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1 Purely real quaternionic equation

From the very appearance of the Dirac equation many researchers considered
that the form of writing it was unsatisfactory, because the algebra of matrices
used has dimension 16, and the number of scalar equations under consideration
is 4. This discrepancy explains the fact that A. Sommerfeld posed the problem
of rewriting the Dirac equation in such form that the rank of the algebra of the
matrices involved coincides with the number of components of the wave function,
and apparently he made the "rst attempt to solve it (see [6]). A solution for
this problem was proposed in [2] where a simple matrix transformation A was
obtained, which allows us to rewrite the classical Dirac operator applied to C4-
vectors as a quaternionic operator applied to biquaternionic-valued functions.

Using the algebraic properties of A and A¡1; we can rewrite the equation
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in a quaternionic form
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where D is the Mosil-Theodoresco operator (see e.g. in [1]).

1.1 An involutive symmetry of the Dirac equation

Since the quaternionic operator of this equation is purely real, we can consider
the inverse transformation of the real part of F solution of (2),

©0 := A¡1 [Re [F ]] = A¡1 [Re [A [©]]] ;
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and, by a simple calculation, we obtain from this that the function
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where ©¤
k is the complex conjugation of ©k, k = 0; 3, is a solution of (1) also.

1.2 Quaternionic equation of conservation of currents

Using (2) we can introduce a quaternionic equation of conservation of currents
in the form
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and the equality jF j2 = j©j2 is valid [5].

1.3 Charge conjugation

Considering the problem of "nding the probability density function of antiparti-
cles (said for example the positron), let us take the quaternionic Dirac equation
(obtained again by using the transformation A) for an electron moving in the
electromagnetic "eld
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We show that the function corresponding to the positron is obtained by

Fpos = F ¤
el:

where F ¤
el is simply the standard complex conjugation of Fel.

2 The relation between Maxwell!s equations and
Dirac equation

We shall show two new kinds of relations between these systems which are
obtained due the reformulation (2).

2.1 Relation between massive Dirac equation for free par-
ticles and time-harmonic Maxwell!s equations for source-
less isotropic homogeneous media

Let F has the form
F = f ei E

} t;
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where E denotes the energy of the particle. Then (2) becomes
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Let us consider the Maxwell equations
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where ! is the frequency, " and ¹ are the absolute permittivity and permeability
respectively. Let us denote
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where · := !
p

"¹ is the wave number. One can see that ¡!' satis"es the equation

(D ¡ ·)¡!' = 0; (6)

and
¡!
Ã satis"es the equation
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Ã = 0: (7)

Then, if
·2 = ¡!® ; (8)

the following equalities hold (see [3])
³
D + M

¡!®
´

= P+(D + M·) + P¡ (D ¡ M·) ;

(D + k) = P+
³
D + M

¡!®
´

+ P¡
³
D ¡ M

¡!®
´

; (9)
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with
P§ :=
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This operator equalities give a very simple and useful relation between the Dirac
bispinors and the time-harmonic electromagnetic "eld. Moreover, (8) agrees
with the well known in quantum mechanics relation between the frequency an
the impulse:

E2 = p2c2 + m2c4:

Acknowledgement 1 This work was supported by CONACYT, project 32424-
E.

3



References

[1] K Gürlebeck, W. Sprössig, Quaternionic analysis and elliptic boundary value
problems. Berlin: Akademie-Verlag, 1989.

[2] V. V. Kravchenko, On a biquaternionic bag model. Zeitschrift für Analysis
und ihre Anwendungen, 1995, v. 14, #1, 3-14.

[3] V. V. Kravchenko, On the relation between the Maxwell system and the Dirac
equation, WSEAS Transactions on systems, 2002, v.1, #2, 115-118.

[4] V.V. Kravchenko, Applied quaternionic analysis. Heldermann Verlag, 2003.

[5] V.V. Kravchenko, M.P. Ramírez, Sobre la ecuación cuaterniónica de Dirac
real, 3er. Congreso Internacional de Ingeniería Electromecánica y de Sis-
temas, pp. 141-144, Mexico, 2002.

[6] A. Sommerfeld, Atom structure and spectra. Moscow, 1956, v.2 (in Russian).

4


