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Let D denote the well known Moisil-Theodoresco operator acting on bi-
quaternion valued functions f according to the rule Df =

P3
k=1 ek@kf , where

@k =
@

@xk
, ek are standard quaternionic imaginary units (see, e.g., [3], [6]) and

the function f of real variables x1, x2, x3 has the form f =
P3

k=0 fkek, where
fk 2 C, k = 0; 3 are continuously di¤erentiable functions.

Consider the Schrödinger operator ¡¢+v applied to a scalar function '.
Let ¡!® be a purely vectorial biquaternion valued function such that D¡!® +
(¡!® )2 = ¡v. Then, as was shown in [1], [2], the following equality is valid

(¡¢+ v)' = (D +M
¡!® )(D ¡ M

¡!® )'; (1)
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where M
¡!® stands for the operator of multiplication by ¡!® from the right-hand

side: M
¡!® f = f ¢ ¡!® .

The operator D+M
¡!® is closely related to the static Maxwell system, to

the classical Dirac operator as well as to the so called Beltrami or force-free
!elds (see [4]). In [5] the factorization (1) was used in order to obtain integral
representations for solutions of the equations (D+M

¡!® )f = 0, (D+ º)f = 0
and rot

¡!
f +º

¡!
f = 0, where ¡!® = ®1(x1)e1 and º = º(x1) is a scalar function.

These three equations were reduced to a set of Schrödinger equations.
In the present work we study the case when ¡!® has the form

¡!® = ®1(x1)e1 + ®2(x2)e2 + ®3(x3)e3: (2)

For example, in a particular case when ¡!® = ¡((i!+Ã(x1))e1+me2) with !
and m being constants, the operator D+M

¡!® represents the Dirac operator
for a particle of mass m, frequency ! moving in an electric !eld with the
potential Ã [4].

Moreover, let the permittivity " of a medium be of the form "(x) =
"1(x1) ¢ "2(x2) ¢ "3(x3). Then the static Maxwell system

div("(x)
¡!
E (x)) = 0 and rot

¡!
E (x) = 0

is equivalent to the equation

(D +M
¡!® (x))E(x) = 0;

where E =
p

"
¡!
E and ¡!® has the form (2) with ®k = @k"k=(2"k), k = 1; 2; 3.

Denote by ¡!® (k) the result of the following involution:

¡!® (k) = ek
¡!® ek; k = 0; 1; 2; 3;

where the bar stands for the quaternionic conjugation.
The following proposition is valid.

Proposition 1 Let f be a solution of the equation

(D +M
¡!® )f = 0: (3)

Then the components fk are solutions of the Schrödinger equations (¡¢ +
wk)fk = 0, k = 0; 1; 2; 3; where wk = D¡!® (k) ¡ (¡!® (k))2.
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The following fact gives us a method for constructing exact solutions of
(3) having obtained solutions of the corresponding Schrödinger equations.

Proposition 2 Let four scalar functions gk, k = 0; 1; 2; 3 satisfy the follow-
ing equations (¡¢ + vk)gk = 0, where vk = ¡D¡!® (k) ¡ (¡!® (k))2. Then the
function

f = (D ¡ M
¡!® )

3X

k=0

gkek (4)

is a solution of (3).

Moreover, we prove the following theorem which guarantees that under
certain conditions any solution of (3) has the form (4).

Theorem 3 Let  be some domain in R3 which can coincide with the whole
space, F () and G() some functional spaces such that the equation

(¡¢+ wk(x))u(x) = ¹(x); x 2 ; k = 0; 1; 2; 3

has a solution for any right part ¹ 2 F () and the solution u belongs to
G(). Then any solution f 2 F () of (3) has the form f = (D ¡ M

¡!® )g,
where g 2 im (D+M

¡!® )(G()) and gk satisfy the equations (¡¢+vk)gk = 0
in .

Finally, let uk be a fundamental solution of the operator ¡¢ + vk, k =
0; 1; 2; 3. Then the integral operator Tk'(x) =

R

uk(x ¡ y)'(y)dy under

some natural conditions is a right inverse operator for the operator ¡¢+ vk.
Denote

T¡!® f = (D ¡ M
¡!® )(

3X

k=0

(Tkfkek)):

It can be veri!ed that T¡!® is a right inverse operator for the operator D+M
¡!® .

References

[1] S. Bernstein Factorization of solutions of the Schrödinger equation. In:
Proceedings of the symposium Analytical and numerical methods in
quaternionic and Cli¤ord analysis, Sei¤en, 1996.

3



[2] S. Bernstein, K. Gürlebeck On a higher dimensional Miura transform.
Complex Variables, 1999, vol.38, 307-319.

[3] K. Gürlebeck, W. Sprössig Quaternionic and Cli¤ord Calculus for Physi-
cists and Engineers. John Wiley & Sons, 1997.

[4] V. V. Kravchenko Applied quaternionic analysis. Heldermann-Verlag,
Research and Exposition in Mathematics Series, v. 28, 2003.

[5] V. V. Kravchenko On Beltrami !elds with nonconstant proportionality
factor. Journal of Physics A, 2003, v. 36, 1515-1522.

[6] V. V. Kravchenko, M. V. Shapiro Integral representations for spatial mod-
els of mathematical physics. Addison Wesley Longman Ltd., Pitman Res.
Notes in Math. Series, v. 351, 1996.

4


