane Shear Deformation (5.9X Deformation Scale Factor) 
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11.5.2 Homogenization of Thermal Expansion Constants 
Thermal expansion of these bodies / materials is typically considered orthotropic at the macroscopic length 
scale, defined by three independent coefficients of thermal expansion, x,y,zThe volumetric expansion 
in these directions is considered independent of honeycomb geometry for these small strain magnitudes.   
Thus, the coefficients of thermal expansion are equal between the meso and macroscopic length scales.   

As will be defined in more detail when discussing the microstructure of the materials, homogenization of the 
micro to meso length scale is an important factor since individual crystallites (of cordierite, for example) can 
be highly anisotropic individually, but change drastically as a volume average due to preferential crystal 
alignment and microcracking of domains. 

11.5.3 Orthotropic Material Transformation 
The ability to describe apparent material properties in global Cartesian space of orthotropic materials is 
fundamental to anisotropic elasticity theory and many references can be found describing in detail the process 
of this material transformation20,140,141.  To begin, we define the basic definition of linear elasticity – Hooke’s 
law – which states that mechanical strain is proportion to the applied stress by a material compliance constant. 

     

compliance materialS

stress

strain

where,










 S

 

 

 11.34 

And for an orthotropic material, it takes the form of equation  11.35: 

Figure 11.35: Example Out-of-Plane Shear Deformation (1200X Deformation Scale Factor) 
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Where, 
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Noting that the factor of “2” in the shear moduli terms is due to the difference between shear strain and 
engineering shear strain.  For further simplification herein, it a 2D plane stress assumption is assumed and 
simplifies to equation 11.37: 
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In order to account for material rotation such as shown in Figure 11.36 we must introduce the transformation 
matrix – represented as a combination of the direction cosines. 
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Figure 11.36: Angle Notation and 2D Material Rotation.  Dashed lines indicate principal material axis direction.  

In plane stress space, the direction cosine transformation matrix takes the form of equation 11.38: 
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Where, 

 

 

 


































































xy

y

x

xy

y

x

T

and

T

















12

2

1

12

2

1

 

 

 11.39 

 

 

Substituting back into the stress-strain relationship yields equation 11.40, 
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Where, 

       TSTS T   

 11.41 

Noting that the transformation is orthogonal and  S  is known as the transformed material compliance 
matrix.  At this point we have related the material compliance in principal material coordinate space to the 
effective compliance in global Cartesian coordinate space.  All that is left is to solve for the effective moduli, 
as listed in equation 11.42. 
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As further help to the reader, the triple matrix product (equation 11.41) can be expanded and expressed by 
simple algebraic expressions 11.43 completing the rotational solution for the effective orthotropic material 
compliance. 
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